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ABSTRACT. A linear algebraic group G over a field k is called a
Cayley group if it admits a Cayley map, i.e., a G-equivariant birational
isomorphism over k between the group variety G and its Lie algebra
Lie(G). A prototypical example is the classical “Cayley transform”
for the special orthogonal group SO,, defined by Arthur Cayley in
1846. A linear algebraic group G is called stably Cayley if G x S is
Cayley for some split k-torus S. We classify stably Cayley semisimple
groups over an arbitrary field k of characteristic 0.
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0 INTRODUCTION

Let k be a field of characteristic 0 and k a fixed algebraic closure of k. Let G be a

connected linear algebraic k-group. A birational isomorphism ¢: G = Lie(G)
is called a Cayley map if it is equivariant with respect to the conjugation action
of G on itself and the adjoint action of G on its Lie algebra Lie(G), respectively.
A linear algebraic k-group G is called Cayley if it admits a Cayley map, and
stably Cayley if G xj (G )" is Cayley for some r > 0. Here Gy, ;; denotes
the multiplicative group over k. These notions were introduced by Lemire,
Popov and Reichstein [LPR]; for a more detailed discussion and numerous clas-
sical examples we refer the reader to [LPR, Introduction]. The main results
of [LPR] are the classifications of Cayley and stably Cayley simple groups over
an algebraically closed field k of characteristic 0. Over an arbitrary field k of
characteristic 0 stably Cayley simple k-groups, stably Cayley simply connected
semisimple k-groups and stably Cayley adjoint semisimple k-groups were clas-
sified in the paper [BKLR] of Borovoi, Kunyavskii, Lemire and Reichstein. In
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the present paper, building on results of [LPR] and [BKLR], we classify all sta-
bly Cayley semisimple k-groups (not necessarily simple, or simply connected,
or adjoint) over an arbitrary field k of characteristic 0.

By a semisimple (or reductive) k-group we always mean a connected semisimple
(or reductive) k-group. We shall need the following result of [BKLR] extending
[LPR, Theorem 1.28].

THEOREM 0.1 ([BKLR, Theorem 1.4]). Let k be a field of characteristic 0 and
G an absolutely simple k-group. Then the following conditions are equivalent:

(a) G is stably Cayley over k;
(b) G is an arbitrary k-form of one of the following groups:
SL3, PGL2, PGL3,41 (n > 1), SO,, (n >5), Spy, (n>1), Ga,
or an inner k-form of PGLy, (n > 2).

In this paper we classify stably Cayley semisimple groups over an algebraically
closed field k of characteristic 0 (Theorem 0.2) and, more generally, over an
arbitrary field k of characteristic 0 (Theorem 0.3). Note that Theorem 0.2 was
conjectured in [BKLR, Remark 9.3].

THEOREM 0.2. Let k be an algebraically closed field of characteristic 0 and G
a semisimple k-group. Then G is stably Cayley if and only if G decomposes
into a direct product G1 Xy, -+ X Gs of its nmormal subgroups, where each G;
(t = 1,...,s) either is a stably Cayley simple k-group (i.e., isomorphic to
one of the groups listed in Theorem 0.1) or is isomorphic to the stably Cayley
semisimple k-group SOy.

THEOREM 0.3. Let G be a semisimple k-group over a field k of characteristic
0 (not necessarily algebraically closed). Then G is stably Cayley over k if and
only if G decomposes into a direct product Gy Xy -+ X Gs of its normal k-
subgroups, where each G; (i = 1,...,s) is isomorphic to the Weil restriction
Ry, /1 Giy, for some finite field extension l;/k, and each G;;, is either a stably
Cayley absolutely simple group over l; (i.e., one of the groups listed in Theorem
0.1) or an l;-form of the semisimple group SOy (which is always stably Cayley,
but is not absolutely simple and can be not l;-simple).

Note that the “if” assertions in Theorems 0.2 and 0.3 follow immediately from
the definitions.

The rest of the paper is structured as follows. In Section 1 we recall the
definition of a quasi-permutation lattice and state some known results, in par-
ticular, an assertion from [LPR, Theorem 1.27] that reduces Theorem 0.2 to an
assertion on lattices. In Sections 2 and 3 we construct certain families of non-
quasi-permutation lattices. In particular, we correct an inaccuracy in [BKLR];
see Remark 2.5. In Section 4 we prove (in the language of lattices) Theorem
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0.2 in the special case when G is isogenous to a direct product of simple groups
of type A, _1 with n > 3. In Section 5 we prove (again in the language of
lattices) Theorem 0.2 in the general case. In Section 6 we deduce Theorem
0.3 from Theorem 0.2. In Appendix A we prove in terms of lattices only, that
certain quasi-permutation lattices are indeed quasi-permutation.

1 PRELIMINARIES ON QUASI-PERMUTATION GROUPS AND ON CHARACTER
LATTICES

In this section we gather definitions and known results concerning quasi-
permutation lattices, quasi-invertible lattices and character lattices that we
need for the proofs of Theorems 0.2 and 0.3. For details see [BKLR, Sections
2 and 10] and [LPR, Introduction].

1.1. By a lattice we mean a pair (I', L) where I is a finite group acting on a
finitely generated free abelian group L. We say also that L is a I'-lattice. A
I'-lattice L is called a permutation lattice if it has a Z-basis permuted by T
Following Colliot-Thélene and Sansuc [CTS], we say that two I'-lattices L and
L' are equivalent, and write L ~ L', if there exist short exact sequences

0=-L—-E—-P->0 and 0L E—P =0

with the same I'-lattice E/, where P and P’ are permutation I'-lattices. For a
proof that this is indeed an equivalence relation see [CTS, Lemma 8, p. 182] or
[Sw, Section 8]. Note that if there exists a short exact sequence of I'-lattices

0—-L—-L —-Q—=0

where @ is a permutation I'-lattice, then, taking in account the trivial short
exact sequence
0L =L =00,

we obtain that L ~ L’. If I-lattices L, L', M, M’ satisfy L ~ L' and M ~ M’,
then clearly L& M ~ L' & M.

Definition 1.2. A T-lattice L is called a quasi-permutation lattice if there exists
a short exact sequence
0—-L—>P—P =0, (1.1)

where both P and P’ are permutation I'-lattices.

LEMMA 1.3 (well-known). A T-lattice L is quasi-permutation if and only if
L~ 0.

Proof. If L is quasi-permutation, then sequence (1.1) together with the trivial
short exact sequence
0—-0—-P—=P—=0
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shows that L ~ 0. Conversely, if L ~ 0, then there are short exact sequences
0-L—-FE—-P—=0 and 0—=-0—E—P —0,

where P and P’ are permutation lattices. From the second exact sequence
we have F = P’ hence E is a permutation lattice, and then the first exact
sequence shows that L is a quasi-permutation lattice. o

Definition 1.4. A I'-lattice L is called quasi-invertible if it is a direct summand
of a quasi-permutation I'-lattice.

Note that if a I'-lattice L is not quasi-invertible, then it is not quasi-
permutation.

LEMMA 1.5 (well-known). If a T-lattice L is quasi-permutation (resp., quasi-
invertible) and L' ~ L, then L' is quasi-permutation (resp., quasi-invertible)
as well.

Proof. 1If L is quasi-permutation, then using Lemma 1.3 we see that L' ~ L ~ 0,
hence L’ is quasi-permutation. If L is quasi-invertible, then L @& M is quasi-
permutation for some I'-lattice M, and by Lemma 1.3 we have L& M ~ 0. We
see that L' ® M ~ L & M ~ 0, and by Lemma 1.3 we obtain that L' & M is
quasi-permutation, hence L’ is quasi-invertible. O

Let Z[I'] denote the group ring of a finite group I'. We define the I-lattice Jr
by the exact sequence

075 20 = Jr — 0,

where N is the norm map, see [BKLR, before Lemma 10.4]. We refer to [BKLR,
Proposition 10.6] for a proof of the following result, due to Voskresenskii [Vol,
Corollary of Theorem 7]:

PROPOSITION 1.6. Let T' = Z/pZ x Z/pZ, where p is a prime. Then the I'-
lattice Jr is not quasi-invertible.

Note that if I' = Z/27Z x Z/27Z, then rank Jr = 3.
We shall use the following lemma from [BKLR]:

LeEmMA 1.7 ([BKLR, Lemma 2.8]). Let W1, ..., W,, be finite groups. For each
1=1,....,m, let V; be a finite-dimensional Q-representation of W;. Set V :=
Vi @ Vy. Suppose L C V is a free abelian subgroup, invariant under
W =Wy x -+ x Wy,. If L is a quasi-permutation W -lattice, then for each
1 =1,...,m the intersection L; := LNV, is a quasi-permutation W;-lattice.

We shall need the notion, due to [LPR] and [BKLR], of the character lattice of a
reductive k-group G over a field k. Let k be a separable closure of k. Let T' C G
be a maximal torus (defined over k). Set T =T X k, G = G x k. Let X(T)
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denote the character group of T := T x k. Let W = W(G,T) := Ng(T)/T
denote the Weyl group, it acts on X(T). Consider the canonical Galois action
on X(T), it defines a homomorphism Gal(k/k) — Aut X(T). The image im p C
Aut X(T) normalizes W, hence im p - W is a subgroup of AutX(T). By the
character lattice of G we mean the pair X(G) := (imp - W, X(T)) (up to an
isomorphism it does not depend on the choice of T'). In particular, if k is
algebraically closed, then X (G) = (W, X(T)).

We shall reduce Theorem 0.2 to an assertion about quasi-permutation lattices
using the following result due to [LPR]:

PrOPOSITION 1.8 ([LPR, Theorem 1.27], see also [BKLR, Theorem 1.3]). A4
reductive group G over an algebraically closed field k of characteristic 0 is stably
Cayley if and only if its character lattice X(G) is quasi-permutation, i.e., X(T)
is a quasi-permutation W (G, T)-lattice.

We shall use the following result due to Cortella and Kunyavskii [CK] and to
Lemire, Popov and Reichstein [LPR].

ProprosITION 1.9 ([CK], [LPR]). Let D be a connected Dynkin diagram. Let
R = R(D) denote the corresponding root system, W = W (D) denote the Weyl
group, Q@ = Q(D) denote the root lattice, and P = P(D) denote the weight
lattice. We say that L is an intermediate lattice between @ and P if Q C L C P
(note that L = Q and L = P are possible). Then the following list gives (up
to an isomorphism) all the pairs (D, L) such that L is a quasi-permutation
intermediate W (D)-lattice between Q(D) and P(D):

Q(A,), Q(B,), P(C,), X(SOa,) (then D =D,,),

or D is any connected Dynkin diagram of rank 1 or 2 (i.e. Ay, Ay, B, or
G2 ) and L is any lattice between Q(D) and P(D), (i.e., either L = P(D) or

L=Q(D)).

Proof. The positive result (the assertion that the lattices in the list are indeed
quasi-permutation) follows from the assertion that the corresponding groups are
stably Cayley (or that their generic tori are stably rational), see the references
in [CK], Section 3. See Appendix A below for a proof of this positive result in
terms of lattices only. The difficult part of Proposition 1.9 is the negative result
(the assertion that all the other lattices are not quasi-permutation). This was
proved in [CK, Theorem 0.1] in the cases when L = Q or L = P, and in [LPR,
Propositions 5.1 and 5.2] in the cases when Q C L C P (this can happen only
when D= A, or D =D,,). O

Remark 1.10. It follows from Proposition 1.9 that, in particular, the follow-
ing lattices are quasi-permutation: Q(A;), P(A1), P(Az), P(B2), Q(Ca2),
Q(Gz) = P(Gz), Q(D3) = Q(A3), X(SLs/p2) = X(SO).
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2 A FAMILY OF NON-QUASI-PERMUTATION LATTICES

In this section we construct a family of non-quasi-permutation (even non-quasi-
invertible) lattices.

2.1. We consider a Dynkin diagram D U A (disjoint union). We assume that
D =|],c; D; (a finite disjoint union), where each D; is of type By, (I; > 1) or
Dli (ll Z 2) (and where B1 = Al, B2 = CQ, D2 = A1 [ Al, and Dg = Ag
are permitted). We denote by m the cardinality of the finite index set I. We
assume that A = |_|f:1 A, (disjoint union), where A, is of type Ag,, —1, n, > 2
(A3 = D3 is permitted). We assume that m > 1 and g > 0 (in the case p =0
the diagram A is empty).

For each i € I we realize the root system R(D;) of type B;, or Dy, in the
standard way in the space V; := RY with basis (es)scs, where S; is an index
set consisting of I; elements; cf. [Bou, Planche II] for B; (I > 2) (the relevant
formulas for By are similar) and [Bou, Planche IV] for D; (I > 3) (again, the
relevant formulas for Do are similar). Let M; C V; denote the lattice generated
by the basis vectors (es)ses,. Let P; D M; denote the weight lattice of the
root system D;. Set S = | |,S; (disjoint union). Consider the vector space
V = @z Vi with basis (es)ses. Let Mp C V denote the lattice generated by
the basis vectors (es)ses, then Mp = @, M;. Set Pp =P, P;.
For each ¢ = 1,..., u we realize the root system R(A,) of type Ag,,—1 in the
standard way in the subspace V, of vectors with zero sum of the coordinates
in the space R?" with basis €, 1,...,¢,20,; cf. [Bou, Planche I]. Let Q, be the
root lattice of R(A,) with basis €,1—¢€,2, €,.2—¢€.,3, -+, €,.2n,—1 —E..2n,, and
let P, D @, be the weight lattice of R(A,). Set Qa = D, Q., Pr =P, P..
Set
I w
we=]Iwm) < [[w@), L'=MpoQa=PMoPa.,

i€l =1 el =1

then W acts on L' and on L’ ®7 R. For each i consider the vector

SCZ':ZGSEMZ',

SES;
then %zz € P;. For each ¢ consider the vector
&E=e1—¢cote3—€at - FEom—1—E2n €Q,
then %@ € P,; see [Bou, Planche I]. Write
& =c,1—¢€2 & =cs3—cat -+ om-1—CEom,,
then &, = & + €. Consider the vector

1 lon, 1 1< PP
v = 52901'4-5;& = 52634—52&6 D ® LA

i€l ses =1
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Set
L= (L), (2.1)

then [L : L'] = 2 because v € 2L’ \ L'. Note that the sublattice L C Pp & Pa
is W-invariant. Indeed, the group W acts on (Pp @ Pa)/(Mp & Qa) trivially.

ProproSITION 2.2. We assume that m > 1, m+ p > 2. If p = 0, we assume
that not all of D; are of types By or Do. Then the W-lattice L as in (2.1) is
not quasi-invertible, hence not quasi-permutation.

Proof. We consider a group I' = {e,y1,72,7v3} of order 4, where 1,72, 73 are
of order 2. The idea of our proof is to construct an embedding

=W

in such a way that L, viewed as a I'-lattice, is equivalent to its I'-sublattice
L1, and L, is isomorphic to a direct sum of a I'-sublattice Ly ~ Jr of rank 3
and a number of I'-lattices of rank 1. Since by Proposition 1.6 Jr is not quasi-
invertible, this will imply that L; and L are not quasi-invertible I'-lattices, and
hence L is not quasi-invertible as a W-lattice. We shall now fill in the details
of this argument in four steps.

Step 1. We begin by partitioning each S; for ¢ € I into three (non-overlapping)
subsets S; 1, Si2 and S; 3, subject to the requirement that

|Si11| = |Si,2| = |Si,3| = lZ (HlOd 2) if Dz is of type Dli- (22)
We then set U; to be the union of the \S; 1, Us to be the union of the S; o, and
Us to be the union of the S; 3, as ¢ runs over I.

LEMMA 2.3. (i) If u > 1, the subsets S; 1, Si2 and S; 3 of Si can be chosen,
subject to (2.2), so that Uy # 0.

(i) If =0 (and m > 2), the subsets S; 1, Si2 and S; 3 of S; can be chosen,
subject to (2.2), so that Uy, Us, Us # 0.

To prove the lemma, first consider case (i). For all ¢ such that D; is of type Dy,
with odd [;, we partition S; into three non-empty subsets of odd cardinalities.
For all the other ¢ we take S;1 = S;, S;2 = S; 3 = 0. Then Uy # (0 (note that
m > 1) and (2.2) is satisfied.

In case (ii), if one of the D; is of type D;, where [; > 3 is odd, then we partition
S; for each such D; into three non-empty subsets of odd cardinalities. We
partition all the other S; as follows:

Si,l = Si,2 = and S@g = S;. (2.3)

Clearly Uy, Us, Us # 0 and (2.2) is satisfied.

If there is no D; of type Dy, with odd I; > 3, but one of the D;, say for i = ig, is
D, with even ! > 4, then we partition S;, into two non-empty subsets .S;, 1 and
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Sio,2 of even cardinalities, and set S, 3 = (). We partition the sets S; for i # ig
as in (2.3) (note that by our assumption m > 2). Once again, Uy, Uz, Us # 0)
and (2.2) is satisfied.

If there is no D; of type Dy, with I; > 3 (odd or even), but one of the D,, say
for i = 1o, is of type B; with [ > 2, we partition S;, into two non-empty subsets
Sio 1 and Sj, 2, and set S;) 3 = (). We partition the sets S; for i # ig as in (2.3)
(again, note that m > 2). Once again, Uy, Us, Us # ) and (2.2) is satisfied.

Since by our assumption not all of D; are of type By or Dy, we have exhausted
all the cases. This completes the proof of Lemma 2.3. O

Step 2. We continue proving Proposition 2.2. We construct an embedding
I'—W.

For s € S we denote by ¢, the automorphism of L taking the basis vector
es to —es and fixing all the other basis vectors. For « = 1,...,u we define

12 = Transp((¢, 1), (¢,2)) € W, (the transposition of the basis vectors ¢, 1
and €,2). Set

772 = Transp((, 3), (¢,4)) - --- - Transp((¢, 2n, — 1), (¢,2n,)) € W,.
Write ' = {e,v1,72,73} and define an embedding j: ' — W as follows:

j(71): H Cs

seS\U;

=
(‘\]A
S
iy
M
L

(\
Il
-

<
—~~
S
~
I
o
")
—=
1‘\1\
—
»

@
m
n
/
N
i
—

—=
iy

M

N

j(73) = H Cs -

s€S\Us

(\
Il
-

Note that if D; is of type Dy, then by (2.2) for » = 1,2,3 the cardinality
#(S; \ S ) is even, hence the product of ¢s over s € S; N\ S; .. is contained
in W(D;) for all such i, and therefore, j(v,.) € W. Since j(y1), j(72) and
j(v3) commute, are of order 2, and j(v1)j(72) = j(v3), we see that j is a
homomorphism. If 1 > 1, then, since 2nq, > 4, clearly j(v,.) # 1 for »x =1,2,3,
hence j is an embedding. If u = 0, then the sets S\ Uy, S\ Uz and S \ Us
are nonempty, and again j(v,.) # 1 for x = 1,2,3, hence j is an embedding.

Step 8. We construct a I-sublattice Ly of rank 3. Write a vector x € L as

©o 2n,
X = Z bses + Z Z ﬁL,uEL,ua
ses 1=1v=1
where b5, 5, € %Z. Set n' = 7:1(77% —1). Define a I'-equivariant homomor-

phism )
¢: L7z , X (/BL,Q)\—l + ﬁL,Qk)L:l,...,M, A=2,...,n,
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(we skip A = 1). We obtain a short exact sequence of I'-lattices

0~>L1%L-¢—+ZH/%O,

where L := ker ¢. Since I' acts trivially on Z"l, we have Ly ~ L. Therefore,
it suffices to show that L; is not quasi-invertible.

Recall that

Set v1 =71 - v, voa =9 v, vg =3 -v. Set

Lo = (v,v1,v2,03).

We have
D ST S
v = 7 s 5 s A Ly
1= 9 2.%7 3 “ 73
seUy s€eUxUU3 =1
whence
v+v = Z €s. (2.4)
selUy
We have
S DILES I ST 3 E A
2 2 s 2 s 9 L L)
seUs seU;UUs =1
whence p
v+ vy = Z es + Z&Z/ (2.5)
seUs =1
We have
we 3T ey ¥ ardE-e)
3 2 s 2 s 2 L L)
s€Us seU,UU2 =1
whence

I
v+ vy = Zes—l—zzﬂ. (2.6)
=1

seUs
Clearly, we have
v+ v+ v +v3=0.

Since the set {v,v1,v2,v3} is the orbit of v under T', the sublattice Ly =
(v,v1,v2,v3) C L is T-invariant. If p > 1, then U; # @, and we see from
(2.4), (2.5) and (2.6) that rank Ly > 3. If p = 0, then Uy, Us, Uz # (), and
again we see from (2.4), (2.5) and (2.6) that rank Ly > 3. Thus rank Ly = 3
and Ly ~ Jr, whence by Proposition 1.6 Ly is not quasi-invertible.

Step 4. We show that L is a direct summand of Ly. Set m' = |S|.
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First assume that g > 1. Choose u; € Uy C S. Set S = S~ {u1}. For
each s € S’ (i.e., s # uy) consider the one-dimensional (i.e., of rank 1) lattice
Xs = (es). We obtain m’ — 1 T'-invariant one-dimensional sublattices of L;.

Denote by T the set of pairs (¢, A) such that 1 < ¢ < u, 1 < X < n,, and if
t =1, then X\ # 1,2. For each (¢, A) € T consider the one-dimensional lattice

Eoa = (gL2a-1 — €,20)-

We obtain —2 + 27:1 n, one-dimensional I'-invariant sublattices of L.

We show that

L :LO@@XSEB @ Za- (2.7)

s€S’ (L,A)ET

Set L/1 = <L0, (Xs)s#ula (EL,)\)(L,)\)GT >a then

p p 0
rank L) <3+ (m'—1) —2—|—an = m’—i—Z(QnL -1) —Z(nL —1) =rank L;.
=1 =1 =1
(2.8)
Therefore, it suffices to check that L} D L;. The set

{v}U{es | s€ STU{e,oan—1—earn | 1 < <p, 1 <A <mn,}
is a set of generators of Li. By construction v,vi,ve,vs € Ly C L}. We have

es € Xs C L} for s # u;. By (2.4) > es € LY, hence e,, € L]. By
construction

selU;

Eon—1—E,2x € LY, forall (¢, \) # (1,1),(1,2).
From (2.6) and (2.5) we see that

m

o
Y (ea—ep) €Ly, Y & elj.
=1 =1
Thus

€1,1 —€1,2 € Lll, €1,3— €14 € L/l .
We conclude that L} D Ly, hence Ly = L. From dimension count (2.8) we see
that (2.7) holds.

Now assume that g = 0. Then for each » = 1,2,3 we choose an element
U, € U, and set UL, = U, ~{u,.}. Weset S" =UjUU,UU; = S\ {uq, us, us}.
Again for s € " (i.e., s # uy,uz2,u3) consider the one-dimensional lattice
X = (es). We obtain m’— 3 one-dimensional I-invariant sublattices of Ly = L.
We show that
Li=Lo® EB X,. (2.9)
seSs’
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Set L} = (Lo, (Xs)ses’), then
rank L) <3 +m' —3 =m' =rank L. (2.10)

Therefore, it suffices to check that L} D Li. The set {v} U{es | s € S} is a
set of generators of L1 = L. By construction v,v1,vs,v3 € L} and es € L for
s # uy, ug, uz. Wesee from (2.4), (2.5), (2.6) that e, € L] also for s = uy, ua, us.
Thus Lj D Ly, hence L} = L;. From dimension count (2.10) we see that (2.9)
holds.

We see that in both cases 4 > 1 and pu = 0, the sublattice Ly is a direct
summand of L;. Since by Proposition 1.6 Ly is not quasi-invertible as a I'-
lattice, it follows that L; and L are not quasi-invertible as I'-lattices. Thus L

is not quasi-invertible as a W-lattice. This completes the proof of Proposition
2.2. O

Remark 2.4. Since TIT*(T, Jp) = Z/27 (Voskresenskif, see [BKLR, Section 10]
for the notation and the result), our argument shows that II*(T, L) = Z/27.
Remark 2.5. The proof of [BKLR, Lemma 12.3] (which is a version with g =0
of Lemma 2.3 above) contains an inaccuracy, though the lemma as stated is
correct. Namely, in [BKLR] we write that if there exists ¢ such that A; is of
type D;, where I; > 3 is odd, then we partition S; for one such ¢ into three
non-empty subsets S; 1, S; 2 and S; 3 of odd cardinalities, and we partition all
the other S; as in [BKLR, (12.4)]. However, this partitioning of the sets S; into
three subsets does not satisfy [BKLR, (12.3)] for other i such that A; is of type
D;, with odd /;. This inaccuracy can be easily corrected: we should partition
S; for each i such that A; is of type D;, with odd I; into three non-empty
subsets of odd cardinalities.

3 MORE NON-QUASI-PERMUTATION LATTICES

In this section we construct another family of non-quasi-permutation lattices.

3.1. Fori=1,...,r let Q;, = ZA,,_1 and P, = A,,, denote the root lattice
and the weight lattice of SL,,, respectively, and let W; = &,,, denote the
corresponding Weyl group (the symmetric group on n; letters) acting on P,
and Q;. Set F; = P;/Q;, then W; acts trivially on F;. Set

Q=pa. r=pr w=][w,
i=1 i=1 i=1
then Q C P and the Weyl group W acts on @ and P. Set

i=1

then W acts trivially on F.
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We regard Q; = ZA,,,—1 and P; = A,, as the lattices described in Bourbaki
[Bou, Planche I]. Then we have an isomorphism F; = Z/n;Z. Note that for
each 1 <4 <r, the set {a,.; | 1 <3 <n; —1} is a Z-basis of Q;.

Set ¢ = ged(nq,...,n,); we assume that ¢ > 1. Let d > 1 be a divisor of c.
For each i = 1,...,r, let v; € Z be such that 1 < v; < d, ged(v;,d) = 1, and
assume that v = 1. We write v = (1;)]_; € Z". Let ¥ denote the image of v
in (Z/dZ)". Let S, C (Z/dZ)" C @®;_, Z/n;Z = F denote the cyclic subgroup
of order d generated by ¥. Let L, denote the preimage of S, C F' in P under
the canonical epimorphism P — F', then Q C L, C P.

PROPOSITION 3.2. Let W and the W -lattice L, be as in Subsection 3.1. In the
case d = 2° we assume that Y n; > 4. Then L, is not quasi-permutation.

This proposition follows from Lemmas 3.3 and 3.8 below.

LEMMA 3.3. Let p|d be a prime. Then for any subgroup T' C W isomorphic
to (Z/pZ)™ for some natural m, the I'-lattices L, and Ly := L . 1) are
equivalent for any v = (v1,...,v) as above (in particular, we assume that
vy = 1)

Note that this lemma is trivial when d = 2.

3.4. We compute the lattice L, explicitly. First let r = 1. We have Q = Q1,
P = P;. Then P is generated by @)1 and an element w € P; whose image in
Py /Q1 is of order n;. We may take

1
w=—[(n1—1as + (n1 —2)az + -+ + 2an,—2 + an, 1),

ni

where aq,...,a,,—1 are the simple roots, see [Bou, Planche I|. There exists
exactly one intermediate lattice L between Q1 and P; such that [L : Q1] = d,
and it is generated by 1 and the element

1
w= W= E[(nl —1Dag 4+ (n1 —2)as + -+ + 200, -2 + Qpy—1]-

Now for any natural 7, the lattice L, is generated by @ and the element
1 T
wy =~ z; vil(ni — o, + (ni —2)ag; + -+ - + 20,2, + Qpy—1,i)-
i=
In particular, Ly is generated by @ and

1 T
w1 =7 ;[(nz —Dag;+ (ni —2)an,; + -+ 20pn,—2, + Ony—1.4]-
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3.5. Proof of Lemma 3.3. Recall that L, = (Q,w,) with
Q= (o), where i=1,...,r, x=1,...,n;, — 1.

Set Qu = (via,.;). Denote by ¥, the endomorphism of @ that acts on Q; by
multiplication by v;. We have @1 = Q, Q, = T,Q1, w, = T, wi. Consider

Tl = <Qu7 ’LU,,>.

Clearly the W-lattices Ly and ¥, L; are isomorphic. We have an embedding
of W-lattices @ — L,, in particular, an embedding @@ < L7, which induces an
embedding T,Q < ¥,L1. Set M,, = L, /%, L1, then we obtain a homomor-
phism of W-modules Q/%,Q — M, which is an isomorphism by Lemma 3.6
below.

Now let p|d be a prime. Let I' C W be a subgroup isomorphic to (Z/pZ)™
for some natural m. As in [LPR, Proof of Proposition 2.10], we use Roiter’s
version [Ro, Proposition 2] of Schanuel’s lemma. We have exact sequences of
I'-modules

0—>%,Ly —>L,— M, =0,

OHQ-‘I@Q%MV%O.

Since all v; are prime to p, we have |I'| - M,, = p™M, = M,, and by [Ro,
Corollary of Proposition 3] the morphisms of Z[I']-modules L, — M, and
@ — M, are projective in the sense of [Ro, §1]. Now by [Ro, Proposition
2] there exists an isomorphism of T'-lattices L, & @ ~ ¥,L1 ®& Q. Since Q
is a quasi-permutation W-lattice, it is a quasi-permutation I'-lattice, and by
Lemma 3.7 below, L, ~ %, Ly as I'-lattices. Since ¥,L; ~ Ly, we conclude
that LV ~ Ll. O

LEMMA 3.6. With the above notation L, /Ty L1 ~ Q/%.,Q = B._, Qi/viQ;.

Proof. We have T, L1 = (S,), where S, = {v;a5c}i . U {w, }. Note that

T
dw, = Z vil(ni — Doa; + (ny —2)ag; + -+ + 20, -2, + 0y —1.4)-
i=1

We see that dw, is a linear combination with integer coefficients of v;c,. ; and
that ay,, —1,1 appears in this linear combination with coefficient 1 (because 14 =
1) Set B,/J = SV\{Oénlflyl}, then <Bl/,> = Qpy—1,1, hence <B,/J> = <SV> = T,,Ll,
thus B), is a basis of T, L. Similarly, the set B, := {a. .} U{wp }x{an,—1.1}
is a basis of L,,. Both bases B, and B, contain o 1,...,0n,—21 and w,. For
all i = 2,...,r and all 22 = 1,...,n; — 1, the basis B, contains «,, ;, while
B!, contains v;a,. ;. We see that the homomorphism of W-modules Q/%,Q =
@._, Qi/viQ; — L, /T, Ly is an isomorphism. O
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LEMMA 3.7. Let T be a finite group, A and A’ be T'-lattices. If A@B ~ A'® B/,
where B and B’ are quasi-permutation I'-lattices, then A ~ A’.

Proof. Since B and B’ are quasi-permutation, by Lemma 1.3 they are equiva-
lent to 0, and we have

A=Aa0~AeB~A B ~Aa0=A.
This completes the proof of Lemma 3.7 and hence of Lemma 3.3. O
To complete the proof of Proposition 3.2 it suffices to prove the next lemma.

LEMMA 3.8. Let p|d be a prime. Then there exists a subgroup T' C W isomor-
phic to (Z/pZ)™ for some natural m such that the I'-lattice Ly := L. 1y 18
not quasi-permutation.

3.9. Denote by U; the space R™ with canonical basis €1,;, €25, ..., €n,,i - De-
note by V; the subspace of codimension 1 in U; consisting of vectors with zero
sum of the coordinates. The group W; = &,,, (the symmetric group) permutes
the basis vectors €14, €24, ..., €n,,; and thus acts on U; and V;. Consider the
homomorphism of vector spaces

N Uz
xi: Ui =+ R, Zﬁw Exi Zﬁw

A=1 A=1

taking a vector to the sum of its coordinates. Clearly this homomorphism is
W;-equivariant, where W; acts trivially on R. We have short exact sequences

OHVZ-%Uil“—)R%O.

Set U=@._,U;, V=D,_,V;. The group W = [[;_, W, naturally acts on
U and V, and we have an exact sequence of W-spaces

0=V =>U-25R -0, (3.1)

where x = (xi)i=1,...,» and W acts trivially on R".

Set n = ».._, n;. Consider the vector space U := R" with canonical basis
€1,€2,...,&n. Consider the natural isomorphism

p:U=PUu:i 3T

K2

that takes e1,1,€21,...,6n,,1 tO €1,E2, o5 Eng, takes €12,€22,...,6En,,2 tO
Eni415Eni+2y---3Eni+ny, and so on. Let V denote the subspace of codimen-
sion 1 in U consisting of vectors with zero sum of the coordinates. Sequence

(3.1) induces an exact sequence of W-spaces
0= (V) >V 45 R 25 R - 0. (3.2)
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Here ¢ = (¥;)i=1,..r, where t; takes a vector 2?21 BiZ; € V to
>N Bnitedns_1+x, and the map ¥ takes a vector in R” to the sum of its
coordinates. Note that W acts trivially on R" and R.

We have a lattice Q; C V; for each ¢ = 1,...,r, a lattice Q@ = @, Qi C
P, Vi, and a lattice Q = ZA,_, in V with basis & — &2,...,8n_1 — En.
The isomorphism ¢ induces an embedding of @ = €, Q; into Q. Under this
embedding

Q11— Q1, Qo1 02, ..., Qp—11 "> Qpy—1,
Q1.2 — Ony 41, Q22 — Opy 42, - oy Qpy—1,2 Oy tny—1,

Qy,r Qny4ngtetne_141s -3 Qp,—1,r F7 Qn-1,
while &, , Onqy4+ngs -5 Onytng+-4n,_, are skipped.

3.10. We write L for L1 and w for wy € éQ, where Q = @, Q;. Then
w:Zwia wi:1[(ni_1)a1i+"'+anv—1i]-
4 d k) K2 k)

Recall that
Qi = ZAn,—1 ={(a;) € Z™

iaj = 0}

j=1
Set

w = %in—j

Set A, (d) = (Q,w). Note that A,,(d) = Qn(n/d) with the notation of [LPR,
Subsection 6.1]. Set

= ¢(Q @z R) N An(d) = ¢(V) N An(d).
LEMMA 3.11. ¢(L) =

Proof. Write j1 = n1, jo =n1+mna, ..., jrm1 =n1+ - +np_1. Set J =
{1725"'5n71}\{]‘15]‘25"'5]‘7“71}- Set

—_ n—Ji_
dan]oz:w dzaji.
JjeJ i=1

Note that d|n and d|j; for all 4, hence the coefficients (n — j;)/d are integral,
and therefore p € A, (d). Since also u € ¢(Q ®z R), we see that u € N.

Let y € N. Then

n—1

y=bw+ Y a;a,

j=1
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where b,a; € Z, because y € A, (d). We see that in the basis @1, ..., @,—1 of

A, (d) ®z R, the element y contains @;, with coefficient

n—Ji
d

Since y € p(Q ®z R), this coefficient must be 0:

b

+ aj, .

n —

d

b Ji +aji =0.

Consider
r—1 . r—1 .
_ n—Ji_ _ b(n —ji) _
ybuyb(w 7 ozji>ybw+§ %aﬁ

i=1
= Za]a] + Z b ah Zajaj )

jeJ

where a; € Z. We see that y € (&; (j € J),p) for any y € N, hence N C
(@ (j € J),u). Conversely, p € N and @; € N for j € J, hence (@; (j €
J), 1) C N, thus

N =(a; (j €J),p. (3.3)
Now
1 ni—1 ng—1 n,—1
p(w) = d (n1—j)a; + Z (n2 = j)an, 45+ + Z r = )01+
j=1 =1
while
1 ny—1 na—1 ny—1
=g Z(” JO‘J+Z (n—n1 = j)0n, 45 + +Z r =)0, 4
=1 =1
Thus
n—mng o=t n—ng —ny 22 n ~
—n _ —nig —ng _
1= p(w)+ d a; + d Qny+j + j Z Q145
=1 =1 =1
where the coeflicients
n—mni n—mny — Ny E
d ’ d g
are integral. We see that
@; (jed), m=_(a; (JeJ) ew)). (3.4)
From (3.3) and (3.4) we obtain that
N=(@;([jed)m=_@Qe), pw)=epL). O
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3.12. Now let p|ged(n, ..., n,). Recall that W = [];_, &,,. Since p|n; for all
i, we can naturally embed (&,)"/? into &,,. We obtain a natural embedding

= (Z/pZ)"P < (G,)"/P — W.

In order to prove Lemma 3.8, it suffices to prove the next Lemma 3.13. Indeed,
if n has an odd prime factor p, then by Lemma 3.13 L is not quasi-permutation.
If n = 2%, then we take p = 2. By the assumptions of Proposition 3.2, n > 4 =
22 and again by Lemma 3.13 L is not quasi-permutation. This proves Lemma
3.8.

LEMMA 3.13. If either p odd or n > p?, then L is not quasi-permutation as a
I-lattice.

Proof. By Lemma 3.11 it suffices to show that N is not quasi-permutation.
Since N = A, (d) Ng(V), we have an embedding

Ap(d)/N — V /p(V).

By (3.2) V/p(V) ~ R™™! and W acts on V /¢(V) trivially. Thus A, (d)/N =~
Z"™! and W acts on Z" ! trivially. We have an exact sequence of W-lattices

0= N—=A,(d) -2 =0,

with trivial action of W on Z"~1. We obtain that N ~ A, (d) as a W-lattice,
and hence, as a I'-lattice. Therefore, it suffices to show that A, (d) = Q,(n/d)
is not quasi-permutation as a I'-lattice if either p is odd or n > p?. This is done
in [LPR] in the proofs of Propositions 7.4 and 7.8. This completes the proof of
Lemma 3.13 and hence those of Lemma 3.8 and Proposition 3.2. O

4  QUASI-PERMUTATION LATTICES — CASE A,,_1

In this section we prove Theorem 0.2 in the special case when G is isogenous
to a direct product of groups of type A, _1 for n > 3.

We maintain the notation of Subsection 3.1. Let L be an intermediate lattice
between @ and P, i.e., Q C L C P (L = Q are L = P are possible). Let
S denote the image of L in F, then L is the preimage of S C F' in P. Since
W acts trivially on F', the subgroup S C F is W-invariant, and therefore, the
sublattice L C P is W-invariant.

THEOREM 4.1. With the notation of Subsection 3.1 assume that n; > 3 for all
1=1,2,...,r. Let L between Q and P be an intermediate lattice, and assume
that LNP; = Q; for all i such that n; = 3 orn; = 4. If L is a quasi-permutation
W -lattice, then L = Q.

Proof. We prove the theorem by induction on r. The case r = 1 follows from
our assumptions if n; = 3 or n; = 4, and from Proposition 1.9 if n; > 4.
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We assume that > 1 and that the assertion is true for » — 1. We prove it for
T.

For 7 between 1 and r we set

A=-@e, P=-@r H-Or w=w,
J#i J#i J#i J#i
then Q, € @Q, P/ C P, F/ C F and W/ C W. If L is a quasi-permutation
W-lattice, then by Lemma 1.7 L N P/ is a quasi-permutation W/-lattice, and
by the induction hypothesis L N P = Q..

Now let @ C L C P, and assume that LN P/ = Q) for all ¢ = 1,...,r. We
shall show that if L # @ then L is not a quasi-permutation W-lattice. This
will prove Theorem 4.1.

Assume that L # Q. Set S = L/Q C F, then S # 0. We first show that
(LN P))/Q, = SNF]. Indeed, clearly (LN P/)/Q, C L/QN P//Q; =SNEF].
Conversely, let f € SNF/, then f can be represented by some ! € L and by some
p€ P/ and ¢:=1—p e Q. Since L D Q, we see that p=1—¢g € LN P/, hence
f € (LNP!)/Q;, and therefore SNE! C (LNFP!)/Q;. Thus (LNP})/Q; = SNE].

By assumption we have L N P/ = @, and we obtain that S N F/ = 0 for all
i=1,...,r. Let S(;) denote the image of S under the projection F' — F;. We
have a canonical epimorphism p;: S — S(;) with kernel SNF]. Since SNF] = 0,
we see that p;: S — S(;) is an isomorphism. Set ¢; = p; Opl_l: Sy = Sy, it
is an isomorphism.

We regard Q; = ZA,,,—1 and P, = A, as the lattices described in [Bou, Planche
I]. Then we have an isomorphism F; = Z/n;Z. Since S(;) is a subgroup of the
cyclic group F; = Z/n;Z and S = S;), we see that S is a cyclic group, and we
see also that |S| divides n; for all ¢, hence d := |S| divides ¢ := ged(nq, ..., ny).

We describe all subgroups S of order d in @)_;Z/n,Z such that S N
(B, Z/n;Z) = 0 for all i. The element a; := n;/d + n;Z is a generator
of Si;y C F; = Z/n;Z. Set b; = g;(a1). Since b; is a generator of S;), we have
b; = 7;a; for some v; € (Z/dZ)*. Let v; € Z be a representative of 7; such
that 1 < v; < d, then ged(v;,d) = 1. Moreover, since ¢; = id, we have by = aq,
hence 73 = 1 and v; = 1. We obtain an element v = (vq,...,v,.). With the
notation of Subsection 3.1 we have S =S, and L = L,,.

By Proposition 3.2 L, is not a quasi-permutation W-lattice. Thus L is not
quasi-permutation, which completes the proof of Theorem 4.1. o

5 PROOF OF THEOREM 0.2

LEMMA 5.1 (well-known). Let Py and P be abelian groups. Set P = Py @ Py =
Py x Py, and let my: P — Py denote the canonical projection. Let L C P be a
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subgroup. If m1(L) = LN Py, then
L=(LNnP)®(LNP).

Proof. Let © € L. Set 1 = m(z) € m(L). Since m1(L) = LN Py, we have
r1 € LN Py. Set o = x — x1, then 2o € LN P,. We have x = z1 + z5. This
completes the proof of Lemma 5.1. O

5.2. Let I be a finite set. For any ¢ € I let D; be a connected Dynkin diagram.
Let D =| |, D; (disjoint union). Let Q; and P; be the root and weight lattices
of D;, respectively, and W; be the Weyl group of D;. Set

Q=Pae., p=r, w=[[w.

icl icl icl
5.3. We construct certain quasi-permutation lattices L such that Q C L C P.

Let {{i1,41},--.,{is,Js} } be a set of non-ordered pairs in I such that D;, and
Dj for alll =1,...,s are of type B; = Ay and all the indices i1, j1,. .., s, js
are distinct. Fix such an l. We write {4, j} for {i;, j; } and we set D; ; := D;LID;,
Qi =Qi®Qj, P;; :=PFP ®P;. Weregard D; ; as a Dynkin diagram of type
D,, and we denote by M;; the intermediate lattice between Q;; and P ;
isomorphic to X (SOy), the character lattice of the group SOy; see Section 1,
after Lemma 1.7. Let f; be a generator of the lattice @); of rank 1, and let f;

be a generator of Q;, then P; = (1f;) and P; = (3 f;). Set egl) =1(fi+ i),
eg) = 2(fi — f;), then {egl),eg)} is a basis of M; ;, and
1
Mis=(Qijrel’),  Py= <Mi,j, S +es) > . (5.1)
We have M, ;N P; = Q;, M; ;N P; = Qj, and [M,; : Q; ;] = 2. Concerning
the Weyl group, we have

W(Diyj) = W(DZ) X W(D]) = W(Dg) = 62 X {:l:l},

where the symmetric group G2 permutes the basis vectors egl) and eg) of
M; ; , while the group {£1} acts on M;; by multiplication by scalars. We
say that M, ; is an indecomposable quasi-permutation lattice (it corresponds
to the semisimple Cayley group SO, which does not decompose into a direct
product of its normal subgroups).

Set I' = I~ Uj_1{i1, 51} For i € I' let M; be any quasi-permutation interme-
diate lattice between @); and P; (such an intermediate lattice exists if and only
if D; is of one of the types A,,, B,, C,, D,, Ga, see Proposition 1.9). We
say that M; is a simple quasi-permutation lattice (it corresponds to a stably
Cayley simple group). We set

L= M, o P M. (5.2)
=1

icl’
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We say that a lattice L as in (5.2) is a direct sum of indecomposable quasi-
permutation lattices and simple quasi-permutation lattices. Clearly L is a quasi-
permutation W-lattice.

THEOREM 5.4. Let D,Q, P,W be as in Subsection 5.2. Let L be an interme-
diate lattice between Q and P, i.e., Q C L C P (where L = Q and L = P
are possible). If L is a quasi-permutation W -lattice, then L is as in (5.2).
Namely, then L is a direct sum of indecomposable quasi-permutation lattices
M, ; for some set of pairs {{i1,51},.-.,{is,js} } and some family of simple
quasi-permutation intermediate lattices M; between Q; and P; fori e I'.

Remark 5.5. The set of pairs { {i1,j1},...,{is,Js} } in Theorem 5.4 is uniquely
determined by L. Namely, a pair {7, j} belongs to this set if and only if the
Dynkin diagrams D; and D; are of type B; = A; and

LNP=Q;, LNPj=Q;, whieLN(P®P)+QdQ;.

Proof of Theorem 5.4. We prove the theorem by induction on m = |I|, where
I is as in Subsection 5.2. The case m = 1 is trivial.

We assume that m > 2 and that the theorem is proved for all m’ < m. We
prove it for m. First we consider three special cases.

Split case. Assume that for some subset A C I, A # I, A # (), we have w4 (L) =
LN Py, where Py = @, 4 P; and ma: P — Py is the canonical projection.
Then by Lemma 5.1 we have L = (LN P4) ® (LN Pa/), where A’ =1\ A. By
Lemma 1.7 L N P4 is a quasi-permutation W4-lattice, where W4 = HieA W;.
By the induction hypothesis the lattice LN P4 is a direct sum of indecomposable
quasi-permutation lattices and simple quasi-permutation lattices. Similarly,
LN Py is such a direct sum. We conclude that L = (LN Pa) @ (LN Pys) is
such a direct sum, and we are done.

A, _1-case. Assume that all D; are of type A,,_1, where n; > 3 (so A; is
not permitted). We assume also that when n; = 3 and when n; = 4 (that is,
for Ay and for As = D3) we have LN P; = Q; (for n; > 4 this is automatic
because L N P; is a quasi-permutation W;-lattice, see Proposition 1.9). In this
case by Theorem 4.1 we have L = Q = @ Q;, hence L is a direct sum of simple
quasi-permutation lattices, and we are done.

A -case. Assume that all D; are of type A;. Then by [BKLR, Theorem 18.1]
the lattice L is a direct sum of indecomposable quasi-permutation lattices and
simple quasi-permutation lattices, and we are done.

Now we shall show that these three special cases exhaust all the quasi-
permutation lattices. In other words, we shall show that if Q C L C P and L
is not as in one of these three cases, then L is not quasi-permutation. This will
complete the proof of the theorem.

For the sake of contradiction, let us assume that Q C L C P, that L is not in one
of the three special cases above, and that L is a quasi-permutation W-lattice.
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We shall show in three steps that L is as in Proposition 2.2. By Proposition
2.2, L is not quasi—permutation, which contradicts our assumptions. This
contradiction will prove the theorem.

Step 1. For i € I consider the intersection L N P;, it is a quasi-permutation
Wi-lattice (by Lemma 1.7), hence D; is of one of the types A,,_1, B,,, C,,, Dy,
G2 (by Proposition 1.9). Note that m;(L) # L N P; (otherwise we are in the
split case).

Now assume that for some ¢ € I, the Dynkin diagram D; is of type Gq or C,,
for some n > 3, or D; is of type As and L N P; # @Q;. Then L N P; is a quasi-
permutation W;-lattice (by Lemma 1.7), hence L N P, = P; (by Proposition
1.9). Since P; D m;(L) D LN P;, we obtain that m;(L) = L N P;, which is
impossible. Thus no D; can be of type Gg or C,, n > 3, and if D; is of type
A, for some i, then LN P; = Q;.

Thus all D; are of types A,,_1, B, or D,, and if D; is of type Ay for some
1 € I, then LNP; = @;. Since L is not as in the A,,_;-case, we may assume that
one of the D;, say D1, is of type B,, for some n > 1 (B; = A; is permitted), or
of type D,, for some n > 4, or of type D3 with L N P; # Q1. Indeed, otherwise
all D; are of type A,,_1 for n; > 3, and in the cases Ay (n; = 3) and Agj
(n; = 4) we have LN P; = Q;, i.e., we are in the A,,_1-case, which contradicts
our assumptions.

Step 2. In this step, using the Dynkin diagram D of type B, or D,, from the
previous step, we construct a quasi-permutation sublattice L' C L of index 2
such that L is as in (5.2). First we consider the cases B,, and D,, separately.

Assume that D; is of type B,, for some n > 1 (B; = A; is permitted). We
have [Py : Q1] = 2. Since Py D w1(L) 2 LN P, D @1, we see that w1 (L) = P,
and LﬁPl = Ql- Set M1 = Ql- We have 7T1(L) = Pl, Lﬂpl = Ml, and
[Pl . Ml] = 2.

Now assume that D is of type D,, for some n > 4, or of type D3 with LN P, #
@1. Set M1 = LNP, then M, is a quasi-permutation Wi-lattice by Lemma 1.7,
and it follows from Proposition 1.9 that (W7, M;) ~ X(SOay,), where X(SO2,,)
denotes the character lattice of SOs,,; see Section 1, after Lemma 1.7. It follows
that [M; : Q1] =2 and [Py : M1] = 2. Since Py D w1 (L) 2 LNP; = My, we see
that 7T1(L) = Pl. Again we have 7T1(L) = Pl, LﬂPl = Ml, and [Pl : Ml] = 2.

Now we consider together the cases when D; is of type B,, for some n > 1
and when D; is of type D,, for some n > 3, where in the case D3 we have
LN P1 7é Ql- Set

L' = ker[L = P, — P, /M.

Since m1 (L) = Py, and [Py : M;] = 2, we have [L : L'] = 2. Clearly we have
7T1(L/) = Ml. Set
Ll :=ker[m: L » P]=LNP|,
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where P| = @, 41 Pi. Since L is a quasi-permutation W-lattice, by Lemma 1.7
the lattice LI is a quasi-permutation Wi-lattice, where Wi = [[,,; W;. By the
induction hypothesis, LJ{ is a direct sum of indecomposable quasi-permutation
lattices and simple quasi-permutation lattices as in (5.2). Since My = LN Py,
we have My C L' P, and L' NP, C LN P, = My, hence L' NP, = My =
7m1(L"), and by Lemma 5.1 we have L' = M; ® LJ{. Since Mj is a simple quasi-
permutation lattice, we conclude that L’ is a direct sum of indecomposable

quasi-permutation lattices and simple quasi-permutation lattices as in (5.2),
and [L: L] =2.

Step 8. In this step we show that L is as in Proposition 2.2. We write

S

L= @(L/ N Pilvjl) o @(L/ nF),

=1 iel’

where P;, ;, = P;, @ P;j,, the Dynkin diagrams D;, and D;, are of type A; = By,
and L' N P, j, = My, ;, as in (5.1). For any i € I’, we have [m;(L) : m;(L')] < 2,
because [L : L'] = 2. Furthermore, for ¢ € I’ we have
Wi(LI) =L'NP,CLNP - Wi(L),

hence [m;(L) : (LNF;)] =2 and L’'NP, = LNP;. Similarly, forany l =1,...,s,
if we write ¢ = 4;, j = j;, then we have

Mi;=L'NP; CLNP; Cmij(L)C Py [Pij:Mig]=2,
whence Wiﬂj(L) = ]Di,j; LN ]Di,j = Mi,j; and therefore [Wiﬁj(L) : (L n ]Di,j)] =
[Pi,j : Mi,j] = 2 and L n Pi,j = Mi,j = LﬂPiJ.

We view the Dynkin diagram D;, U D, of type A; LI A; corresponding to the
pair {i;, 51} (I = 1,...,s) as a Dynkin diagram of type Dy. Thus we view
L' as a direct sum of indecomposable quasi-permutation lattices and simple
quasi-permutation lattices corresponding to Dynkin diagrams of type B,,, D,
and A,,.

We wish to show that L is as in Proposition 2.2. We change our notation in
order to make it closer to that of Proposition 2.2.

As in Subsection 2.1, we now write D; for Dynkin diagrams of types B;, and
D;, only, appearing in L', where B; = A, Bo = Cy, Do = A; U A; and
D3 = A3 are permitted, but for Dy, with [; = 2,3 we require that

LﬂPi = Mz = X(SOQli).

We write L, := LNP; = L'NP;. We have [m;(L) : L] = 2, hence [P, : L}] > 2. If
D, is of type By,, then [P; : L}] = 2. If D; is of type Dy,, then L, = LNP; # Q,,
for Dy and D3 by our assumption and for D;, with I; > 4 because LN P; is a
quasi-permutation W;-lattice (see Proposition 1.9); again we have [P; : L}] = 2.
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We see that for all ¢ we have [P; : L] = 2, m;(L) = P;, and the lattice L, = M;
is as in Subsection 2.1. We realize the root system R(D;) of type B;, or Dy,
in the standard way (cf. [Bou, Planches II, IV]) in the space V; := R’ with
basis (es)ses,, then L, is the lattice generated by the basis vectors (es)ses, of
V;, and we have P; = (L}, 1z;), where

xi:ZeseL;.

sSES;
In particular, when D; is of type Dy we have z; = egl) + egl) with the notation
of formula (5.1).

As in Subsection 2.1, we write A, for Dynkin diagrams of type A, 1 appearing
in L', where n] > 3 and for Az = D3 we require that L N P, = @Q,. We write
Ll :=LNnP, =L NP, Then L, = Q, for all ¢, for Ay by Step 1, for Az by
our assumption, and for other A, _; because L; is a quasi-permutation W,-
lattice; see Proposition 1.9. We have 7,(L) 2 LN P, = L) and [r,(L) : L] =
[m,(L) : m,(L")] <2 (because [L : L'] = 2). It follows that [m, (L) : L] = 2, i.e.,
[m.(L) : Q,] = 2. We know that P,/Q, is a cyclic group of order n]. Since it has
a subgroup 7,(L)/Q, of order 2, we conclude that n is even, n/ = 2n, (where
2n, > 4), and 7,(L)/Q, is the unique subgroup of order 2 of the cyclic group
P,/Q, of order 2n,. As in Subsection 2.1, we realize the root system A, of type
As,, 1 in the standard way (cf. [Bou, Planche I]) in the subspace V, of vectors
with zero sum of the coordinates in the space R*" with basis €, 1,...,, 20,
We set

gL =E&,,1 &2 + €13 &4 + -+ €u2n,—1 — E€12n,,

then ¢, € L] and 1¢, € m,(L) \ L| (cf. [Bou, Planche I, formula (VI)]), hence
m(L) = (L], 36)-

Now we set

1 1 &
v:§zgci+§;§b.

iel
We claim that
L= (L v).

Proof of the claim. Let w € L~ L', then L = (L', w), because [L : L'] = 2. Set
Zi = %xi —m;(w), then z; € L, C L', because %xi, m;(w) € m; (L)~ Lj. Similarly,
we set ¢, = 2§, — m,(w), then ¢, € L] C L'. We see that

v=wE Yzt Y G,
where ),z + >, ¢, € L', and the claim follows. O
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It follows from the claim that L is as in Proposition 2.2 (we use the assumption
that we are not in the Aj-case). Now by Proposition 2.2 L is not quasi-
invertible, hence not quasi-permutation, which contradicts our assumptions.
This contradiction proves Theorem 5.4. O

Proof of Theorem 0.2. Theorem 0.2 follows immediately from Theorem 5.4 by
virtue of Proposition 1.8. O

6 PRrRoOOF oF THEOREM 0.3

In this section we deduce Theorem 0.3 from Theorem 0.2.

Let G be a stably Cayley semisimple k-group. Then G := G xj, k is stably
Cayley over an algebraic closure k of k. By Theorem 0.2, Gj, = Hje.] G, for
some finite index set J, where each G 1 is either a stably Cayley simple group
or is isomorphic to SO, j. (Recall that SO, j is stably Cayley and semisimple,
but is not simple.) Here we write G j for the factors in order to emphasize
that they are defined over k. By Remark 5.5 the collection of direct factors
G, is determined uniquely by G. The Galois group Gal(k/k) acts on G,
hence on J. Let  denote the set of orbits of Gal(k/k) in J. For w € Q set
G¢ =Ilje, Gj i+ then G = [l ecq G¢- Each G is Gal(k/k)-invariant, hence
it defines a k-form GY of G¥. We have G =[], cq G-

For each w € Q choose j = j, € w. Let [;/k denote the Galois extension
in k corresponding to the stabilizer of j in Gal(k/k). The subgroup G, is
Gal(k/l;)-invariant, hence it comes from an {;-form G,,. By the definition of
Weil’s restriction of scalars (see e.g. [Vo2, Subsection 3.12]) G} = Ry, /1G4,
hence G 2 [] Ry, 1k Gju;- Each Gy, is either absolutely simple or an /;-form
of SOy.

weN

We complete the proof using an argument from [BKLR, Proof of Lemma 11.1].
We show that G, is a direct factor of Gy, := G' X l;. It is clear from the defi-
nition that G j is a direct factor of Gy, with complement G, = [[;c; ¢ Gik-
Then G7, is Gal(k/l;)-invariant, hence it comes from some I;-group G; . We
have Gy; = G, %, G, hence G, is a direct factor of G, .

Recall that G, is either a form of SO4 or absolutely simple. If it is a form
of SOy, then clearly it is stably Cayley over [;. It remains to show that if
Gy, is absolutely simple, then G, is stably Cayley over I;. The group G
is stably Cayley over k. Since G, 1 is a direct factor of the stably Cayley k-
group G over the algebraically closed field &, by [LPR, Lemma 4.7] Gir is
stably Cayley over k. Comparing [LPR, Theorem 1.28] and [BKLR, Theorem
1.4], we see that G, is either stably Cayley over I; (in which case we are
done) or an outer form of PGLy,, for some n > 2. Thus assume by the way
of contradiction that G, is an outer form of PGLz, for some n > 2. Then
by [BKLR, Example 10.7] the character lattice of G, is not quasi-invertible,
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and by [BKLR, Proposition 10.8] the group Gj,;, cannot be a direct factor of a
stably Cayley /;-group. This contradicts the fact that G, is a direct factor of
the stably Cayley l;-group G;;. We conclude that GG, cannot be an outer form
of PGLg,, for any n > 2. Thus G}, is stably Cayley over [;, as desired. O

A APPENDIX: SOME QUASI-PERMUTATION CHARACTER LATTICES

The positive assertion of Proposition 1.9 above is well known. It is contained
in [CK, Theorem 0.1] and in [BKLR, Theorem 1.4]. However, [BKLR] refers to
[CK, Theorem 0.1], and [CK] refers to a series of results on rationality (rather
than only stable rationality) of corresponding generic tori. In this appendix for
the reader’s convenience we provide a proof of the following positive result in
terms of lattices only.

PrOPOSITION A.1. Let G be any form of one of the following groups
SL3, PGL,, (n odd), SO,, (n > 3), Sps,,, Go

or an inner form of PGL,, (n even). Then the character lattice of G is quasi-
permutation.

Proof. SOg,41. Let L be the character lattice of SOg,41 (including SO3).
Then the Dynkin diagram is D = B,,. The Weyl group is W = &,, x (Z/27)".
Then L = Z" with the standard basis e;,...,e,. The group &, naturally
permutes e, ..., e,, while (Z/27Z)™ acts by sign changes. Since W permutes
the basis up to =+ sign, the W-lattice L is quasi-permutation, see [Lo, §2.8].

SOa,, any form, inner or outer. Let L be the character lattice of SOq, (includ-
ing SOy4). Then the Dynkin diagram is D = D,,, with root system R = R(D).
We counsider the pair (A, L) where A = Aut(R, L), then (A, L) is isomorphic to
the character lattice of SOg,, 41, hence is quasi-permutation.

Sp,,.- The character lattice of Sp,,, is isomorphic to the character lattice of
SO3,+1, hence is quasi-permutation.

PGL,,, inner form. The character lattice of PGL,, is the root lattice L = Q)
of A, _;. It is a quasi-permutation &,-lattice, cf. [Lo, Example 2.8.1].

PGL,,, outer form, n odd. Let P be the weight lattice of A, _1, where n > 3
is odd. Then P is generated by elements e, ..., e, subject to the relation

e1+--+e,=0.

The automorphism group A = Aut(A,_1) is the product of &,, and &5. The
group A acts on P as follows: &, permutes ej,...,e,, and the nontrivial
element of &4 takes each e; to —e;.

We denote by M the A-lattice of rank 2n+ 1 with basis s1,..., Sp, t1,. .., tn, u.
The group &,, permutes s; and permutes ¢; (i = 1,...,n), and the nontrivial
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element of &2 permutes s; and t; for each i. The group A acts trivially on w.
Clearly M is a permutation lattice.

We define an A-epimorphism 7: M — P as follows:
T Sivr e, tiv— —e;, u+— 0.

Set M’ = ker, it is an A-lattice of rank n+2. We show that it is a permutation
lattice. We write down a set of n + 3 generators of M’:

pi=8+t, o=s1+--+sn T=ti+--+itn, u

There is a relation
prt -t pn=0+T.

We define a new set of n + 2 generators:

~ ~ —1 ~ —1
pz:pz+ua U:O—+nTu7 T:T+nTua

where ”Tfl is integral because n is odd. We have

ﬁ1+...+ﬁn7&7%:u,

hence this new set indeed generates M’, hence it is a basis. The group &,
permutes pi, ..., pn, while &3 permutes & and 7. Thus A permutes our basis,
and therefore M’ is a permutation lattice. We have constructed a left resolution
of P:

0—-M —-M— P —0,

(with permutation lattices M and M"), which by duality gives a right resolution
of the root lattice Q = PV of A,,_1:

0—=Q— M — (M) =0
with permutation lattices MY and (M’)V. Thus the character lattice Q of
PGL,, is a quasi-permutation A-lattice for odd n.

The assertion that the character lattice of G is quasi-permutation in the re-
maining cases SL3 and Go follows from the next Lemma A.2.

LEMMA A.2 ([BKLR, Lemma 2.5]). Let T’ be a finite group and L be any T'-
lattice of rank r =1 or 2. Then L is quasi-permutation.

This lemma, which is a version of [Vo2, §4.9, Examples 6 and 7], was stated in
[BKLR] without proof. For the sake of completeness we supply a short proof
here.

We may assume that ' is a maximal finite subgroup of GL,.(Z). If r = 1, then
GL;(Z) = {£1}, and the lemma reduces to the case of the character lattice of
SO; treated above.
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Now let r = 2. Up to conjugation there are two maximal finite subgroups of
GL2(Z), they are isomorphic to the dihedral groups Ds (of order 8) and to D
(of order 12), resp., see e.g. [Lo, §1.10.1, Table 1.2]. The group Dy is the group
of symmetries of a square, and in this case it suffices to show that the character
lattice of SOj5 is quasi-permutation, which we have done above. The group D12
is the group of symmetries of a regular hexagon, and in this case it suffices to
show that the character lattice of PGLs3 (outer form) is quasi-permutation,
which we have done above as well. This completes the proofs of Lemma A.2
and Proposition A.1. O
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