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Abstract We determine the holomorphic curvature tensor of lo-
cally conformal Kdhler manifold and find the expression of the Riemannian
curvature tensor of such manifold if it is of pointwise constant holomorphic
sectional curvature. We examine the geodesic mapping using the holomor-
phic curvature tensor and apply the obtained results to the locally conformal
Kdhler manifolds.
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1. The locally conformal Kdhler manifolds

Let (M, g, J) be a real 2n-dimensional almost Hermitian manifold, where
J is almost complex structure and g is Hermitian metric. Then

JP=-Id.,  g(JX,JY)=g(X,Y),

for any vector fields X, Y tangent to M. The fundamental 2-form F(X,Y)
is

F(X,Y)=g(JX,Y)=—F(Y,X).
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(M, g,J) is a Kéhler manifold if V.J = 0, where V denotes the covariant
differentiation with respect to Levi-Civita connection.

The manifold (M, g, J) is called locally conformal Kéhler (bf. l.c.K&hler)
manifold if each point p € M has an open neighborhood U with a differen-
tiable function

o:U — R™

such that
g=e¢" glu (1.1)

is a Kahler metric on U.
The necessary and the sufficient condition for (M, g, J) to be l.c. Kéhler
manifold is that it admits a global 1-form « satistying the condition [2]:

(1.2)
With respect to the local coordinates, (1.2) is

VsFij = —aiFsj + jFg — a®Fuigsj + a“Fo;Gsi,
Vz-aj = Vjai R OZi = Oépgpia

and the indices run over the range {1,2,...,2n}.
From (1.3) we obtain

Y,V Fy; — VoV, F; =
= PrsJ;gsi - Pranqgsj - PsaJ;‘lgri + Psan‘agrj
_Persi+Prist+stFri_PSiFrj )

where

P.;=—-V,o; — ayoy + §apapgri-

We note that P.; = Py..
Using the Ricci identity, we get

_Rsrz‘ac]]q +RS7"jaJZ{1 =
= PiFsj + Psj i — PrjFyi — Py Fyj (1.4)

_Prajiagsj - PsaJ]qgm' + Prajqusi + Psanqgrja
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or

RsrabJ;Jll; = RSTjh
+Prhgsj - Prjgsh + stgv*h - Pshgrj (1'5)
+P7‘aJ]ngj - PTaJ]quh + PsaJ]('lFrh - PsaJ}?Frj-

Transecting (1.4) with ¢ and denoting by p the Ricci tensor, we get

_psae]‘;'l + RSTja‘]’L'agir =
= —(2n = 3)PuJ = Pial{ + (Puvg™) Fyj,

from which, taking the symmetric part, we obtain [3]:
piatj + pjati = 2(n — 1)(Pja i + PiaJ}). (1.6)
2. Holomorphic curvature tensor

A 2-plane 7 in T,(M), p € M, is said to be holomorphic if Jr = .
The manifold M has pointwise constant holomorphic sectional curvature if
the sectional curvature relative to m does not depend on the holomorphic
2-plane 7 in T,,(M).

The curvature tensor of Kéhler manifold satisfies the condition

R(X,Y,JZ,JW) = R(X,Y,Z,W). (2.1)

Using it, in [4] (Proposition 7.3, p.167) is determined the curvature tensor of
Kahler manifold of constant holomorphic sectional curvature. But, if V.J #
0, (2.1) does not hold. Nevertheless, there exist for any almost Hermitian
manifold, the algebraic curvature tensor, satisfying the condition of type
(2.1). Tt is ([4],[7]):

(HR)(X,Y, Z,W) =
1
= 1 BIR(XY. Z W) + R(JX,JY, Z W) + R(X,Y, ] Z,JW)
+R(JX,JY,JZ,JW)] — R(X,Z,JW,JY) — R(JX,JZ,W,Y)  (2.2)
—R(X,W,JY,JZ)— R(JX,JW,Y,Z) + R(JX, Z,JW,Y)
+R(X,JZ,W,JY) + R(JX,W,Y,JZ) + R(X, JW, JY, Z)}
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Namely, it is easy to see that

(HR)(X,Y,Z,W)=—(HR)(Y,X,Z,W) =
= —(HR)(X,Y,W,Z) = (HR)(Z,W,X,Y) , (2.3)

(HR)(X,Y,Z,W)+ (HR)(X,Z,W,Y) + (HR)(X,W,Y,Z) =0 ,

as well as

(HR)(X,Y,JZ,JW) = (HR)(X,Y, Z,W), (2.4)

(HR)(X,JX,JX,X)=R(X,JX,JX, X). (2.5)

The tensor (2.2) is said to be the holomorphic curvature tensor.

The relation (2.5) shows that the holomorphic sectional curvatures rela-
tive to R and HR are the same. Thus, applying the way of [4] to the tensor
HR, we can state

Proposition 2.1 If an almost Hermitian manifold (M, g, J) is of point-
wise constant holomorphic sctional curvature H(p), p € M, then the holo-
morphic curvature tensor is

RV ZW) = T2 (X W)g(v.2) = (X 2V W),

+F(X,W)F(Y,Z) — F(X,Z)F(Y,W) — 2F(X,Y)F(Z,W)].

Now, we shall determine the holomorphic curvature tensor for a l.c.
Kéahler manifold.

With respect to the local coordinates, (2.2) reads

(HR)ijn =

1

" 16
—RinavJitJ} = Ravj JiJh — Rikav S Jh, — Ravgn i Ty

{3 [Rz'jhk + RabthiaJ]b + Rijay i Iy + RadeJiaJJbJ’i‘]g} (2.7)

+RahijfJ]? + RiakaﬁJJb + Rakij{‘J}{ + Riath]?Jjb}.



Some properties of the locally conformal K&hler manifold 13

In view of (1.5), we find

shmwumMﬁﬁ+&Mﬁﬁ+Rmywpyﬂ

=3 [4Rijhk
+9in(3Pjk — PupJ§ J) — gir(3Pjn — PapJ§J}) .
+9jk(3Pi, — Py P J}) — gjn (3P — PapJ{J7)
+Fin(Pjadk — Pradi') — Fik(Pjadp — PralJ})
+ij(PiaJ}? - Phaqu) - th(PiaJI? - PkaJia)]'

Using (1.5), we also obtain

—(Rinav IR T + Rapj I8 TP + Rigav I3 Tp + Rapjn I T7)

= 2R;jnk
—2(9ikPjn + 9jnPit — 9inPji — 9jiPin) )

(2.9

—Fir(Phad} — Pjadi) — Fin(Pradi* — PiaJi})
—Fin(Pjadi; — Pral}) — Fik(PiaJy — PhaJ')
_2Fij(PkaJ}(zl - Pha*]]?) - 2Fhk(PjaJia - Piat]]q) :

Using (1.4), as well as the relation

Raknt — Rankt = —Rihat

we find
Ranj I8 Tp + Rarjp I Tf =
= —RinavJi T}
—Prjgik + PraJi' Fnj + Pargij — PjaJ; Fuk
—PraJ{ Fye — Py I T0gin + Pra i Fij + PapJ 8 T gk
+Prjgin — Pradi Fij — Purgij + PjaJ{ Fin

+ Pyt Fip, + P Tp g5k — PradiiFij — PapJ e TE ghi,
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such that, applying (1.5), we have

Ranj JETp + Rapjp JE T =

= Rijnk + 29inPjr — 29ikPjn
+ik(Pin + PapJ{'J3) = gin(Pir + PapJ{'J})
—2PjoJ; Fri, + (PraJi — PraJ) Fij-

(2.10)

In a similar way, we obtain

Riakp T3t J) + RiavnJf T} =
= Riju — 2Pigin + gin(Pjr + Pap 0 JR) 2.11)
—9ik(Pjn + PuwJ{JR) + 2Pngj

—I—QPZ'QJ](-ZFhk =+ (PhaJ]? — Pka*]g)Fij-
Substituting (2.8)-(2.11) into (2.7), we get

(HR)ijnk = Rijnk
J% {gih(7ij — P J¢R) — gin(TPj, — PapJiJ5)
+9i(TPin = Pab T T3) = gin (TP, = Pap I J)
k(Pjady — Phaly)
(

+Fin(Pjadi — Prady) —

( E;
+-ij(Pia<]}0LL - PhaJia) - th j:)iajlg - PkaJi(l)

+2Fy(Puaft = Peait) + 2Fu(PiaJf — PiaJ)}.

Thus, we can state

Theorem 2.1 The holomorphics curvature tensor of l.c. Kdhler manifold
has the form (2.12).

In view of Proposition (2.1), l.c.K&hler manifold has pointwise constant
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holomorphic sectional curvature if its curvature tensor has the form

H
Rijni = i@ [9ikgin — 9ingjk + FirFjn — FinFji — 2F; Fpy]
1
+3 {gik(7pjh — PupJ8J}) — gin(TPji — PapJ3 J7)
+9in (TP — PapJ{JR) — gji(TPis, — PayJiJh)
+Fik(Pjady — Prady) — Fin(PjaJi; — PraJ})
+Fin(PiaJ — PraJi') — Fir(PiaJy — PraJy')

~2F,(PhaJf = Pralit) = 2Fuk(PiaJ = Pia )} -

(2.13)

Conversely, if (2.13) holds, then the holomorphic curvature tensor has
the form (2.6). Thus, we can state

Theorem 2.2 L.c. Kdhler manifold has pointwise constant holomorphic

sectional curvature if and only if its curvature tensor can be expressed in the
form (2.13).

If the tensor P;; is hybrid, i.e. if
P J8JY = Py, P = —PjJ¢,
the relations (2.12) and (2.13) reduce, respectively to
(HR)ijnk = Rijnk

3
+Z(ij:9z‘h + Pingjx — Pingix — Pixgjn)

i (2.14)

+Z(FithaJ,‘j + FjiPiaJy, — FinPja i, — FjnPiaJ

—I—QFhkPmJ]q + 2Fz‘jPhaJl?)
and

H
Rijni, = A(Im \9ikgjn — 9ingjk + FinFjn — FinFjr — 2F; ]
3
+5 (9ixPjn + 9inPix = GinPir = g5 Pin) (2.15)

1
+Z(FikPjaJ}? + FjnPiaJy — FinPjoJi, — FjiPiaJy,

—2F3; PpgJf — 2Fni Pia J9).
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The relation (2.15) is just the form of the curvature tensor of l.c.Kéhler
manifold obtained in [3] and [5].

According (1.6), the tensor P;; is hybrid if and only if the Ricci tensor
pij is hybrid. Thus, we can state ([3], [5]):

Corrollary 2.1. L.c.Kdhler manifold whose Ricci tensor is hybrid is of
pointwise constant holomorphic sectional curvature if and only if its curva-
ture tensor has the form (2.15).

3. The expression of the holomorphic curvature tensor which does not
include the tensor P;j

We shall show that, if n > 2, the tensors HR and R in the relations
(2.12)-(2.15) can be written in the form which include the second Ricci
tensor instead of the tensor F;;.

The second Ricci tensor is defined as follows

" .
pin = Rijan i JRg™.
It has, for any almost Hermitian manifold, the property
* bk
Pabdi Jj = Dji-

In general, it is not symmetric, but for l.c.K&hler manifold, it is. Namely,
the relation (1.5) yields

(2n — 3)Pjp, — Py 20 = pjn — bin — Pojns (3.1)
where
K— R
P=Pug®=——"
abg 4(n o 1)7
and

* *
K =pag® and K= pug™
are the first and the second scalar curvatures.

From (3.1) immediately follows zjh = Zhj' Thus, for any l.c.K&hler
manifold, we have

* * s bk
Pin = Prjs  PavdiIn = Pjn-
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The relation (3.1), together with

—Pj, + (2n — 3) P J{ Jf = pay T} — ;k)jh — Pgjn,

implies

A(n—1)(n—2)Pjy = (2n—3)pjn+pap JeIp—2(n—1) p;p—2(n—1)Pgjp, (3.2)

such that, if n > 2, we have

P

]h—W{(Qn—3)l)jh+l)ab=]f«]2—2(n -1) :gjh_2<n_1)ngh}' (3.3)

Substituting (3.3) into (2.12) and (2.13), we get, respectively,

(HR)ijnk = Rijnk
P
+m {3(gikgjh - gihgjk) - (Fiijh - Fz‘hij - 2F1]Fhk)}
n n—11 ( N )
16(n — 1)(n — 2) 9ihPik t GjkPih — JikPih — 9jhPik
n—>95

"6 - D —2) (QihpabJ]‘-‘J;S + gjrpar L Th — gikpabjjqjg — ginpar T D)

and

3 * X X ok
_m(gik Pik t 9jk Pin — 9ik Pjn — Gjh Pik)
#F.(.Ja JE—2 5. T
+16(n—2) { ih\Pjadk — Pka’j — 2 Pjadk
B3
—i—ij(piaJ;f - ﬂhaJia -2 pia‘]f?)
*
—Fie(pjadi — Pradi —2 pjaJiy)
—Fjn(piad — pradl — 2 Pia i)
*
+2Fij(pha<]lg - pka‘]}(zl -2 phaJlg)

*
+2Fh(piad] — pjadit — 2 Pme)}
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1 3P
Rijne = (H = ——)(9ikjn — 9in9jx)
P

1
—(H
+4( + n—2
m—11
60— -2 (9ikpjn + ginpik = GinPjk = 9ikPin)
n—>5
16(n— 1)(n - 2) (Gikpav 5 T, + Ginpab i T = ginpar 5 I = gjkpav i Jp)
3 " . . §
_m(%k Pin + 9ih Pik — Yih Pik — ik Pin)
1 a Qa * a
T 6m—2) {Firlpjadit = pnal =2 bjadh)

*
+F‘jh(piat];gl - pka‘]zq -2 pia‘]l?)

V(FirFjn — FipFljp — 2F;; Fu)

*
—Fin(pjati — Pradj — 2 pjodi)
- jk(piaJ}CLL - phaJia -2 Eia‘]ﬁ)
—2F;i(phady — prady — 2 ;k)hajlg)

*
~2Fk(pial = pjai =2 PiaT})} -
Thus, we can state

Theorem 3.1. Ifn > 2, the holomorphic curvature tensor of a l.c. Kahler
manifold can be expressed in the form (3.4). If such a manifold has pointwise
constant holomorphic sectional curvature, its Riemannian curvature tensor
can be expressed in the form (3.5).

Remark. If n = 2, we can not eliminate the tensor P;; from the equa-
tions (2.12)-(2.15). On the other hand, according (3.2), we have

k
pin + pavJiJh =2 pjp, + 2Pgjn,

and, if pj;, is hybrid,

*
pin = Pjn = Pgjn.
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4. Geodesic mapping

The diffeomorphism transforming all geodesics of the Riemannian man-
ifold (M, g) onto the geodesics of the Riemannian manifold (M, g) is said
to be the geodesic mapping. If we consider the manifolds M and M with
respect to the coordinate system which is common for M and M, then the
necessary and the sufficient condition for geodesic mapping in [6]

i =Tl + 854 + 854 (4.1)

where I' and T' are the Levi-Civita connections of the metrics § and g re-
spectively, and 1; is the gradient vector field. As for the curvature tensors
R and R, they are related as follows

Rjpp = Rl + 61abjn — 615k (4.2)
where
Yin = Vb — .

Because 9; is a gradient, we have v, = 1y;.
Now, let us consider the geodesic mapping

f : (M7g7j) — (M7g’J)

of an almost Hermitian manifold (M, g, J) onto an almost Hermitian mani-
fold (M, g, J).
For (M, g, J), the holomorphic curvature tensor is

(HR) i =

1 D D a na Da c
16 {3 {Rtjhk + RtjathJIg - bhkjéjyb - bcd‘](s‘]_;?‘]h‘]g]

— Rl J{T) + Ry oy, — RiyapJ Ty + Ry Jo Iy
— R Jo IR + Ry I T} — R JET) + Rtabh‘]g‘]gl?} -
Substituting (4.2), we find
8(HR)' . = 8(HR)' 1 (4.3)
5:Qjn — 0, Qjk + J3Qja Tl — T4 Qjadi — 2J;Qna Tk,

where
Qjn = Vjn + Yap Il T}
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Contracting (4.3) with respect to t and k, we get

4
n+1

Qjn = [p(HR)jn — p(HR);n] , (4.4)

where p(HR) and p(H R) are the Ricci tensors of HR and H R respectively.
Substituting (4.4) into (4.3), we find

(HW) e = (HW) i,

where . .
(HW) jhk — (HR) jhk

1 t t
- HR);j, — 0t p(HR), 4.5
+Jip(HR)jo it — Jip(HR) o Jf — 2J;p(HR)haJ,§} :

and (H W)tj ni 1S constructed in the same way, but with respect to the tensor
HR.
Thus we can state

Theorem 4.1. For an almost Hermitian manifold, the tensor (4.5) is
invariant with respect to the geodesic mapping (4.1), preserving the complex
structure.

Now, let us suppose that HW = 0. Then

(HR)ijni = [9ikp(HR) jr, — ginp(HR) ji,

1
2(n+1) (4.6)
—Fixp(HR)joJy, + Finp(HR)ja i + 2F;p(HR)na Ji]

from which, transvecting with ¢/" and taking into account that, as a conse-
quence of (2.4), the Ricci tensor p(HR) is hybrid, we get

_ K(HR)
p(HR)zk: = m Gik,

where k(HR) = p(HR)jng'".
Substituting this into (4.6), we obtain

k(HR)

(HR)ijhk = m

(9ikgjn — gingjk + FinFjn — FinFj, — 2F;Fpy).
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But, this is just the equation (2.6). Conversely, if (2.6) holds, the tensor
(4.5) vanishes. Thus, we can state

Theorem 4.2. For an almost Hermitian manifold (M, g, J) the tensor
(4.5) vanishes if and only if (M, g,J) is of pointwise constant holomorphic
sectional curvature.

The l.c.Kéhler manifold can serve as an example. Indeed, for such a
manifold the holomorphic curvature tensor has the form (2.12). Therefore

3 n — 10 n+ 2
p(HR)ik:Pik_ZPQik_ 1 Py, + 1

Substituting this and (2.12) into (4.5), we find that for l.c.Kahler mani-
fold, the tensor (HW);jn is

(HW )ijnk = Rijnrk

Paby?yz .

+é {gih(7ij — P J{J}) — giw(TPjn — PupJSJ7)
9k (TP — Py J{'J7) — gin(TPiy, — Pap JJ7)
+Fin(Pjadk — Prady) — Fik(Pjadp, — PraJ})
+Fjk(Piadp — Pradi') — Fjn(PiaJ; — PraJ}')

+2Fy(Pra it = Prait) + 2Fui(PaJf — PiaJ)}

4.7
—2(nl+1) {gik(/)jh_ipgjh_ 7n;10Pjh+ nZ2PabeJ2) o
—gin(pjr — %ngk _n ; 10Pj + I 2PabJ}IJ£)
Fitlpsa — 4 Pgja — Pt 2 PTLII
+Fin(pja — Zpgja - #Pja + nTHPstJ;J[i)Jg
+2Fij(pha — Zpgha _Tn ; 10Pha + Tpstyiyfz)yg} .
If this tensor vanishes, then
(2n + 3)pir — 3papJETY = Wﬂk - WP@J,“J};

P} Gik-
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This relation, together with

n2 4 14n — 12

—3pir, + (20 + 3)pap J{ T} = T T

3(n—2)
2

™2+ 2n — 12

Py JoJb + [Fa -

yields
3 m — 10 n+2
=P — ———Pa +

pik = 5 7 TPabeJ};

_ 1
T 2n
and the relation (4.7), if HW = 0, gives

[k —3(n —1)P] gix,

k—3(n—-1)P
dn(n +1)

< {oTP3 — P2 0) + g (TPa — P2 )
7Py — Py JoJ?)

Rijni = (9ikgjn — 9ingjk + FiFjn — FinFj, — 2F;Fpy)

_gih(7ij Py J5 ) — gjn
Pha )

Pja‘]k Pka )

+Fjy, PzaJ]g - P/mt]ia)

(
(
(P Fjn(
in( Fik(PiaJyy = Pha}’)
—2Fyj (PaaJft = Praft) — 2Fhi(Pia — PiaJ?)}
But, this is just the relation (2.13), where

k—3(n—1)P K+ 35

nn+1)  4n(n+1)

H(p) =

Thus, and also as a consequence of theorems 4.1 and 4.2, we have

Theorem 4.3 Let (M,g,J) be l.c.Kihler manifold. Then the tensor
(4.7) is invariant with respect to the geodesic mapping. The tensor (4.7)
vanishes if and only if (2.13) holds.

5. The remark on Kdhler manifolds

A curve z° = x%(t) of an almost Hermitian manifold (M, g, J) having
the property that the holomorphic planes determined by its tangent vectors
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are parallel along the curve itself is called a holomorphically planer curve.
The manifold (M, g,J) and (M, g, J) are said to be holomorphically projec-
tively related if they have all holomorphically planer curves in common, and
the corresponding invariant tensor is holomorphically projective curvature
tensor. In the case of Kéhler manifolds, this tensor is [8]:

. 1
Ry — 2+ 1) (@ipjh — 8hpjk + Jhpjadi — I pjadi — 2Jfﬂhaz]f§)
(5.1)

On the other hand, if (M, g, J) is a Kéhler manifold, then
(HR)' ;. = Ry, p(HR)j1 = pjn,
such that (4.5) reduces just to the tensor (5.1).
Thus, in the case of Kahler manifolds, the tensor (5.1) can be obtained
considering holomorphically planer curves or applying geodesic mapping to

the holomorphic curvature tensor (2.2).
This does not hold for 1.c.Kahler manifolds.
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