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ABSTRACT. Let m be an integer bigger than one, A a ring of algebraic
integers, F' its fraction field, and K,,(A) the m-th Quillen K-group
of A. We give a (huge) explicit bound for the order of the torsion
subgroup of K,,(A) (up to small primes), in terms of m, the degree
of F over Q, and its absolute discriminant.

Let F' be a number field, A its ring of integers and K,,(A4) the m-th Quillen
K-group of A. It was shown by Quillen that K,,(A) is finitely generated. In
this paper we shall give a (huge) explicit bound for the order of the torsion
subgroup of K,,(A) (up to small primes), in terms of m, the degree of F over
Q, and its absolute discriminant.

Our method is similar to the one developed in [13] for F' = Q. Namely, we
reduce the problem to a bound on the torsion in the homology of the general
linear group GLx(A). Thanks to a result of Gabber, such a bound can be
obtained by estimating the number of cells of given dimension in any complex
of free abelian groups computing the homology of GLy(A). Such a complex is
derived from a contractible CW-complex W on which GLy (A) with compact
quotient. We shall use the construction of W given by Ash in [1] . Tt consists
of those hermitian metrics A on AN which have minimum equal to one and
are such that their set M (h) of minimal vectors has rank equal to N in F.
To count cells in W/ GLnN(A), one will exhibit an explicit compact subset of
AN ®7 R which, for every h € W, contains a translate of M (h) by some matrix
of GLy(A) (Proposition 2). The proof of this result relies on several arguments
from the geometry of numbers using, among other things, the number field
analog of Hermite’s constant [4].
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762 CHRISTOPHE SOULE

The bound on the K-theory of A implies a similar upper bound for the étale
cohomology of Spec (A[1/p]) with coefficients in the positive Tate twists of Z,,
for any (big enough) prime number p.

However, this bound is quite large since it is doubly exponential both in m
and, in general, the discriminant of F. We expect the correct answer to be
polynomial in the discriminant and exponential in m (see 5.1).

The paper is organized as follows. In Section 1 we prove a few facts on the
geometry of numbers for A, including a result about the image of A* by the
regulator map (Lemma 3), which was shown to us by H. Lenstra. Using these,
we study in Section 2 hermitian lattices over A, and we get a bound on M (h)
when A lies in W. The cell structure of W is described in Section 3. The main
Theorems are proved in Section 4. Finally, we discuss these results in Section 5,
where we notice that, because of the Lichtenbaum conjectures, a lower bound
for higher regulators of number fields would probably provide much better
upper bounds for the étale cohomology of Spec (A[1/p]). We conclude with the
example of Kg(Z) and its relation to the Vandiver conjecture.

1 GEOMETRY OF ALGEBRAIC NUMBERS

1.1

Let F' be a number field, and A its ring of integers. We denote by r = [F' : Q]
the degree of F' over Q and by D = |disc (K/Q)| the absolute value of the
discriminant of F' over Q. Let r; (resp. r2) be the number of real (resp.
complex) places of F. We have r = r1 + 2r3. We let ¥ = Hom (F, C) be the
set of complex embeddings of F'. These notations will be used throughout.
Given a finite set X we let # (X) denote its cardinal.

1.2

We first need a few facts from the geometry of numbers applied to A and A*.
The first one is the following classical result of Minkowski:

LEMMA 1. Let L be a rank one torsion-free A-module. There exists a non zero
element © € L such that the submodule spanned by x in L has index

#(L/Az) < C1,

where |
Ci = ’I“_ NV/LE \/5
er
in general, and C1 =1 when A is principal.
PROOF. The A-module L is isomorphic to an ideal I in A. According to [7], V
84, p. 119, Minkowski’s first theorem implies that there exists x € I the norm

of which satisfies
IN(z)| <Cy N(I).
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Here |N(z)| = # (A/Az) and N(I) = # (A/I), therefore # (I/Ax) < Cy. The
case where A is principal is clear. q.e.d.
1.3

The family of complex embeddings ¢ : F' — C, ¢ € ¥, gives rise to a canonical
isomorphism of real vector spaces of dimension r

FoqR=(C*T,

where (-)* denotes the subspace invariant under complex conjugation. Given
a € F we shall write sometimes |«|, instead of |o ().

LEMMA 2. Given any element x = (z,) € F ®q R, there exists a € A such

that
S fes — ola)| < Ca
oeEX
with g
Cy=— D

rr=2pl

i general, and

Co=1/2 if F=Q.

PROOF. Define a norm on F' ®q R by the formula

lzll =) lza-

cEX

The additive group A is a lattice in F' ®q R, and we let pqi,...,u, be its
successive minima. In particular, there exist aq,...,a, € A such that ||a;|| = 4,
1<i<r, and {ai,...,a,} are linearly independent over Z. Any =z € F ®q R
can be written

m:Z)\iai, X € R.
i=1
Let n; € Z be such that |n; — \;| < 1/2,foralli=1,...,r, and

r
a = E n; a; .
i=1

Clearly

s 1 r
o = all < 1h =il llaill < 5 (a4 ) < 5 o (1)
=1
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764 CHRISTOPHE SOULE

On the other hand, we know from the product formula that, given any a €

A— {0}7
Tlot@) =1. @
ceD

By the inequality between arithmetic and geometric means this implies

lall =) lo(a)l = 7,

ceX

hence
Wi > forall i=1,...,r. (3)
Minkowski’s second theorem tells us that
1. <2"W 272D (4)

([7], Lemma 2, p. 115), where W is the euclidean volume of the unit ball for
| -]l in F ®q R. (Note that the covolume of A is v/D.) The volume W is the
euclidean volume of those elements (z;, z;) € R™ x C™ such that

T1

T2
D il +2) |zl <1,

i=1 j=1

One finds ([7], Lemma 3, p. 117)

W =2"47"2(2m)"2 /rl. (5)

From (3) and (4) we get
pr <20W /D272 (07 (6)
The lemma follows from (1), (5) and (6). g.e.d.

1.4
We also need a multiplicative analog of Lemma 2. Let R(F') be the regulator
of F, as defined in [7] V, § 1, p. 109. Let s = r; +1ry — 1.

LEMMA 3. Let (A\y), 0 € ¥ be a family of positive real numbers such that
Az = Ao when @ is the complex conjugate of o. There exists a unit u € A*
such that

1/r
Sup (Mg |uly) < C Ao )
Sup (v ful) 3<H )

oeX
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with
C3 = exp (s(47 (log37)®)*~1 27271 R(F)).

PRrOOF. We follow an argument of H. Lenstra. Let H C R™ %" be the s-
dimensional hyperplane consisting of vectors (x1, ..., Ty, 4, ) such that z;+x2+
+++ Tp 4, = 0. Choose a subset {o1,...,0.,4r,} C X such that oy,...,0,,
are the real embeddings of ¥ and o; # 7; if ¢ # j. Given A = (As)sex as in
the lemma, we let

p(A) = (log(Agy ), - - - 710g(/\0r1 ),2 log()\ar1+1)7 cee2 log(Aar1+r2 )
If u € A* is a unit, and A = (Ju|y ), we have p(\) € H. We get this way a lattice

L={p(luls), ue A%}

in H.
Define a norm || - || on H by the formula
[(zi)l = Sup ( Sup |zi|, ~ Sup —|z;]/2).
1<i<r; r1+1<i<ri+re

It is enough to show that, for any vector x € H there exists a € L such that
|2 — al| < log(Cs).
According to [14], Cor. 2, p. 84, we have (when r > 2)
lall = &

where
e = Tﬁl(log(S 7"))*3 ,

for any a € L — {0}. Therefore, using Minkowski’s second theorem as in the
proof of Lemma 2 we get that, for any € H there exists a € L with

|z —a| <s2° 'el™*Wvol (H/L),
where W is the euclidean volume of the unit ball for || - ||, where we identify H

with R® by projecting on the first s coordinates. Clearly W < 25%72—1 when,
by definition (loc.cit.), vol (H/L) is equal to R(F'). The lemma follows.

1.5

We now give an upper bound for the constant C3 of Lemma 3.
LEMMA 4. The following inequality holds

R <1172VDlog(D) .
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766 CHRISTOPHE SOULE

PROOF. Let k be the residue at s = 1 of the zeta function of F. According to
[11], Cor. 3, p. 333, we have

) < 2r+l pagl-r
whenever 0 < a < 1. Taking a = log(D)~! we get

k< e2 tlog(D) !, (7)
On the other hand

h(F) R(F)

Kk =2"(2m)"™ w(E)VD

(8)

where h(F) is the class number of F' and w(F') the number of roots of unity in
F ([7], Prop. 13, p. 300). Since h(F) > 1 we get
R(F) < w(F)2~#r2) =2 o or+1\/Dlog(D) 1.

Since the degree over Q of Q({/1) is ¢(n), where ¢ is the Euler function, we
must have

p(w(F)) <r.

When n = p! is an odd prime power we have
p(") = (p—1)p" " 2 p'/?.

Therefore
w(F) <272,

2\"
9—(ritra) p—ragr _ <_> <1

and 4e < 11, the lemma follows.

Since

2 HERMITIAN LATTICES

2.1

An hermitian lattice M = (M, h) is a torsion free A-module M of finite rank,
equipped with an hermitian scalar product h on M ®z C which is invariant
under complex conjugation. In other words, if we let M, = M ®4 C be the
complex vector space obtained from M by extension of scalars via ¢ € X, h is
given by a collection of hermitian scalar products h, on M,, o € X, such that
hz(x,y) = hy(z,y) whenever x and y are in M.
We shall also write

ho(x) = hy(z, x)
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and
[zlle = Vho(z).

LEMMA 5. Let M be an hermitian lattice of rank N. Assume that M contains

N wectors eq,...,en which are F-linearly independent in M @4 F and such
that

leill <1
foralli=1,...,N. Then there exist a direct sum decomposition

M=L1®---® Ly
where each L; has rank one and contains a vector f; such that
#(Li/Af;) < Ch
and )
Ifill < G =1) L Ca+ G s
Here C1,Cy,C3 are the constants defined in Lemmas 1, 2, 3 respectively.

PRrROOF. We proceed by induction on N. When N = 1, Lemma 1 tells us that
L1 = M contains z; such that

#(Ll/Al'l) S Cl .
Let us write
] = aep

with o € F*. Using Lemma 3, we can choose u € A* such that

1/r
Sup |ual, < Cs (H a|g> = C3N(a)V/m < CyCym.

oEX P

The lemma follows with f; = ux;.
Assume now that N > 2, and let Ly = M NFe; in M ®4 F. As above, we
choose f1 = a1 e in Ly with [Ly : A f1] < Cy and

Sup |a11|e < Cs 611/7«_

cEX

The quotient M’ = L/L; is torsion free of rank N — 1. We equip M’ with
the quotient metric induced by h, we let p : M — M’ be the projection, and
e, =p(e;),i=2,...,N. Clearly

leill <1

foralli=2,...,N.
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We assume by induction that M’ can be written
M=Ly&---&Ly
and that L] contains a vector f/ such that
ni = #(Li/Af;) < C1
with

=" ayé, 9)

2<;<i
a;; € F, and, for all 0 € 3,
|aij|0'§0102 1f2§]<ZSN7

and
|am‘|a§011/TC'3, 2<i<N.

Let s : M’ — M be any section of the projection p. From (9) it follows that
there exists p; € F' such that

s(fi) — Z Qij€j = [i€1-

2<5<i

Applying Lemma 2, we can choose b; € A such that

D

ceX

iy

Uz

<(Cy.

o

Define t : M’ — M by the formulae
t(x) = s(x) — a(x) by eq

whenever € L, hence

n;x = a(z) f;

for some a(z) € A, 2 <i < N. If we take f; = t(f]), we get

fi=s(f)) —nibier= > aie;+ (i —nibi)es

2<j<1

and, for all o € X,
lpi = nibile <nyCy < C1Cs.

We define a;1 = p; —n; b; and L; = ¢(L}). Then

M=I1®---® Ly
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satisfies our induction hypothesis:

#(Li/Afi) < Cy
fi= Z Qij €5,
1<5<i
|Clij‘g < Ci1Cq Whel’lj <1,

and
|aii|g§011/r037 forallceX, i=1,...,N.

Since
lles|l <1 foralli=1,...,N,
this implies
Ifill <G =1)C1Ca+ Y7 Cs.
q.e.d.

2.2

LEMMA 6. Let I C A be a nontrivial ideal. There exists a set of representatives
R C A of A modulo I such that, for any x in R,

> lele < ¢ (S5 ) v,

oEY
where N(I) = # (A/I) and Cs is the constant in Lemma 2.

PROOF. According to the proof of Lemma 2, the Z-module A contains a basis
of r elements eq, ..., e, such that

2
Z|ei|agﬂr§;02-

Therefore, by Lemma 5 applied to the field Q, in which case C; = C3 =1 and
Cy = 1/2, there exists a basis (f;) of A over Z such that,

2 . (i—1
Z|f“,§;02(12 +1).

oED

Since the integer n = N(I) belongs to I, the map A/I — A/n A is injective
and we can choose R among those

T
= Z% fi
i=1
such that x; € Z and |z;| < n/2. In that case, if z € R, we have

n r+3
Z |x‘0 S §Zz|fz|a S nC2 4 .

cEX
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2.3

LEMMA 7. Let M be an hermitian lattice and assume that M = Ly @ Loy is
the direct sum of two lattices of rank one. Let f; € L; be a non zero vector,
and n; = # (Li/A f;), i = 1,2. Then there exists a vector e; € M, and an
isomorphism

Yv:Aet L — M

such that L contains a vector es with

#(L/Aes) < nyng,

r+3
Jeal < maCallll + (1+ €3 E2t) 15,

and +3
r r
I le2)ll < ma [l full + C2 — = mi |l foll

PrOOF. The algebraic content of this lemma is [9], Lemma 1.7, p. 12. To
control the norms in this proof we first define an isomorphism

U; - Lz — Ii
where I; is an ideal of A. If x € L;, u;(x) € A is the unique element such that

In particular n; = w;(f;).

Next, we choose an ideal J; in the class of I; which is prime to I5. According
to [9], proof of Lemma 1.8, we can choose

T

_117
ao

Ji =

where ag is any element of I; — {0} and z( belongs to a set of representatives
of A modulo I J, where I J = ag A.
According to Lemma 6 we can assume that

S wols < Cs (’“f’) N(I, J) = Cy (”Z?’) N(ao).

oex

The composite isomorphism
vy : L1 —J1 — 11
maps f1 to ny x9/ag. We choose ag = n1, hence v1(f1) = xg and

r+3\ .,
Z|$0|USCQ< 4 )nl.

oeEX
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The direct sum of the inverses of v; and ug is an isomorphism
@:Jl@IQL)Ll@LQZM.

Since J; and I, are prime to each other we have an exact sequence (as in [9)
loc.cit.)
0—JiLh—Ji&hL—"A—0

where p is the sum in A. Let
s:A— Ji1&® 1
be any section of p and let o € J; be such that
s(1) = (o, 1 —a).

Let o = Angxg with A € F. Applying Lemma 2, we choose a € A such that

Z‘)\—CLLTSCQ.

ogEY
Since ng xq lies in J; I> the element
B=a—anyxg=(A—a)nazg
lies in Jy, and 1 — [ lies in I. Since
B =v1((A—a)ns f1)
and )
1—6:11,2 (— —()\—a)xof2>
n2

we get

IN

e -0 < 10 -@m il + (- 0 aw) £

r+3\ .,
mCalfill+ (1463 (52 ) i) 1)

IN

We let e = (8,1 — (). On the other hand we define
L=JI(~ L ® Ly)
and map L to M by the composite map
LS heh- %M
where i(z) = (, —x). We choose

eo =noxg € L
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so that @ oi(e2) = (n2v1(f1), o u2(f2)) has norm

r+3

looi(ea)ll < na | full + Co ( )n’; 1fall.

Furthermore we have isomorphisms

LoA™ nenL %M

and
# (L/Aeg) = #(J1 Ig/Aeg) < #(Jl/Al‘o) X #(IQ/ATLQ) =MNning.

q.e.d.

2.4

PROPOSITION 1. Let M be a rank N hermitian free A-module such that its
unit ball contains a basis of M ®4 F. Then M has a basis (e1,...,en) such
that

leill < Bi

with B; = (1 —1)Ce 4+ C5, i =1,...,N, when A is principal and

log, (N)+2
3 2 T [
r+ > 2N/

Bi:(l-l-ClCQ)(NCQ-FCg) <1+CQ 1 1

in general. Here logy(N) is the logarithm of N in base 2.

PROOF. When A is principal, C; = 1 and Proposition 1 follows from Lemma
5.
In general Lemma 5 tells us that

M=L3---® Ly
and L; contains a vector f; with # (L;/A f;) < C; and
If:ll <C1((i —1)Cy + C3) < C1 (N Cs + Cs).

Let £ > 1 be an integer and A > 0 be a real number. We shall prove by
induction N that, if M has a decomposition as above with

#(Li/Afi) <k

and
Ifill < kA,
then M has a basis (eq,...,ey) such that
1 +3\" e
lesl < (5 +Ca ) (14 a2 ) pirstize, (10)
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foralli=1,..., N, where t > 1 is such that
) N
? <1 S F .
The case N < 2 follows from Lemma 7. If N > 2, let N’ be the integral part
of N/2. Applying Lemma 7 to every direct sum L; ® Ly_;, N/2 <i < N, we

get
N
M=M < @ Aei>

i=N’+1
with

3
lesll < k/\<1+02k+022TI k>

1 r+3
— 1 r+1
/\(k+02>< + (s 1 )k
_N/

@ L}, and each L} contains a vector f/ such that
0

=

IA

and M’ is free, M’

[Li: Af< K

and

4
By the induction hypothesis, M’ has a basis (e;), 1 <i < N’, such that

3 1 3\ .
WNS(LHkT+>kM+U<ﬁ+CQ(LHk£}J(HWHW++M

|mngA@+cJ*3)mH.

4
whenever . )
If
. N
pie1 <S50

this inequality implies

1 t+1 t
leill <A (k + Cz) (1 + Oy r jl_ 3> Er+D)A+420 )

Therefore M satisfies the induction hypothesis (10).
Since

2N
)
and ¢t < log,(N) 4 1, Proposition 1 follows by taking k = Cy and
A= C1(NCQ + C3)

in (10). q.e.d.

I+2+4-- 420 =21 1<
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2.5
Let M be a rank N hermitian free A-module. We let
m(h) = Inf {h(z), x € M —{0}}
be the minimum value of h on M — {0} and
M(h) = {x € M/h(zx) = m(h)}

be the (finite) set of minimal vectors of M. Let wy be the standard volume of
the unit ball in RV.

PROPOSITION 2. Let M = (M, h) be as above. Assume that m(h) =1 and that

M(h) spans the F-vector space M @ o F. Then M has a basis f1,..., [n such
that any x € M(h) is of the form

N
T = Zyz fi
i=1

with
oceEX
T, = "N C2rN+2 4N H B2,
J#i
and
y =4t w;,2T1/N w;ﬁfz/N D.

PROOF. From Proposition 1 we know that M has a basis (ey,...,en) with
lle;ll < B;. Let € M(h) be a minimal vector and (z;) its coordinates in the
basis (e;).

Fix i€ {1,...,N} and o € 3. Consider the square matrix
H; = (ho(vk,ve)),

where vy, = e, if k # i and v; = z. Furthermore, let
Hy = (ho(ex€r)) -

Since
|931|(2, = det(H;) det(H(,)*1

the Hadamard inequality implies

|2il2 < ho(2) [ ] ho(e;) det(H,) ™"
J#i
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For any unit u € A* we can replace e; by v~ 'e;, and x; by y; = wx;. We then

have
D1l < ho(@) [[ holes) lul2 det(Hy) ™" (11)

oex oey j#i

Applying Lemma 3 to A\, = det(H,) /2 we find u such that, for all o € X,

lul?2 det(H,)™' < C3 H det(H (12)
oeED
Since Y ho(x) = 1 and ho(e;) < [le;||* < B3, we deduce from (11) and (12)
that
> lwily =i [187- [T destrto)™ (13)
ocy YE) ocx
According to Icaza [4], Theorem 1, there exists z € L such that
I 7otz) <~ T det(a,)*™
ocEY oeX
with

_ aritre  —2ri/N  —2r3/N
vy=4 Wy Wy N D.

Using Lemma 3 again and the fact that m(h) =1, we find v € A* such that

1 < hvz) <rC3 H ho ()T

oEY
< Oyt H det(H, )YV
ogEX
From this it follows that
[T det(Hy) ™" < (rC3)™N AN (14)
ocEY

and Proposition 2 follows from (13) and (14).

2.6

To count the number of vectors in M (h) using Proposition 2 we shall apply the
following lemma :

LEMMA 8. The number of elements a in A such that

dlaz<T

cEX
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s at most
B(T) = Sup (T7/227+3 1.

PrROOF. When 73 > 0, this follows from [7], V § 1, Theorem 0, p. 102, by
noticing that one can take C3 = 2”3 in loc.cit. When 7o = 0, the argument is
similar.

3 REDUCTION THEORY

3.1

Fix an integer N > 2. Let
I =GLy(A)

and
G=GLy(F®qR).

On the standard lattice Ly = A" consider the hermitian metric kg defined by

N
ho(.l?,y) = Z ina%

ce¥ i=1

for all vectors x = (2;,) and y = (y;,) in Loy®z C = (CV)*. Any g € G defines
an hermitian metric h = g(hg) on Lo by the formula

g(ho) (x,y) = ho(g(x),9(y)) -

Let K be the stabilizer of hy and G and X = K\G. We can view each h € X
as a metric on L.
Following Ash [1], we say that a finite subset M C Ly is well-rounded when

it spans the F-vector space Lo ®4 F. We let W C X be the space of metrics
h such that m(h) = 1 and M (h) is well-rounded. Given a well-rounded set

M C Lo we let C(M) C W be the set of metrics h such that
o hiz)=1forallz e M
e h(z) >1forall z € Ly — (M U{0}).

As explained in [1], proof of (iv), pp. 466-467, C(M) is either empty or topo-
logically a cell, and the family of closed cells C(M) gives a T-invariant cellular

decomposition of W, such that

cmy)y = J[ cor)y.

M'DM
Furthermore W/I‘ is compact, of dimension dim(X) — N.
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3.2
PROPOSITION 3. i) For any integer k > 0, the number of cells of codimension
k in W is at most

a(N) )

ek, N) = <N+k

where
N r/2
a(N) = 2N+ (H T) ,
i=1

and T; is as in Proposition 2.

ii) Given a cell in W, its number of codimension one faces is at most a(N)N+1.

PROOF. Let ® be the set of vectors © = (z;) in AN such that, for all i =

1,....N,
Y lwla < T

ceY

Given h € W, Proposition 2 says that we can find a basis (f;) of Ly such that
any = in M(h) has its coordinates (z;) bounded as above. If v € T is the
matrix mapping the standard basis of AN to (f;), this means that M(y(h)) =
v~ 1(M(h)) is contained in ®.

Let C(M) be a nonempty closed cell of codimension & in W. For any z € Lo,
the equation h(x) = 1 defines a real affine hyperplane in the set of N x N
hermitian matrices with coefficients in (F ®q C)*. The equations h(z) = 1,

x € M, may not be linearly independent, but, since C(M) has codimension k,
M has at least N + k elements. And since M C M (h) for some h € W, there
exists v € I such that y~1(M) is contained in ®. Therefore, modulo the action
of ', there are at most (C?}\r,i(,f)) cells C(M) of codimension k. From Lemma

7 we know that

card(®) < a(N),

therefore i) follows.

To prove ii), consider a cell C(M) and a codimension one face C'(M’) of C(M).

We can write M’ = M U{z} for some vector x and there exists v € T" such that

~(M') C ®. Since M is well-rounded, the matrix v is entirely determined by

the set of vectors (M), i.e. there are at most card(®)" matrices v such that

v(M) C ®. Since y(x) € @, there are at most card(®)V*! vectors z as above.
q.e.d.

3.3
LEMMA 9. Let v € T' — {1} and p be a prime number such that v¥ = 1. Then

p <1+ Sup(r,N).
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PROOF. Since v is non trivial we have P(vy) = 0 where P is the cyclotomic
polynomial
P(x) —Xxploxr24...41,.

If F' does not contain the p-th roots of one, P is irreducible, and therefore it
divides the characteristic polynomial of the matrix v over F', hence p—1 < N.
Otherwise, F' contains Q(fp), which is of degree p — 1, therefore p — 1 < r.

4 THE MAIN RESULTS

4.1

For any integer n > 0 and any finite abelian group A we let card, (A4) be the
largest divisor of the integer #(A) such that no prime p < n divides card, (A).
Let N > 2 be an integer. We keep the notation of § 3 and we let

N(N+1
@:dim(X)fN:rl%JrrgszN

be the dimension of W. For any k < w we define
h(k,N) — a(N)(N-kl)c(J—k—l,N)’
where ¢(-, N) and a(N) are defined in Proposition 3.

THEOREM 1. The torsion subgroup of the homology of GLy(A) is bounded as
follows
Ca'rd1+sup(r,N)Hk:<GLN(A)> Z)tors S h(kv N) .

PROOF. We know from [1] that W is contractible and the stabilizer of any h €
W is finite. From Lemma 9 it follows that, modulo Sy ygup(r,n), the homology
of T' = GLy(A) is the homology of a complex (C.,d), where Cy is the free
abelian group generated by a set of I'-representatives of those k-dimensional
cells ¢ in W such that the stabilizer of ¢ does not change its orientation ([2],
VII). According to Proposition 3, the rank of C}, is at most ¢ (w—k, N) and any

cell of W has at most a(N)N+! faces. Theorem 1 then follows from a general
result of Gabber ([13], Proposition 3 and equation (18)).

4.2

For any integer m > 1 let
k(m)=h(m,2m+1).

Denote by K,,(A) the m-th algebraic K-group of A.
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THEOREM 2. The following inequality holds

Cardsup(r+1,2m+2)Km(A)tors S k(m) .

PROOF. As in [13], Theorem 2, we consider the Hurewicz map
H:K,(A) — H,(GL(A),Z),

the kernel of which lies in S,,, n < (m + 1)/2. Since, according to Maazen and
Van der Kallen,
H,,(GL(A),Z) = H,,(GLN(A),Z)

when N > 2m + 1, Theorem 2 is a consequence of Theorem 1.

4.3

Let p be an odd prime and n > 2 an integer. For any v > 1 denote by Z/p¥(n)
the étale sheaf p5" on Spec(A[1/p]), and let

H?(Spec(A[1/p]), Zp(n)) = lim H*(Spec(A[1/p]), Zy (n))

v

From [12], we know that this group is finite and zero for almost all p.
THEOREM 3. The following inequality holds

[I card H*(Spec(A[1/p]), Zy(n)) < k(2n —2).

p>4n—1
p>r+2

PROOF. According to [12], the cokernel of the Chern class
Cp2: KQn—Q(A) - Hz(SpeC(A[l/p])v Zp(n))

lies in S, for all p. Furthermore, Borel proved that Ks,, 2(A) is finite.
Therefore Theorem 3 follows from Theorem 2.

4.4

By Lemmas 1 to 7 and Propositions 1 to 3, the constant k(m) is explicitly
bounded in terms of m,r and D. We shall now simplify this upper bound.

PROPOSITION 4. i) loglog k(m) < 220m*log(m) r*" v/D log(D)"~!

ii) If F has class number one,
loglog k(m) < 210 m* log(m) r*" VD log(D)"~*
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iii) If F = Q(v/—D) is imaginary quadratic
loglog k(m) < 1120m* log(m) log(D);
if furthermore F has class number one
loglog k(m) < 510 m* log(m) log(D) .
iv) When FF=Q and m > 9
loglog k(m) < 8 m*log(m);

furthermore
loglog k(7) < 40545

and
loglog k(8) < 70130.

PROOF. By definition
k(m) = h(m,2m + 1) = q(N)NFDe(w=—m=1.N)

with N =2m + 1 and

~ a(N)
-m—1,N) =
c(w—m V) (N+zﬂ—m—1>
Since
~ N(N +1
N+w—m-1 = rl%—krgNQ—m—l

< 2rm?’+3rm+r—2m-—1
and since a(2m + 1) is very big, we get

loglogk(m) < (2rm?*+3rm+7r—2m—1)loga(2m +1)
+ log(2m +2) +logloga(2m + 1)
< r@2m?+3m+1)loga(2m+1). (15)

From Proposition 3 and Proposition 2 we get
N r/2
a(N) = 2N+ (H Ti> , (16)
i=1
and
N
[17 = 7N eV [ BN (17)
i=1 i=1
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According to Proposition 1

N 4 3 s (V) +2 N 2r+1)NH
[[5=|0acme e (e ) L CATPINEY (13
i=1

where

N
1
Hy =) - <1+log(N).
=1

Assume s # 0. Then the upper bound C3 we get from Lemmas 3 and 4 for Cs
is much bigger than Cy. Therefore

log(N C2 + C3) < log(N) + log(C3) . (19)
We deduce from (15), (16), (17), (18), (19) that

loglogk(m) < X7 + Xo

with
X1 =r2m?+3m+1) g (N@2rN+2)+ N(N — 1)) log(C3)
and
Xy = r@2m?+3m+1) (N(r +3)log(2)
+ g N(Nlog(’y) +(N-1) [log(l +C1Cs) +log(N)

3
+  (logy(N) +2) log(l +Cs TI )

+2(r +1)(1 +log(N)) log(C’l)]>> . (20)

Since s < r — 1, Lemma 3 and Lemma 4 imply
log(C¥) < 1172 (r — 1)(4r(log 37)*)" 2271 /D log(D)"*,
from which it follows that
X, < 208 log(m)m*r* VD log(D)"!

when m > 2 and r > 2.
To evaluate X5 first notice that

40N <14 N4
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by [10], II, (1.5), Remark, hence

N N
log(y) < rlog (1 + Z) + 275 log (1 + 5) + log(D)

rlog(N) +log(D) (21)

N

since N > 5.
By the Stirling formula and Lemma 1, if r > 2,

log(Cy) = log(r!) — rlog(r) + relog (4) + %log(D)

™

IN

1 1
1+ 3 log(r) + B log(D), (22)

r+3

log <1 + Cs 4 > < Sup <log(Cg) + log (%) + 1,10g(2)> ,

where

+3
log(Cz) + log(*— )

IN

rlog(4) — (r — 2) log(r) — log(r!)
r+3
4

1
24+ 3 log(D),

+ log( )+ %log(D)

IN

so that

r+3
4

log <1 + (s ) <34+ %1og(D) . (23)

We also have

log(1 + C1 C2) < Sup(1 +log(C1) + log(C2),log(2))

and
log(Cy) +1og(Ce) < —rlog(r)+r — (r — 2)log(r) + rlog(4) + log(D)
< 34 +log(D),
so that
log(1+ Cy Cs) < 4.4 +1og(D). (24)

From (20), (21), (22), (23), (24) we get

X; <alog(D)+10b
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with

a = T(2m2+3m+1)(2m—|—1)< (2m+1)+2m+mlog,(2m+1)+m

N3

+ 2m(r+1)(1+log(2m+ 1)))> < 7573 m* log(m)

if r>2and m> 2.
Finally

b = r@m?+3m+1)2m+1) ((r + 3) log(2) + g (2m+ 1) r(log(r) +log(2m + 1))
+ g (2m) (4.4 +log(2m + 1) + 3.4(logy(2m + 1) + 2)

1
+ 2(r+1)(1+log(2m+1)) (1 +3 log(r)) ))S 148 r* m* log(m)
when r > 2 and m > 2.
Therefore
loglogk(m) < 208log(m)m*r*" v/ Dlog(D)" ~ + 751° m*log(m) log(D)
+ 1487 m*log(m) < 220 m* log(m) r*" v/Dlog(D) !

when m, r and D are at least 2. This proves i).
If we assume that A is principal, we can take C; = 1 in Lemma 1 and B; =
(i — 1) Cy + C5 in Proposition 1. Since Cy < C3 we get

N
log <H BZ-) < log(N!) + Nlog(Cs)
i=1

and
loglogk(m) < X7 + X3

where

X, = r(2m2+3m+1)[(r+3)(2m+1)log(2)+§(2m+1)210g(r)

+ g (2m + 1)?log(y) + g (2m)log((2m + 1)1
< 6m*r?log(D) + 27 m*log(m).

Therefore
X1 + X3 < 210m*log(m) r*” VDlog(D)" " .

Assume now that ry +ro = 1. Then C3 = 1 and the term X; disappears from
the above computation. Assume first that F' = Q(v/—D). Since ro = 1 and
r1 = 0 we get

loglogk(m) < (4m? +3m +1)loga(2m +1).
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Furthermore (18) becomes

N

log, (N)+2
)  CON(+1os(N))

N
[IB: < |0+Cio)+NCy) (1+ 1 C2
i=1

Therefore

loglogk(m) < (4m?+3m+1) {5N10g(2) + 2N?log(2)
+ NZlog(y) + N(N —1) {log(l + C1 Cy)
5
+ log(l+ N Cs3) + (logy(N) + 2) log (1 + 1 Cg) }

+ 6N(1+41logN) log(C1)] )

with N =2m + 1. We have now

N 2

2
01:—\/5 and ngg\/ﬁ
7r
This implies
loglog k(m) < 597 m*log(m)+256 m* log(m) log(D) < 1120 m* log(m) log(D) .

If ' = Q(+v/—D) is principal we can take C; =1 and B; = (i — 1) Cy + 1. We
get
log log k(m) < 510m* log(m) log(D) .

Finally, assume that F' = Q. Then

,+ 1 1 N
BZ-:Z+ since Co=—=, and <14+ —.
2 4
Therefore
loglogk(m) < (2m?+2m+1)loga(2m + 1)
9 N2 N
< 2m*4+2m+1) 4N10g(2)+710g 1+Z

N .
N-1 1+ 1
+ 5 log<i1:[1 5 )}

< 8m?log(m)

if m > 9. We can also estimate k(7) and k(8) from this inequality above. This
proves iv).
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5 DISCUSSION

5.1

The upper bound in Theorem 2 and Propostition 4 seems much too large.
When m = 0, card Ko(A)tors is the class number h(F'), which is bounded as
follows:

h(F) < avD log(D)" !, (25)

for some constant a(r) [11], Theorem 4.4, p. 153. Furthermore, when F =
Q, m = 2n — 2 and n is even, the Lichtenbaum conjecture predicts that
card Ks,,—2(Z) is the order of the numerator of B,/n, where B, is the n-th
Bernoulli number. The upper bound

!
B, <n =n"

suggests, since the denominator of B,,/n is not very big, that card K, (Z)tors
should be exponential in m. We are thus led to the following:

CONJECTURE. Fix r > 1. There exists positive constants «, (3, v such that,
for any number field F of degree r on Q,

card K, (A)tors < acexp(fm” log D).

Furthermore, we expect that v does not depend on 7.

5.2

As suggested by A. Chambert-Loir, it is interesting to consider the analog in
positive characteristic of the conjecture above. Let X be a smooth connected
projective curve of genus g over the finite field with ¢ elements, (x (s) its zeta

function and
29

P(t) =[O0 -ait),
i=1
where «; are the roots of Frobenius acting on the fist {-adic cohomology group
of X. When n > 1, it is expected that the finite group Ks,_2(X) has order
the numerator of (x(1 —n), i.e. P(¢"!). Since |a;| = ¢"/? for all i = 1---2g,
we get
P ) < (1+¢"12)% <.

In the analogy between number fields and function fields, the genus g is known
to be an analog of log(D). Therefore the bound above is indeed analogous to
the conjecture in §5.1.
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5.3

The upper bound for k(m) in Proposition 4 i) is twice exponential in D. One
exponential is due to our use of Lemma 3, where Cj is exponential in D. Maybe
this can be improved in general, and not only when s = 0.

The exponential in D occuring in Proposition 4 ii) might be due to our use
of the geometry of numbers. Indeed, if one evaluates the class number h(F)
by applying naively Minkowski’s theorem (Lemma 1), the bound one gets is
exponential in D; see however [8], Theorem 6.5., for a better proof.

5.4

One method to prove (25) consists in combining the class number formula
(see (7) and (8)) with a lower bound for the regulator R(F'). This suggests
replacing the arguments of this paper by analytic number theory, to get good
upper bounds for étale cohomology.

More precisely, let n > 2 be an integer, and let (r(1 — n)* be the leading
coefficient of the Taylor series of (r(s) at s = 1 — n. Lichtenbaum conjectured
that

H card H?(Spec(A[1/p]), Z,(n))

C(r(l—n)" ==£2" Rop1(F . (26)

) P
[T card E* (Spec(A[1/p]). Zp (1)) 1ors

P

where Rg,—1(F') is the higher regulator for the group Ks,_1(F). The equality
(26) is known up a power of 2 when F' is abelian over Q [5], [6], [3].

The order of the denominator on the right-hand side of (26) is easy to evaluate,
as well as (p(1 —n)* (since it is related by the functional equation to (g (n)).

PROBLEM. Can one find a lower bound for Ra,—1(F)?

If such a problem could be solved, the equality (26) is likely to produce a much
better upper bound for étale cohomology than Theorem 3. Zagier’s conjecture
suggests that this problem could be solved if one knew that the values of the
n-logarithm on F are Q-linearly independent.

5.5

To illustrate our discussion, let ' = Q and n = 5. Then we have
H?(Spec(Z[1/p]), Zy(5)) /p = CP~),

where C is the class group of Q(%/1) modulo p, and C® is the eigenspace of C
of the i-th power of the Teichmiiller character. Vandiver’s conjecture predicts
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that C®=5 = 0 when p is odd. It is true when p < 4.105. Theorem 3 and
Proposition 4 tell us that

l_IHQ(Spec(Z[l/p]7 Z,(5)) < k(8) < expexp (70130).

If one could find either a better upper bound for the order of Kg(Z) or a good
lower bound for Rg(Q), this would get us closer to the expected vanishing of
C=5),

Notice that, using knowledge on K4(Z), Kurihara has proved that c=3) =,
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