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1. The locally conformal Kähler manifolds

Let (M, g, J) be a real 2n-dimensional almost Hermitian manifold, where
J is almost complex structure and g is Hermitian metric. Then

J2 = −Id. , g(JX, JY ) = g(X,Y ) ,

for any vector fields X, Y tangent to M. The fundamental 2-form F (X,Y )
is

F (X,Y ) = g(JX, Y ) = −F (Y,X) .
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(M, g, J) is a Kähler manifold if ∇J = 0, where ∇ denotes the covariant
differentiation with respect to Levi-Civita connection.

The manifold (M, g, J) is called locally conformal Kähler (bf. l.c.Kähler)
manifold if each point p ∈ M has an open neighborhood U with a differen-
tiable function

σ : U → R2n

such that

ġ = e−2σg|U (1.1)

is a Kähler metric on U .
The necessary and the sufficient condition for (M, g, J) to be l.c. Kähler

manifold is that it admits a global 1-form α satisfying the condition [2]:

(∇ZF )(X,Y ) = α(JX)g(Z, Y )−α(JY )g(Z,X)−α(X)F (Z, Y )+α(Y )F (Z,X).
(1.2)

With respect to the local coordinates, (1.2) is

∇sFij = −αiFsj + αjFsi − αaFaigsj + αaFajgsi,

∇iαj = ∇jαi , αi = αpg
pi,

(1.3)

and the indices run over the range {1, 2, . . . , 2n}.
From (1.3) we obtain

∇r∇sFij −∇s∇rFij =

= PrsJ
a
j gsi − PraJ

a
i gsj − PsaJ

a
j gri + PsaJ

a
i grj

−PrjFsi + PriFsj + PsjFri − PsiFrj ,

where

Pri = −∇rαi − αrαi +
1

2
αpα

pgri.

We note that Pri = Pir.

Using the Ricci identity, we get

−RsriaJ
a
j +RsrjaJ

a
i =

= PriFsj + PsjFri − PrjFsi − PsiFrj

−PraJ
a
i gsj − PsaJ

a
j gri + PraJ

a
j gsi + PsaJ

a
i grj ,

(1.4)
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or
RsrabJ

a
j J

b
h = Rsrjh

+Prhgsj − Prjgsh + Psjgrh − Pshgrj

+PraJ
a
hFsj − PraJ

a
j Fsh + PsaJ

a
j Frh − PsaJ

a
hFrj .

(1.5)

Transecting (1.4) with gir and denoting by ρ the Ricci tensor, we get

−ρsaJa
j +RsrjaJ

a
i g

ir =

= −(2n− 3)PsaJ
a
j − PjaJ

a
s + (Pabg

ab)Fsj ,

from which, taking the symmetric part, we obtain [3]:

ρiaJ
a
j + ρjaJ

a
i = 2(n− 1)(PjaJ

a
i + PiaJ

a
j ). (1.6)

2. Holomorphic curvature tensor

A 2-plane π in Tp(M), p ∈ M, is said to be holomorphic if Jπ = π.
The manifold M has pointwise constant holomorphic sectional curvature if
the sectional curvature relative to π does not depend on the holomorphic
2-plane π in Tp(M).

The curvature tensor of Kähler manifold satisfies the condition

R(X,Y, JZ, JW ) = R(X,Y, Z,W ). (2.1)

Using it, in [4] (Proposition 7.3, p.167) is determined the curvature tensor of
Kähler manifold of constant holomorphic sectional curvature. But, if ∇J ̸=
0, (2.1) does not hold. Nevertheless, there exist for any almost Hermitian
manifold, the algebraic curvature tensor, satisfying the condition of type
(2.1). It is ([4],[7]):

(HR)(X,Y, Z,W ) =

=
1

16
{3 [R(X,Y, Z,W ) +R(JX, JY, Z,W ) +R(X,Y, JZ, JW )

+R(JX, JY, JZ, JW )]−R(X,Z, JW, JY )−R(JX, JZ,W, Y )

−R(X,W, JY, JZ)−R(JX, JW, Y, Z) +R(JX,Z, JW, Y )

+R(X,JZ,W, JY ) +R(JX,W, Y, JZ) +R(X, JW, JY, Z)} .

(2.2)
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Namely, it is easy to see that

(HR)(X,Y, Z,W ) = −(HR)(Y,X,Z,W ) =

= −(HR)(X,Y,W,Z) = (HR)(Z,W,X, Y ) ,

(HR)(X,Y, Z,W ) + (HR)(X,Z,W, Y ) + (HR)(X,W, Y, Z) = 0 ,

(2.3)

as well as

(HR)(X,Y, JZ, JW ) = (HR)(X,Y, Z,W ), (2.4)

(HR)(X, JX, JX,X) = R(X, JX, JX,X). (2.5)

The tensor (2.2) is said to be the holomorphic curvature tensor.

The relation (2.5) shows that the holomorphic sectional curvatures rela-
tive to R and HR are the same. Thus, applying the way of [4] to the tensor
HR, we can state

Proposition 2.1 If an almost Hermitian manifold (M, g, J) is of point-
wise constant holomorphic sctional curvature H(p), p ∈ M, then the holo-
morphic curvature tensor is

(HR)(X,Y, Z,W ) =
H(p)

4
[g(X,W )g(Y,Z)− g(X,Z)g(Y,W )

+F (X,W )F (Y,Z)− F (X,Z)F (Y,W )− 2F (X,Y )F (Z,W )] .

(2.6)

Now, we shall determine the holomorphic curvature tensor for a l.c.
Kähler manifold.

With respect to the local coordinates, (2.2) reads

(HR)ijhk =

=
1

16

{
3
[
Rijhk +RabhkJ

a
i J

b
j +RijabJ

a
hJ

b
k +RabcdJ

a
i J

b
jJ

c
hJ

d
k

]
−RihabJ

a
kJ

b
j −RabkjJ

a
i J

b
h −RikabJ

a
j J

b
h −RabjhJ

a
i J

b
k

+RahbjJ
a
i J

b
k +RiakbJ

a
hJ

b
j +RakjbJ

a
i J

b
h +RiabhJ

a
kJ

b
j

}
.

(2.7)
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In view of (1.5), we find

3
[
Rijhk +RabhkJ

a
i J

b
j +RijabJ

a
hJ

b
k +RabcdJ

a
i J

b
jJ

c
hJ

d
k

]
= 3 [4Rijhk

+gih(3Pjk − PabJ
a
j J

b
k)− gik(3Pjh − PabJ

a
j J

b
h)

+gjk(3Pih − PabJ
a
i J

b
h)− gjh(3Pik − PabJ

a
i J

b
k)

+Fih(PjaJ
a
k − PkaJ

a
i )− Fik(PjaJ

a
h − PhaJ

a
j )

+Fjk(PiaJ
a
h − PhaJ

a
i )− Fjh(PiaJ

a
k − PkaJ

a
i )].

(2.8)

Using (1.5), we also obtain

−(RihabJ
a
kJ

b
j +RabkjJ

a
i J

b
h +RikabJ

a
j J

b
h +RabjhJ

a
i J

b
k)

= 2Rijhk

−2(gikPjh + gjhPik − gihPjk − gjkPih)

−Fik(PhaJ
a
j − PjaJ

a
h)− Fjh(PkaJ

a
i − PiaJ

a
k )

−Fih(PjaJ
a
k − PkaJ

a
j )− Fjk(PiaJ

a
h − PhaJ

a
i )

−2Fij(PkaJ
a
h − PhaJ

a
k )− 2Fhk(PjaJ

a
i − PiaJ

a
j ) .

(2.9)

Using (1.4), as well as the relation

Rakht −Rahkt = −Rkhat ,

we find

RahbjJ
a
i J

b
k +RakjbJ

a
i J

b
h =

= −RkhabJ
a
i J

b
j

−Phjgik + PkaJ
a
i Fhj + Phkgij − PjaJ

a
i Fhk

−PhaJ
a
j Fik − PabJ

a
i J

b
kgjh + PhaJ

a
kFij + PabJ

a
i J

b
j ghk

+Pkjgih − PhaJ
a
i Fkj − Phkgij + PjaJ

a
i Fkh

+PkaJ
a
j Fih + PabJ

a
i J

b
hgjk − PkaJ

a
hFij − PabJ

a
i J

b
j ghk,
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such that, applying (1.5), we have

RahbjJ
a
i J

b
k +RakjbJ

a
i J

b
h =

= Rijhk + 2gihPjk − 2gikPjh

+gjk(Pih + PabJ
a
i J

b
h)− gjh(Pik + PabJ

a
i J

b
k)

−2PjaJ
a
i Fhk + (PhaJ

a
k − PkaJ

a
h)Fij .

(2.10)

In a similar way, we obtain

RiakbJ
a
hJ

b
j +RiabhJ

a
kJ

b
j =

= Rijhk − 2Pikgjh + gih(Pjk + PabJ
a
j J

b
k)

−gik(Pjh + PabJ
a
j J

b
h) + 2Pihgjk

+2PiaJ
a
j Fhk + (PhaJ

a
k − PkaJ

a
h)Fij .

(2.11)

Substituting (2.8)-(2.11) into (2.7), we get

(HR)ijhk = Rijhk

+
1

8

{
gih(7Pjk − PabJ

a
j J

b
k)− gik(7Pjh − PabJ

a
j J

b
h)

+gjk(7Pih − PabJ
a
i J

b
h)− gjh(7Pik − PabJ

a
i J

b
k)

+Fih(PjaJ
a
k − PkaJ

a
j )− Fik(PjaJ

a
h − PhaJ

a
j )

+Fjk(PiaJ
a
h − PhaJ

a
i )− Fjh(PiaJ

a
k − PkaJ

a
i )

+2Fij(PhaJ
a
k − PkaJ

a
h) + 2Fhk(PiaJ

a
j − PjaJ

a
i )

}
.

(2.12)

Thus, we can state

Theorem 2.1 The holomorphics curvature tensor of l.c.Kähler manifold
has the form (2.12).

In view of Proposition (2.1), l.c.Kähler manifold has pointwise constant
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holomorphic sectional curvature if its curvature tensor has the form

Rijhk =
H(p)

4
[gikgjh − gihgjk + FikFjh − FihFjk − 2FijFhk]

+
1

8

{
gik(7Pjh − PabJ

a
j J

b
h)− gih(7Pjk − PabJ

a
j J

b
k)

+gjh(7Pik − PabJ
a
i J

b
k)− gjk(7Pih − PabJ

a
i J

b
h)

+Fik(PjaJ
a
h − PhaJ

a
j )− Fih(PjaJ

a
k − PkaJ

a
j )

+Fjh(PiaJ
a
k − PkaJ

a
i )− Fjk(PiaJ

a
h − PhaJ

a
i )

−2Fij(PhaJ
a
k − PkaJ

a
h)− 2Fhk(PiaJ

a
j − PjaJ

a
i )

}
.

(2.13)

Conversely, if (2.13) holds, then the holomorphic curvature tensor has
the form (2.6). Thus, we can state

Theorem 2.2 L.c. Kähler manifold has pointwise constant holomorphic
sectional curvature if and only if its curvature tensor can be expressed in the
form (2.13).

If the tensor Pij is hybrid, i.e. if

PabJ
a
i J

b
j = Pij , PiaJ

a
j = −PjaJ

a
i ,

the relations (2.12) and (2.13) reduce, respectively to

(HR)ijhk = Rijhk

+
3

4
(Pjkgih + Pihgjk − Pjhgik − Pikgjh)

+
1

4
(FihPjaJ

a
k + FjkPiaJ

a
h − FikPjaJ

a
h − FjhPiaJ

a
k

+2FhkPiaJ
a
j + 2FijPhaJ

a
k )

(2.14)

and

Rijhk =
H(p)

4
[gikgjh − gihgjk + FikFjh − FihFjk − 2FijFhk]

+
3

4
(gikPjh + gjhPik − gihPjk − gjkPih)

+
1

4
(FikPjaJ

a
h + FjhPiaJ

a
k − FihPjaJ

a
k − FjkPiaJ

a
h

−2FijPhaJ
a
k − 2FhkPiaJ

a
j ).

(2.15)
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The relation (2.15) is just the form of the curvature tensor of l.c.Kähler
manifold obtained in [3] and [5].

According (1.6), the tensor Pij is hybrid if and only if the Ricci tensor
ρij is hybrid. Thus, we can state ([3], [5]):

Corrollary 2.1. L.c.Kähler manifold whose Ricci tensor is hybrid is of
pointwise constant holomorphic sectional curvature if and only if its curva-
ture tensor has the form (2.15).

3. The expression of the holomorphic curvature tensor which does not
include the tensor Pij

We shall show that, if n > 2, the tensors HR and R in the relations
(2.12)-(2.15) can be written in the form which include the second Ricci
tensor instead of the tensor Pij .

The second Ricci tensor is defined as follows

ρ*jh = RijabJ
a
hJ

b
kg

ik.

It has, for any almost Hermitian manifold, the property

ρ*abJ
a
i J

b
j = ρ*ji.

In general, it is not symmetric, but for l.c.Kähler manifold, it is. Namely,
the relation (1.5) yields

(2n− 3)Pjh − PabJ
a
j J

b
h = ρjh − ρ*jh − Pgjh, (3.1)

where

P = Pabg
ab =

κ− κ*

4(n− 1)
,

and

κ = ρabg
ab and κ* = ρ*abg

ab

are the first and the second scalar curvatures.

From (3.1) immediately follows ρ*jh = ρ*hj . Thus, for any l.c.Kähler
manifold, we have

ρ*jh = ρ*hj , ρ*abJ
a
j J

b
h = ρ*jh.
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The relation (3.1), together with

−Pjh + (2n− 3)PabJ
a
j J

b
h = ρabJ

a
j J

b
h − ρ*jh − Pgjh,

implies

4(n−1)(n−2)Pjh = (2n−3)ρjh+ρabJ
a
j J

b
h−2(n−1) ρ*jh−2(n−1)Pgjh, (3.2)

such that, if n > 2, we have

Pjh=
1

4(n−1)(n−2)

{
(2n−3)ρjh+ρabJa

j J
b
h−2(n− 1) ρ*jh−2(n−1)Pgjh

}
. (3.3)

Substituting (3.3) into (2.12) and (2.13), we get, respectively,

(HR)ijhk = Rijhk

+
P

4(n− 2)
{3(gikgjh − gihgjk)− (FikFjh − FihFjk − 2FijFhk)}

+
7n− 11

16(n− 1)(n− 2)
(gihρjk + gjkρih − gikρjh − gjhρik)

− n− 5

16(n− 1)(n− 2)
(gihρabJ

a
j J

b
k + gjkρabJ

a
i J

b
h − gikρabJ

a
j J

b
h − gjhρabJ

a
i J

b
k)

− 3

8(n− 2)
(gik ρ*jk + gjk ρ*ih − gik ρ*jh − gjh ρ*ik)

+
1

16(n− 2)

{
Fih(ρjaJ

a
k − ρkaJ

a
j − 2 ρ*jaJ

a
k )

+Fjk(ρiaJ
a
h − ρhaJ

a
i − 2 ρ*iaJ

a
h)

−Fik(ρjaJ
a
h − ρhaJ

a
j − 2 ρ*jaJ

a
h)

−Fjh(ρiaJ
a
k − ρkaJ

a
i − 2 ρ*iaJ

a
k )

+2Fij(ρhaJ
a
k − ρkaJ

a
h − 2 ρ*haJ

a
k )

+2Fhk(ρiaJ
a
j − ρjaJ

a
i − 2 ρ*iaJ

a
j )

}
(3.4)

and
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Rijhk =
1

4
(H − 3P

n− 2
)(gikgjh − gihgjk)

+
1

4
(H +

P

n− 2
)(FikFjh − FihFjk − 2FijFhk)

+
7n− 11

16(n− 1)(n− 2)
(gikρjh + gjhρik − gihρjk − gjkρih)

− n− 5

16(n− 1)(n− 2)
(gikρabJ

a
j J

b
h + gjhρabJ

a
i J

b
k − gihρabJ

a
j J

b
k − gjkρabJ

a
i J

b
h)

− 3

8(n− 2)
(gik ρ*jh + gjh ρ*ik − gih ρ*jk − gjk ρ*ih)

+
1

16(n− 2)

{
Fik(ρjaJ

a
h − ρhaJ

a
j − 2 ρ*jaJ

a
h)

+Fjh(ρiaJ
a
k − ρkaJ

a
i − 2 ρ*iaJ

a
k )

−Fih(ρjaJ
a
k − ρkaJ

a
j − 2 ρ*jaJ

a
k )

−Fjk(ρiaJ
a
h − ρhaJ

a
i − 2 ρ*iaJ

a
h)

−2Fij(ρhaJ
a
k − ρkaJ

a
h − 2 ρ*haJ

a
k )

−2Fhk(ρiaJ
a
j − ρjaJ

a
i − 2 ρ*iaJ

a
j )

}
.

(3.5)

Thus, we can state

Theorem 3.1. If n > 2, the holomorphic curvature tensor of a l.c.Kähler
manifold can be expressed in the form (3.4). If such a manifold has pointwise
constant holomorphic sectional curvature, its Riemannian curvature tensor
can be expressed in the form (3.5).

Remark. If n = 2, we can not eliminate the tensor Pij from the equa-
tions (2.12)-(2.15). On the other hand, according (3.2), we have

ρjh + ρabJ
a
j J

b
h = 2 ρ*jh + 2Pgjh,

and, if ρjh is hybrid,

ρjh − ρ*jh = Pgjh.
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4. Geodesic mapping

The diffeomorphism transforming all geodesics of the Riemannian man-
ifold (M̄, ḡ) onto the geodesics of the Riemannian manifold (M, g) is said
to be the geodesic mapping. If we consider the manifolds M̄ and M with
respect to the coordinate system which is common for M̄ and M, then the
necessary and the sufficient condition for geodesic mapping in [6]

Γ̄t
ij = Γt

ij + δtiψj + δtjψi. (4.1)

where Γ̄ and Γ are the Levi-Civita connections of the metrics ḡ and g re-
spectively, and ψi is the gradient vector field. As for the curvature tensors
R̄ and R, they are related as follows

R̄t
jhk = Rt

jhk + δtkψjh − δthψjk (4.2)

where
ψjh = ∇hψj − ψjψh.

Because ψj is a gradient, we have ψjh = ψhj .
Now, let us consider the geodesic mapping

f : (M̄, ḡ, J) → (M, g, J)

of an almost Hermitian manifold (M̄, ḡ, J) onto an almost Hermitian mani-
fold (M, g, J).

For (M̄, ḡ, J), the holomorphic curvature tensor is

(HR̄)tjhk =

1

16

{
3
[
R̄t

jhk + R̄t
jabJ

a
hJ

b
k − R̄a

bhkJ
t
aJ

b
j − R̄a

bcdJ
t
aJ

b
jJ

c
hJ

d
k

]
−R̄t

habJ
a
kJ

b
j + R̄a

bkjJ
t
aJ

b
h − R̄t

kabJ
a
j J

b
h + R̄a

bjhJ
t
aJ

b
k

−R̄a
hbjJ

t
aJ

b
k + R̄t

akbJ
a
hJ

b
j − R̄a

kjbJ
t
aJ

b
h + R̄t

abhJ
a
kJ

b
j

}
.

Substituting (4.2), we find

8(HR̄)tjhk = 8(HR)tjhk

δtkQjh − δthQjk + J t
kQjaJ

a
h − J t

hQjaJ
a
k − 2J t

jQhaJ
a
k ,

(4.3)

where
Qjh = ψjh + ψabJ

a
j J

b
h.
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Contracting (4.3) with respect to t and k, we get

Qjh =
4

n+ 1

[
ρ(HR̄)jh − ρ(HR)jh

]
, (4.4)

where ρ(HR̄) and ρ(HR) are the Ricci tensors of HR̄ and HR respectively.
Substituting (4.4) into (4.3), we find

(HW̄ )tjhk = (HW )tjhk,

where
(HW )tjhk = (HR)tjhk

− 1

2(n+ 1)

{
δtkρ(HR)jh − δthρ(HR)jk

+J t
kρ(HR)jaJ

a
h − J t

hρ(HR)jaJ
a
k − 2J t

jρ(HR)haJ
a
k

}
,

(4.5)

and (HW̄ )tjhk is constructed in the same way, but with respect to the tensor

HR̄.

Thus we can state

Theorem 4.1. For an almost Hermitian manifold, the tensor (4.5) is
invariant with respect to the geodesic mapping (4.1), preserving the complex
structure.

Now, let us suppose that HW = 0. Then

(HR)ijhk =
1

2(n+ 1)
[gikρ(HR)jh − gihρ(HR)jk

−Fikρ(HR)jaJ
a
h + Fihρ(HR)jaJ

a
k + 2Fijρ(HR)haJ

a
k ] ,

(4.6)

from which, transvecting with gjh and taking into account that, as a conse-
quence of (2.4), the Ricci tensor ρ(HR) is hybrid, we get

ρ(HR)ik =
κ(HR)

2n
gik,

where κ(HR) = ρ(HR)jhg
jh.

Substituting this into (4.6), we obtain

(HR)ijhk =
κ(HR)

4n(n+ 1)
(gikgjh − gihgjk + FikFjh − FihFjk − 2FijFhk).
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But, this is just the equation (2.6). Conversely, if (2.6) holds, the tensor
(4.5) vanishes. Thus, we can state

Theorem 4.2. For an almost Hermitian manifold (M, g, J) the tensor
(4.5) vanishes if and only if (M, g, J) is of pointwise constant holomorphic
sectional curvature.

The l.c.Kähler manifold can serve as an example. Indeed, for such a
manifold the holomorphic curvature tensor has the form (2.12). Therefore

ρ(HR)ik = ρik −
3

4
Pgik −

7n− 10

4
Pik +

n+ 2

4
Paby

a
i y

b
k.

Substituting this and (2.12) into (4.5), we find that for l.c.Kähler mani-
fold, the tensor (HW )ijhk is

(HW )ijhk = Rijhk

+
1

8

{
gih(7Pjk − PabJ

a
j J

b
k)− gik(7Pjh − PabJ

a
j J

b
h)

gjk(7Pih − PabJ
a
i J

b
h)− gjh(7Pik − PabJ

a
i J

b
k)

+Fih(PjaJ
a
k − PkaJ

a
j )− Fik(PjaJ

a
h − PhaJ

a
j )

+Fjk(PiaJ
a
h − PhaJ

a
i )− Fjh(PiaJ

a
k − PkaJ

a
i )

+2Fij(PhaJ
a
k − PkaJ

a
h) + 2Fhk(PiaJ

a
j − PjaJ

a
i )

}
− 1

2(n+ 1)

{
gik(ρjh −

3

4
Pgjh −

7n− 10

4
Pjh +

n+ 2

4
PabJ

a
j J

b
h)

−gih(ρjk −
3

4
Pgjk −

7n− 10

4
Pjk +

n+ 2

4
PabJ

a
j J

b
k)

−Fik(ρja −
3

4
Pgja −

7n− 10

4
Pja +

n+ 2

4
PstJ

s
j J

t
a)J

a
h

+Fih(ρja −
3

4
Pgja −

7n− 10

4
Pja +

n+ 2

4
PstJ

s
j J

t
a)J

a
k

+2Fij(ρha −
3

4
Pgha −

7n− 10

4
Pha +

n+ 2

4
Psty

s
hy

t
a)y

a
k

}
.

(4.7)

If this tensor vanishes, then

(2n+ 3)ρik − 3ρabJ
a
i J

b
k =

7n2 + 2n− 12

2
Pik −

n2 + 14n− 12

2
PabJ

a
i J

b
k[

κ− 3(n− 2)

2
P

]
gik.
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This relation, together with

−3ρik + (2n+ 3)ρabJ
a
i J

b
k = −n

2 + 14n− 12

2
Pik

+
7n2 + 2n− 12

2
PabJ

a
i J

b
k +

[
κ− 3(n− 2)

2
P

]
gik,

yields

ρik −
3

4
Pgik −

7n− 10

4
Pik +

n+ 2

4
PabJ

a
i J

b
k

=
1

2n
[κ− 3(n− 1)P ] gik,

and the relation (4.7), if HW = 0, gives

Rijhk =
κ− 3(n− 1)P

4n(n+ 1)
(gikgjh − gihgjk + FikFjh − FihFjk − 2FijFhk)

1

8

{
gik(7Pjh − PabJ

a
j J

b
h) + gjh(7Pik − PabJ

a
i J

b
k)

−gih(7Pjk − PabJ
a
j J

b
k)− gjk(7Pih − PabJ

a
i J

b
h)

+Fik(PjaJ
a
h − PhaJ

a
j ) + Fjh(PiaJ

a
k − PkaJ

a
i )

−Fih(PjaJ
a
k − PkaJ

a
j )− Fjk(PiaJ

a
h − PhaJ

a
i )

−2Fij(PhaJ
a
k − PkaJ

a
h)− 2Fhk(PiaJ

a
j − PjaJ

a
i )

}
.

But, this is just the relation (2.13), where

H(p) =
κ− 3(n− 1)P

n(n+ 1)
=

κ+ 3 κ*

4n(n+ 1)
.

Thus, and also as a consequence of theorems 4.1 and 4.2, we have

Theorem 4.3 Let (M, g, J) be l.c.Kähler manifold. Then the tensor
(4.7) is invariant with respect to the geodesic mapping. The tensor (4.7)
vanishes if and only if (2.13) holds.

5. The remark on Kähler manifolds

A curve xi = xi(t) of an almost Hermitian manifold (M, g, J) having
the property that the holomorphic planes determined by its tangent vectors
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are parallel along the curve itself is called a holomorphically planer curve.
The manifold (M, ḡ, J) and (M, g, J) are said to be holomorphically projec-
tively related if they have all holomorphically planer curves in common, and
the corresponding invariant tensor is holomorphically projective curvature
tensor. In the case of Kähler manifolds, this tensor is [8]:

Ri
jhk −

1

2(n+ 1)

(
δtkρjh − δthρjk + J t

kρjaJ
a
h − J t

hρjaJ
a
k − 2J t

jρhaJ
a
k

)
(5.1)

On the other hand, if (M, g, J) is a Kähler manifold, then

(HR)tjhk = Rt
jhk, ρ(HR)jh = ρjh,

such that (4.5) reduces just to the tensor (5.1).
Thus, in the case of Kähler manifolds, the tensor (5.1) can be obtained

considering holomorphically planer curves or applying geodesic mapping to
the holomorphic curvature tensor (2.2).

This does not hold for l.c.Kähler manifolds.
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