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0. Introduction

Recall that an ordinal 8 in the Von Neumann sense is identified with the
set {a: @ < B} of smaller ordinals. Thus,

0=0, 1={0}, 2={0,1},..., w={0,1,2,...}.

This abstraction of the notion of a natural number (which is nothing else
than a finite ordinal) has found many uses in mathematics. We shall address
here a particularly useful line of research that tries to relate an arbitrary
countable ordinal « with the set w of natural numbers in some uniform and
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coherent way. Recall that the Cantor normal form for an ordinal « is the
expression
o = W + now® + - - - + npwk,

where a; > a9 > - -+ > ap > 0 are ordinals and where nq,no,...,n; are
natural numbers. The form is an abstraction of the standard notion of
decimal representation of rational numbers and is made for the purpose to
reduce questions about ordinals to questions about natural numbers and
vice versa. This normal form is particularly useful for ordinals in the class

co={a:a<w}

since in this case the ordinals a; > g > - - - > « appearing in the Cantor
normal form of « are all smaller than « which greatly facilitate recursive
definitions and constructions. For example, this is directly responsible for
the fact that the normal form is giving us, for each limit ordinal a < g, a
canonical choice for a fundamental sequence Co, = {cq(n) : n < w} for «a,
an increasing sequence of smaller ordinals converging to a. Here we need to
extend this choice to all other countable ordinals «. Thus, for the rest of
this note, we fix for each countable ordinal «, a sequence

Co ={ca(n):n<w}Ca

such that co41(n) = « for all n and such that ¢, (n) < co(n + 1) for all n
and o = lim,,_, ¢ (n) when « is limit. To any such choice of fundamental
sequences C, we associate the notion of a walk from a given countable ordinal
B to a lower ordinal «, a finite decreasing sequence

B=Bon~Bi-nfBr=a
of countable ordinals such that for all ¢ < k,
Bi+1 = cg;(ni) where n; = min{n : cg,(n) > a}.

The integer k, denoted usually by p2(a, ), is the length of the walk and
can be formally defined by the recursive formula

p2(e, B) = pa(a, ca(n(a, B))) +1
with the boundary value ps(a, ) = 0, where

n(a, B) = min{n : cg(n) > a},
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i.e where 8 ~ cg(n(a, 8)) is the first step of the walk from  to a. The finite
sequence po(a, f) = (ng,ni,...,ng—1) of integers is the full code of the walk
and the corresponding function

00 : [w1]2 — v

is an object from which one can draw many canonical structures (see [1],
2], [4], [6]). Its formal recursive definition is

pO(aa 6) = <7’L(O&, B»ApO(a’ Cﬁ(n(aa B)))
with the boundary value pg(c, @) = (). The number

p1(a, B) = max{ng,ny,....ng_1}
is the mazimal weight of the walk and the corresponding function
pr: [wi]? = w

is another such canonical object. It is recursively given by the formula

pl(OZ?B) = max{n (aa B)a pl(a’cﬁ(n(avﬁ)))

with the boundary value p;(a,a) = 0. As indicated above there are other
characteristics of the walk but we mention only two more because of their
relevance to the discussion below. The first of these is the characteristic

ps : [wi]? = {0,1}
determined by setting
p3(a, B) = 1 if and only if ng_1 = max{ng,n1,...,nx—_1},

i. e. whenever the last step Bx_1 ~ B = « realizes the maximal weight. Its
recursive definition is given by the formula

{ pa(a; ca(n(a; B))) if n(a, ) < pr(e, ep(n(a, B))),
0 if n(a, B) > pi(a; cg(n(a; B))),
with the boundary values p3(a, ) = 0 and p3(a, 3) = 1 whenever a € Cg.

The last one that we include in our discussion here is the characteristic
p: [w1]? = w defined by the recursive formula

n(a7 /8)7
p(aaﬂ) = max ,0(06,6/3(72(04,5))),
p(cg(n), o) n < n(a, ),

p3(a, B) =
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with the initial value p(a, o) = 0. Each of these characteristics a = p, po, p1,
p2, p3 is giving us the corresponding distance function, a function A, :
[w1]? = w1 U {oo} defined by

Ay, B) = min{€ < a: a(é, ) # a(&, B)H

which has a strong Lipschitz properties quite useful in applications. For ex-
ample, in [5] we showed that the strong Lipschitz properties are responsible
for the fact that the family

{Ay[X]: X Cw; and X is uncountable}
generates a uniform filter I/, on w1, where for X C wy, we set
A X] ={Au(e,8) : , b € X, < B and Ay(av, B) # o0}

This turns out to be a quite important invariant that captures many proper-
ties of a. Using the Baire category assumption m > wy, we have shown in [5]
that in each of the five cases a = p, po, p1, p2, p3 (and more), the filter U, is
in fact maximal, i.e. an ultrafilter on the set w; of countable ordinals. The
purpose of this note is to examine the corresponding Rudin-Keisler projec-
tions of these ultrafilters on the set w of natural numbers, i.e. ultrafilters of
the form
fUa) ={X Cw: [7HX) €U},

for some f : w; — w. Of course we shall be interested in such functions
fa : w1 — w for which the corresponding ultrafilter

Va = fa [ua}

is not principal and we will show that, modulo a permutation of the index-
set w, the non-principal ultrafilter V, = f,[U,] does not depend on the
choice of the mapping f, : w; — w. Since w; cannot carry a countably
complete non-principal ultrafilter such an f, : w; — w exists for every of the
five characteristics a = p, po, p1, p2, p3 of the walk on w; discussed above. In
some cases however there is a natural choice for such a map f,. For example,
in case of the characteristic a = p3 the following map dj : w; — w transfers
the ultrafilter U, to a non principal ultrafilter V, = d[U,] on w,

da(a) = |a — A(a)| where A(a) = max{\ : A < a, A limit}.?

"Here we let minf) = oco. It will also be conventient to put that A,(a, @) = co.
2Thus, da(c) is simply the distance from the ordinal a to the set A of countable limit
ordinals.
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This however requires the following assumptions on the choice of fundamen-
tal sequences Cl, :

1. ca(n) = A+ n+ 1 whenever a = XA + w for some A € AU {0},

2. ¢o(n) = Ay +n + 1 for some increasing sequence A, of limit ordinals
converging to a whenever « is a limit of limit ordinals.

One of the results that we prove in this note is that under the same Baire
category assumption m > wj, the projections V, = da[U,] is a selective
ultrafilter on w. Recall that an ultrafilter V on w is selective if for every map
h : w — w, either h is constant on some set X in V or h is one-to-one on
some set X in V. This is an important class of ultrafilters with uses in other
areas of mathematics such as, for example, Ramsey theory (see [7]). The
Baire category assumption m > w; seems first of its kind that guarantees
their existence.

1. Coherent and Lipschitz Mappings

By a coherent mapping in this note we mean a mapping a : [w1]? — w
such that:

1. {€<a:alga)#a(&P)} is a finite set for all o < f < wy,

2. for every uncountable X C w; there is uncountable Xy C X such that
Ay, B) # oo for all «, 5 € Xp, a0 < B.

It follows in particular that the corresponding (partial) distance function
A, : [w1]? — wi has a highly Lipschitz behavior in the following precise
sense.

Lemma 1.1. [5] For every coherent mapping a : [w1]?> — w, every
positive integer n, and every uncountable family F of pairwise disjoint n-
element subsets of wy there is an uncountable Fy C F such that for all
$,6€ Fors 4t and all i, < n, Da(5(1), 1)) = (50, (7)) # 00.3

Corollary 1.2. /5] If a : [w1]? — w is a coherent mapping then for every
pair X andY of uncountable subsets of wy there is an uncountable subset Z

3For an n-element set t C wy, we let t(4) (i < n) be its increasing enumeration according
to the natural order of wy.
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of X such that Ag[Z] C Ay[X] N ALY].

It turns out that these Lipschitz properties characterize coherent mappings
in the following precise sense.

Lemma 1.3. [5/The following are equivalent assuming m > w; :
1. a:[w])?* — w is a coherent mapping.

2. For every uncountable family F of pairwise disjoint 2-element subsets
of wy there is an uncountable Fo C F such that for all s,t € Fy, s # t,
Aa(s(0),(0)) = Aa(s(1), (1)) # oo.

We call maps a : [w1]?
Lipschitz maps.

— w satisfying the condition (2) of Lemma 1.3

Lemma 1.4. [6]/ The maps p, p1 and ps are coherent.

Lemma 1.5. The maps pg and pa are Lipschitz.

Proof Let F bea given uncountable family of pairwise disjoint
unordered pairs of countable ordinals. We shall use another characteristic
of walks on wy, the full lower trace F : [w1]? — [w1]<¥ given by the recursive
formula

F(Ct, 5) = F(a7 C,B(n(av ﬁ))) U Un<n(a,ﬁ) F(Cﬁ(n)7 a)

with the boundary value F(a, ) = {a}. We shall need only the following
property of the full lower trace, where @ < § < ~ are three countable
ordinals (see [6], Lemma 2.1.9):

(a) pola, B) = po(min(F(B,7) \ ), ) po(c, min(F(B,7) \ ),

(b) pola,y) = po(min(F(5,7) \ @),7)™ po(e, min(F (5, 7) \ @)).

In other words, the walk from § to a and the walk from v to a both pass
through the point £ = min(F(8,7) \ «) and after that they coincide with
the walk from £ to a.

Back to our uncountable family F of pairwise disjoint unordered pairs.
Fort € F,let F(t) = F(t(0),t(1)). Applying the A-system lemma and going
to an uncountable subfamily, we may assume that there is a finite set F' C wy
such that

F(s)NF(t) = F for all s,t € F,s #t.
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Let £ = max(F) + 1, and for ¢ € F, let £(t) = min(F(t
even further we may assume that for some fixed integers
allt e F,

)\ €). Refining F
k(0) and k(1) and

k(i) = p2(&(t), (7)) for all ¢ < 2.

Relying on the fact that the trees T'(pg) and T'(p2) associated to the map-
pings pg and po, respectively, can’t contain an uncountable subset with no
uncountable antichain (see [6], Chapter 2), we can find uncountable Fy C F
such that the following two conditions hold for both a = pg and a = ps :

(c) a(€&,s(i)) = a(&,t(i)) for all s,t € Fo, £ < & and i < 2,
(d) for all s,t € Fyp and ¢ < 2 there is £ < min{{(s),£(t)} such that
a(§, s(i)) # a(§,(i)).

From this and the two properties of the full lower trace listed above, it
follows that for all s,t € Fp,s # ¢ and a = pg, p2,

Aq(s(0),1(0)) = min{¢ : a(,&(s)) # a(§,£(1)} = Aq(s(1),£(1)).
This finishes the proof. O
It follows that the characteristics p, pg, p1, p2 and p3 of the walks on wy
discussed above are all either coherent or Lipschitz or both. Since we have
Lemma 1.3, we shall not make the distinction between the notions of co-
herent and Lipschitz below and just use the term coherent all the time.

Following [5] to any coherent mapping a : [w1]? — w we attach the following
family of subsets of wq,

Uy, ={Y Cwi: (IX Cwi) [X is uncountable and A,[X] C Y]}.

Lemma 1.6. [5] The family U, is a uniform filter on wi, for every
coherent mapping a : [w1]? — w.

P r o o f. This is an immediate consequence of Corollary 1.2. O

Recall that m is the minimal cardinality of a family of nowhere dense sets
that could cover a compact space satisfying the countable chain condition.

Lemma 1.7. [5] If m > w then for every coherent a : [w1]? — w the
family U, is a uniform ultrafilter on wy.

Lemma 1.8. Let a : [w1]?> — w be a coherent mapping, let f : w1 — w,
and assume m > wy. Then f[Uy,] is a selective ultrafilter on w.

P r o o f. We may assume that V = f[U,] is non-principal since clearly
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principal ultrafilters are selective. To check the selectivity of V,let h: w — w
be a given mapping which is not constant on any set belonging to V. We
need to find M € V such that h | M is one-to-one. This will be done by
constructing an uncountable X C wj such that h is one-to-one on the set

M X] ={f(Au(a,8)) o, € X, 0 < B, and Ay(cx, B) # o0}

Clearly, any such a set M¢[X] belongs to the ultrafilter V. To this end, let
‘P be the collection of all finite subsets p of wy such that h is one to one on
the set

Mf[p] = {f(Aa(OZ,B)) : O‘?ﬁ eEpa< Ba and Aa(a7ﬁ) 7& OO}

We consider P as a partially ordered set ordered by inclusion. Note that
if P satisfies the countable chain condition our Baire category assumption
m > w; would give us an uncountable F C P such that pUq € P for all
p,q € F. Taking X = |JF gives us an uncountable subset of w; such that
h is one-to-one on the corresponding set M¢[X] which, as we know, belongs
to the ultrafilter V. To check the countable chain condition of P let X be
an uncountable subset of P. Refining X we may assume that X’ consists of
n-element sets for some fixed positive integer n. By Lemma 1.1 and by the
A-system lemma, we find uncountable Xy C X and an integer ng < n such
that for all p,q € Xy such that p # ¢, we have that,

(3) p(i) = q(i) for i < ng and p(i) # q(i) for ng < i < n,
(4) Aa(p(i), q(i)) = Da(p(4), a(4)) for ng <i,7 <n.

For p,q € Xp,p # q, let Ay(p, q) denote the constant value of the sequence
Ay(p(i),q(i)) (ng < i < n). Using the second property of the coherent
mapping a and another A-system argument we arrive at an uncountable set
X1 C Ay such that for all p,q € X1, p # q,

AulpU gl = Aglp] U Aqlg] U {Au(p, q)}-

Find an integer k£ and uncountable X5 C X7 such that for all p,q € X5,

f[Aa(p)] = f[Aa(p)] - {07 L., k}

Now, find an integer £ such that h(i) < £foralli < k.Let Z = f~1({0,1,...,£}).
Then by our assumption about f the set Z does not belong to U,. By Corol-
lary 1.2, there is an uncountable X3 C X5 such that

ZN{Au(p,q) : p,q € X3,p # q} = 0.
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It follows that for arbitrary p,q € X3,p # ¢ the function h is one-to-one on
the set,

flAa(pU @) = flAulp]] U flAld]] U {f(Aa(p, 9))}-

So, in particular p U g € P for all p,q € X3. This finishes the proof. O
Lemma 1.9. A +k &U,, for all k < w.

P r o o f. For a countable ordinal «, set

supp(p3)a = {§ < a: p3(§, @) # 0}.

Then by [6]; Lemma 2.4.9, for all k¥ < w and a < wy, the set

Sk(a) = (A + k) N'supp(ps)a

is finite. Fix an integer k. We need to find an uncountable set X C wy
such that A,,[X] N (A + k) = (. Toward this end, we apply the A-system
lemma to the family Si(«) (o < wy) of finite sets and obtain an uncountable
X C wq and a finite set S such that

Sp(a) N Sk(B) = S for all o, 5 € X, a0 # .
We also assume that if £ = max(S) + 1, then

p3(‘£7a) = p3(€7ﬁ) for all aaﬁ € X and g < g

It follows that if for some uncountable Y C X, we have that Si(a) = S for
all @ € Y, then A,,[Y] is a member of the filter U, disjoint from A + k, as
required. So we may assume that Si(a)\ S # 0 for all @ € X. So for « € X,
we can define

&(a) = min(Sk(a) \ 9).

Then (o) # £(B) for o, 8 € X, # (. So as before, using the fact that ps
is a coherent map, we can go to an uncountable subset Xy of X such that
for all a, 8 € Xo, a # 3,

€ < Apy(a, B) < min{g(a), £(8)},

So, in particular Ap, (o, ) € (A + k) for all o, € Xo, a # B. It follows
that A,,[Xo] is a member of U, disjoint from A+ k. This finishes the proof.
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Recall, that dy : w1 — w is the distance function to the set A of countable
limit ordinals. Then we have the following consequences of Lemma 1.9.

Corollary 1.10.The filter V,, = da[U,,] is non-principal.

Recall that for any of the other four characteristics a = p, po, p1, p2 We
can also find a mapping f, : wi — w such that the corresponding projection
V., = falls] is a non-principal filter on w. Applying Lemmas 1.7, 1.8 and 1.9
we get the following fact.

Corollary 1.11. If m > wy, the filters V,, Vo, Voo, Voo, and V,, are all
non-principal selective ultrafilters.

Remark 1.12. It is interesting to compare this with [3] which contains a
description of a rapid filter* on w rather than a selective ultrafilter. While the
notion of a rapid filter is considerably weaker than the notion of a selective
ultrafilter, [3] uses a weaker Baire category assumption than m > w; (the
assumption that the real line cannot be covered by a family N, (o < wy)
of measure zero sets) to prove the rapidity of the filter. Assuming that that
there are uncountably many real numbers that are relatively constructible
(in the sense of Godel) from a single real, both the rapid filter of [3] and
our selective ultrafilter V,, have descriptions that belong to the third level
of the projective hierarchy.

2. Metric Equivalence of Coherent Mappings

Two coherent mappings a : [wi]? — w and b : [w1]? — w are metrically
equivalent if there is an uncountable X C w; such that

(i) Ag(a, B) # oo and Ap(a, B) # oo for all a, f € X with a < S,
(ii) for every quadruple «, 3,7,6 € X such that o < § and 7y < ¢,
Ay, B) > Ag(y,0) if and only if Ay(a, B) > Ap(7,9).

4Recall that a rapid filter on w is a filter F with the property that for every strictly
increasing sequence (ng) of natural numbers there is X in F such that |[XN{0,1,...,nx}| <
k for all k. Clearly every selective ultrafilter is rapid.
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Note that by Lemma 1.1, if two coherent mappings a and b are metrically
equivalent then for every uncountable Y C w; there is an uncountable X C
Y witnessing the equivalence.

Remark 2.1. It turns out that under a slightly stronger Baire category
assumption than m > w; (denoted below as mm > wy ), every pair of coherent
mappings a : [wi]? — w and b : [w1]? — w are metrically equivalent (see [6];
Lemma 4.3.4). Our interest here in this notion is based on the following fact
which relates the metric equivalence with the Rudin-Keisler equivalence of
the corresponding filters U, (see [6]; pp.117-118).

Lemma 2.2. If two coherent mappings a : [w1]> — w and b : [w1]? — w
are metrically equivalent then the corresponding uniform filters U, and Uy
are Rudin-Keisler equivalent, i.e. there is a bijection f : w1y — wy such that
fla) = Up.

P r o o f. Fix an uncountable set X C wy witnessing the metric equiv-
alence of a and b. Tt suffices to find a bijection f : A,[X] — Ap[X] which
maps a set in U, to a set in Up. Consider £ € A,[X]. Choose o, 5 € X, # 3
such that £ = A, (a, B). Let f(€) = Ap(a, 5). Note that this is a well-defined
map, i.e that f(£) does not depend on the choice of «, 5 € X, # (8 such
that &€ = Ag(e, 8). Since in this definition a and b play symmetric roles, we
also have a well-defined inverse mapping g : Ap[X] — A4[X]. So in partic-
ular f is one-to-one (and, in fact, strictly increasing). Choose a generator
AgY] of U,. We need to show that the image f[A,[Y]] belongs to Uy. By
Corollary 1.2, shrinking Y, we may assume that it is a subset of X. However,
if this is true, then according to the definition of f, we have that

FIAG[Y]] = Ay[Y]
which is clearly a member of . This finishes the proof. O

The purpose of this section is to examine the Rudin-Keisler projections
to w of the uniform filters associated to metrically equivalent coherent map-

pings.

Lemma 2.3. Suppose a : [w1]? = w and b : [w1]? — w are two metrically
equivalent mappings and that mappings f: w1 — w and g : w1 — w map Uy,
and Uy to two non-principal filters flU,] and glUp] on w. Then if m > wy,
the selective ultrafilters f[U,] and glts] are equivalent.

P r o o f. Fix uncountable X C w; witnessing the metric equivalence of
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a and b. Let P be the collection of all pairs p = (X, hp), where

X, is a finite subset of X,

(a
(

b) h, is a finite one-to-one map,

d) Rang(hy) = {g(Ap(a, B)) : @, B € X},
(e) hp(f(Au(a, B))) = g(Ap(c, B)) for o, B € Xp, a0 < B.

We order P by coordinatewise inclusions. Note that if we show that P
satisfies the countable chain condition then the Baire category assumption
m > wy applied to P gives us an uncountable set Xy C X and a one-to-one
map

)

)
(¢) Dom(hy) = {f(Aa(e; B)) : o, B € Xp},
(d)

) h

h:{f(Au(a,B)) : v, € Xo} = {9(Ap(c, ) : 0, B € Xo}

such that A(f(Aq4(a, B))) = g(Ap(a, B)) for all a, f € Xp, a0 < B. To see
that h is a witness for the Rudin-Keisler equivalence between the selective
ultrafilters f[U,] and g[U], note that a typical generator of the ultrafilter
flUa) is a set of the form f[A,[Y]], where Y is an uncountable subset of X.
Our mapping h maps this set to the set g[Ap[Y]] which is a typical generator
of the selective ultrafilter f[U]. So, it remains to show that P satisfies the
countable chain condition. Let X be an uncountable subset of P. Refining
X we may assume that for some fixed set R,

Xp,NX,=Rforal pgeX,p#q.

Refining X if necessary we may assume that for some fixed positive integers
n and k and some fixed mapping h we have that

(f) |Yp| =mnand hy, = h for all p € X,
(g) Dom(h),Rang(h) C {0,1,...,k}.

Let U = f~10,1,...,k} and V = ¢71{0,1,...,k} and for p € X, let Y}, =
X, \ R. Note that by our assumption, U ¢ U, and V' & Uy,. Applying Lemma
1.1, we find uncountable Xy C X such that for all p,q € Xy, p # g and all
1,7 <mn,

Aa(Yp(i), Yq(i)) = Aa(Yp(4), Yq(4)),
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For p,q € Xy, p # ¢, let Ay(Y),Y,) denote the constant value of the sequence
Ag(Yp(7),Yq(7)) (i < n) and let Ay(Y),,Y,) denote the constant value of
Ay(Yp(i),Yq(7)) (i < n). By Corollary 1.2, we can find uncountable X; C Aj
such that

Y N{A.(Y,,Yy) :p,qg € Xi,p #q} =0,

ZN{A(Y,,Y,) :p,q € Xi,p# q} = 0.

Now we find an uncountable X5 C X} such that for all p,q € Xo,p # q,
AaP(p U Xq] = Aa[Xp] U Aa[Xq] U {Aa(YEDa Yq)}a

Ap[Xp U Xg] = Ap[Xp] U Ap[Xg] U {Ap(Yy, Yo) }-

Fix p,q € Xa,p # q. Let r = (X,, h;), where X, = X, U X, and where the
mapping h, is determined as follows. Let

Dom(h,) = f[Aa[Xp U Xq]] = f[Aa[Xp” U {f(Aa(Ypa Yq))}a

Rang(hy) = g[Ap[Xp U Xy]] = g[Ap[Xp]] U {g(Ap(Y}, Yg))}-
Let hy | f[Aa[Xp]] = hp(= hy), and let

hr(f(Aa(Y;»Y;J))) = Q(Ab(y}w Yq))-

Note that such a defined map h, is one-to one and that it extends h, and
hg. So, this gives us the desired element r of P which extends both p and
q finishing the proof that P satisfies the countable chain condition and the
proof of the Lemma. O

Corollary 2.4. If mm > wq, there is only one, up to a permutation of w,
non-principal ultrafilter of the form f[U,], where a : [wi]?> — w is a coherent
mapping and where f:w; — w.

Remark 2.5. It follows in particular that, modulo the Baire category
assumption, the five selective ultrafilters V, for a = p, po, p1, p2, p3 are pair-
wise equivalent. In other words, there is a canonical non-principal selective
ultrafilter on w that one can attach as invariant to the notion of walk along
a given sequence C,, (o < wy) of fundamental converging sequences which,
up to a permutation of w, does not depend on the choice of the sequence C,,
(v < wyp) at all.
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