A λ-ring Frobenius Characteristic for G ≀ S_n

Anthony Mendes

Department of Mathematics California Polytechnic State University San Luis Obispo, CA 93407. USA

aamendes@calpoly.edu

Jeffrey Remmel

Department of Mathematics University of California, San Diego La Jolla, CA 92093-0112. USA

jremmel@ucsd.edu

Jennifer Wagner

University of Minnesota, School of Mathematics 127 Vincent Hall, 206 Church Street SE Minneapolis, MN 55455. USA

wagner@math.umn.edu

Submitted: Apr 21, 2003; Accepted: Jul 1, 2004; Published: Sep 3, 2004 MR Subject Classifications: 05E10, 20C15

Abstract A λ-ring version of a Frobenius characteristic for groups of the form G ≀ S_n is given. Our methods provide natural analogs of classic results in the representation theory of the symmetric group. Included is a method decompose the Kronecker product of two irreducible representations of G ≀ S_n into its irreducible components along with generalizations of the Murnaghan-Nakayama rule, the Hall inner product, and the reproducing kernel for G ≀ S_n.

1 Introduction

Let G be a finite group and let S_n be the symmetric group on n letters. In the early 1930’s, Specht described the irreducible representations of the wreath product G ≀ S_n in his dissertation [16] but did not describe an analog of the Frobenius characteristic for the symmetric group.

Since then, there have been numerous accounts of the representation theory of G ≀ S_n [6, 7]. Most have not attempted to generalize the Frobenius map, although at least one has [10]. In [10], Macdonald gives a generalization of Schur’s theory of polynomial functors before showing that a specialization of that theory naturally leads to Specht’s results on the representations of G ≀ S_n. Macdonald’s version of the Frobenius map for G ≀ S_n is not the same as the Frobenius map in this paper, but it is shown to have some of the same properties. In particular, Macdonald verifies a sort of Frobenius reciprocity. These results are reproduced in [11]. Our presentation of the Frobenius map for G≀S_n can essentially be viewed as a detailed version of Macdonald’s approach that exploits λ-ring notation. We explicitly give an analog of the Hall inner product which slightly differs from that in [11] and the reproducing kernel for G ≀ S_n which is not found in [11]. Moreover, our approach leads to a natural analog of the Murnaghan-Nakayama rule for G≀S_n and explicit formulas for the computation of Kronecker products for G ≀ S_n.

Our version of the Murnaghan-Nakayama rule for computing the characters of G ≀ S_n yields an alternative but equivalent procedure to those found in [6, 7, 10, 11, 16]. In addition, a different proof of this rule has been given in [17]. Thus, our description cannot be viewed as new. However, our approach to decomposing the Kronecker product of representations of G ≀ S_n into irreducible components gives a more efficient algorithm than those which appear in the literature.

The approach we are taking has been developing for a number of years. In the late 1980’s and early 1990’s, Stembridge described a λ-ring version of the Frobenius characteristic for the hyperoctahedral group Z_2 ≀ S_n [17, 18]. This provided an account of the representation theory of the hyperoctahedral group through the manipulation of symmetric functions which paralleled the same ideas for the symmetric group [1]. The λring Frobenius characteristic for Z_2 ≀ S_n involved a class of symmetric functions over the hyperoctahedral group—in particular, Stembridge proved that the Frobenius characteristic of an irreducible character of Z_2 ≀ S_n is a λ-ring symmetric function of the form s_λ[X + Y ]s_μ[X − Y ]. These λ-ring versions of symmetric functions have similar relationships among themselves as the standard bases in the ring of symmetric functions over S_n [3]. These λ-ring symmetric functions have been used by Beck to give proofs of a variety of generating functions for permutation statistics for Z_2 ≀ S_n [1, 2].

In 2000, Wagner described a natural extension of this λ-ring Frobenius characteristic for groups of the form Z_k ≀ S_n [19]. A different generalization of Frobenius characteristic for Z_k ≀ S_n was given by Poirier in [12].

Our Frobenius characteristic extends previously defined Frobenius characteristics for Z_k≀S_n found in [1, 17, 18, 19]. A particularly nice aspect about our Frobenius characteristic is that is allows for a presentation of the representation theory of G ≀ S_n which mimics the presentation of the representation theory of the symmetric group found in [15].

The outline of this paper is as follows. The next section provides a very brief description of the group G ≀ S_n. In Section 3, λ-ring notation is independently developed so that the Frobenius characteristic for G ≀ S_n may be defined in Section 4. Combinatorial proofs of classical λ-ring identities may be found there. In Section 4, a scalar product is defined are identified in the image of the Frobenius characteristic. Also in Section 4, an analog of the reproducing kernel for S_n is used to provide a criterion for determining dual bases. Characters of representations of G and S_n are induced up to the group G ≀ S_n in Section 5 which are then found to be the characters of the irreducible representations. The combinatorial interpretation of these irreducible characters is found in Section 6. Section 7 shows a way to compute the coefficients of the irreducible representations of G ≀ S_n in the Kronecker product of two irreducible representations of G ≀ S_n. We end by giving an example of how the Kronecker product of two irreducible representations in the hyperoctahedral group may be decomposed.

2 The group G ≀ S_n

In this section we record the results concerning wreath product groups which will be needed later. Specifically, we will identify the conjugacy classes and their sizes. The proofs of the assertions stated here may be found in [6, 11] (with different notation).

We define the group G ≀ S_n to be the set of n × n permutation matrices where each 1 in the matrix is replaced with an element of G. Group multiplication is defined to be matrix multiplication. Elements in G ≀ S_n may be written in matrix or cyclic notation. For example, if g_1, . . . , g_5 are in G, an element in G ≀ S_n may be written as

0 g_1 0 0 0 g_2 0 0 0 0 0 0 0 g_4 0 0 0 g_3 0 0 0 0 0 0 g_5

or as (g_11, g_22)(g_33, g_44)(g_55).

Throughout this paper, the c conjugacy classes of G will be denoted by C_1, . . . , C_c. If g_1, . . . , g_k ∈ G, we define (g_1i_1, . . . , g_ki_k) to be a C_j -cycle if g_kg_{k−1} · · · g_1 ∈ C_j. For any partition γ = (γ_1, . . . , γ_ℓ), we write γ ⊢ n or |γ| = n if γ_1 + · · · + γ_ℓ = n and we let ℓ(γ) be the number of nonzero parts in the partition γ. Define C_{(γ}1_{,...,γ}c_) to be the set

{σ ∈ G ≀ S_n : the C_j -cycles in σ are of length γ^j_1, . . . , γ^j_{ℓ(γj )} for j = 1, . . . , c};

that is, the set of σ ∈ G ≀ S_n where the C_j-cycles of σ induce the partition γ^j .

For convenience, we will write (γ^1, . . . , γ^c) = ⃗γ (where γ^1, . . . , γ^c are partitions) and ⃗γ ⊢ n, alluding to the fact that

∑_c i=1 |γ^i| = n. Theorem 1. A complete set of conjugacy classes for G ≀ S_n is {C_{⃗γ} : ⃗γ ⊢ n}.

Theorem 2. The conjugacy class C_{⃗γ} has size n!|G|^n c∏ i=1 1 z_γi ( |C_i| |G| )_{ℓ(γ}i_) where for any

partition α with α_i parts of size i, z_α = 1^{α1} · · · n^{αn} α_1! · · · α_n!.

3 λ-Ring Notation

Since the Frobenius characteristic and the irreducible characters of G ≀ S_n will be written in λ-ring notation, this section independently develops λ-ring versions of symmetric functions. The idea of λ-rings have long been known to have a connection with the representation theory of the symmetric group [8]. Previous accounts of the theory have not included the fact that complex numbers may be factored out of the power symmetric functions p_n. Previously, it has been commonplace to only allow integer coefficients to have this property.

Let A be a set of formal commuting variables and A^∗ the set of words in A. The empty word will be identified with “1”. Let c ∈ C , γ = (γ_1, . . . , γ_ℓ) ⊢ n, x = a_1a_2 . . . a_i be any word in A^∗, and X, X_1, X_2, . . . be any sequence of formal sums of the words in A^∗ with complex coefficients. Define λ-ring notation on the power symmetric functions by

p_r[0] = 0, p_r[1] = 1, p_r[x] = x^r = a^r_1a^r_2 . . . a^r_i , p_r[c X] = c p_r[X], p_r [ ∑ i X_i ] = ∑ i p_r[X_i], p_γ [X] = p_{γ1} [X] · · · p_{γℓ} [X],

where r is a nonnegative integer. These definitions imply that p_r[XX_1] = p_r[X]p_r[X_1] and therefore p_γ [XX_1] = p_γ [X]p_γ [X_1]. These definitions also imply that for any complex number c and γ ⊢ n, p_γ [cX] = c^{ℓ(γ)}p_γ [X].

When X = x_1 + · · · + x_N , then our definitions ensure that

p_k[X] = N∑ i=1 x^k_i , which is the usual power symmetric function p_k(x_1, . . . , x_N ). Furthermore, for any partition λ = (λ_1, . . . , λ_ℓ), p_λ[X] = p_λ(x_1, . . . , x_N ).

The power symmetric functions are a basis for the ring of symmetric functions, so if Q is a symmetric function, then there are unique coefficients a_λ such that Q = ∑ λ a_λp_λ. Define Q[X] = ∑ λ a_λp_λ[X]. It follows that in the special case where X = x_1 + · · · + x_N is a sum of letters in A, Q[X] is simply the symmetric function Q(x_1, . . . , x_N ). We note that if X = x_1 + x_2 + · · · as an infinite sum of letters, the same reasoning will show that for any symmetric function Q, Q[X] = Q.

In particular, our definitions extend to the homogeneous, elementary, and Schur bases for the ring of symmetric functions, denoted by {h_λ : λ ⊢ n}, {e_λ : λ ⊢ n}, and {s_λ : λ ⊢ n}, respectively. Using the transition matrices between these symmetric functions and the power basis, we define

h_n[X] = ∑ ν⊢n 1 z_ν p_ν [X], h_λ[X] = h_{λ1} [X] · · · h_{λℓ(λ)} [X], e_n[X] = ∑ ν⊢n (−1)^{n−ℓ(ν)} z_ν p_ν [X], e_λ[X] = e_{λ1} [X] · · · e_{λℓ(λ)} [X], and

s_λ[X] = ∑ ν⊢n χ^λ_ν z_ν p_ν [X]

where χ^λ_μ is the irreducible character of S_n indexed by λ evaluated at the conjugacy class indexed by μ. Because ‖^{χλν}_{zν} ‖_{λ,ν⊢n} and ‖χ^ν_λ‖_{λ,ν⊢n} are inverses of each other,

p_ν [X] = ∑ λ χ^λ_ν s_λ[X].

Given two partitions λ, μ, we write λ ⊆ μ provided the Ferrers diagram of λ fits inside the Ferrers diagram of μ. If λ ⊆ μ, we let |μ/λ| = |μ| − |λ| and we associate μ/λ with the cells in the Ferrers diagram of μ that are not in the Ferrers diagram of λ. The resultant cells are known as the skew shape μ/λ. Below, the skew shape (2,4,9,9,11)/(2,2,9,9) has been colored in teal.

A column strict tableau T of shape μ/λ is a filling of the skew shape μ/λ with positive integers such that the integers weakly increase when read from left to right and strictly increase when read from bottom to top. Let CS(μ/λ) be the set of all column strict tableaux of shape μ/λ. Given T ∈ CS(μ/λ), let w_i(T ) be the number of occurrences of i in T and let w(T ) = ∏ i x^{wi(T )}_i . Below we have provided an example of a column strict tableau T with w(T ) = x^3_1x^3_2x^4x^3_5. 1 4 4 4 4 1 5 2 1

2 2 5 5

Define the skew Schur function s_{μ/λ} by

s_{μ/λ}(x_1, x_2, . . . ) = ∑ T ∈CS(μ/λ) w(T ). When λ = ∅, this coincides with the definition of s_μ. Further, the decomposition of the skew Schur symmetric function s_{μ/λ} in terms of the Schur basis can be found via the well known Littlewood-Richardson coefficients. That is, if c^μ_{λ,α} is the nonnegative integer coefficient of s_μ in s_λs_α, then s_{μ/λ} = ∑ α c^μ_{λ,α}s_α. A rim hook in μ/λ is a sequence of cells along the northeast edge of the skew shape of μ/λ such that every pair of consecutive cells share an edge, there is not a 2 by 2 block of cells, and the removal of the cells from μ/λ leaves another skew shape. The sign of a rim hook ρ, sgn(ρ), is (−1)^{r−1} where r is the number of rows in μ/λ which have a cell in ρ.

A rim hook tableau of shape μ/λ and type ν is a sequence of partitions λ = λ^0,. . . ,λ^j = μ such that for each 1 ≤ i ≤ j, λ^{i−1} is equal to λ^i with a rim hook of size ν_i removed. The sign of the rim hook tableau T , sgn(T ), is the product of the signs of the rim hooks in T . If χ^{μ/λ}_ν = ∑ sgn(T ) where the sum runs over all rim hook tableaux T of shape μ/λ and type ν, then s_{μ/λ} = ∑ ν χ^{μ/λ}ν z_ν p_ν (1)

[11]. The sum of signs of all rim hook tableaux is the same for any one order of the parts of ν. That is, the order that the parts of ν are placed in a rim hook tableau changes the appearance of the rim hook tableau but does not change the total sum of signs over all possible such objects. Unless otherwise specified, place rim hooks in a skew shape in order from smallest to largest. Below we have displayed all rim hook tableaux of shape (1, 4, 5)/(1, 2) and type (1, 1, 2, 3).

The rim hooks were placed in the above tableau according to darkness of color; that is, the darkest rim hook was placed first in the tableau and the lightest rim hook was placed last in the tableau.

If α, β are partitions of possibly different integers, let α + β be the partition created by combining the parts of the partitions α and β.

Lemma 3. Suppose α, β are partitions such that α + β = ν. Then χ^{μ/λ}_ν = ∑ λ⊆δ⊆μ χ^{δ/λ}_α χ^{μ/δ}_β .

Proof. This lemma is a result of placing the rim hooks in the skew shape μ/λ in two different ways. Instead of filling μ/λ with rim hooks in increasing order as usual, first fill μ/λ with the rim hooks with lengths found in α, then with the rim hooks with lengths found in β. Let δ be the partition formed by the rim hooks of α atop the partition λ. For different fillings of the rim hooks in α, different partitions δ may arise–each having the property that λ ⊆ δ ⊆ μ. For any fixed such δ, the sum over the weights of the fillings of δ/λ with rims hooks corresponding to the parts of α is χ^{δ/λ}α and the sum over the weights of the fillings of μ/δ with rims hooks corresponding to the parts of β is χ^{μ/δ}_β . Thus, the proof of the lemma is complete by summing over all possible δ.

Theorem 4. For X, Y formal sums of words in A^∗ with complex coefficients, s_{μ/λ}[X + Y ] = ∑ λ⊆δ⊆μ s_{μ/δ}[X]s_{δ/λ}[Y ], (2) s_{μ/λ}[−X] = (−1)^{|μ′/λ′|}s_μ′_{/λ}′ [X], and (3) s_μ[XY ] = ∑ λ,ν K_{μ,λ,ν} s_λ[X]s_ν [Y ], (4)

where λ^′ denotes the conjugate partition to λ and K_{μ,λ,ν} = ∑ ρ 1 z_ρ χ μ ρ χ^λ_ρ χ^ν_ρ.

Proof. Suppose |μ/λ| = n. We have s_{μ/λ}[X + Y ] = ∑ ν⊢n χ^{μ/λ}ν z_ν p_ν [X + Y ]

= ∑ ν=(1^v1 ,...,n^{vn} ) χ^{μ/λ}ν z_ν n∏ i=1 (p_i[X] + p_i[Y ])^{vi}

= ∑ ν=(1^v1 ,...,n^{vn} ) χ^{μ/λ}ν z_ν n∏ i=1 v_i∑

j_i=0 ( v_i j_i ) p_i[X]^{vi−ji} p_i[Y ]^{ji} .

By letting α = (1^{v1−j1} , . . . , n^{vn−jn} ), β = (1^{j1} , . . . , n^{jn} ), and simplifying the binomial coefficients, the above string of equalities is equal to ∑ ν⊢n χ^{μ/λ}_ν ∑ α+β=ν 1 z_α p_α[X] 1 z_β p_β[Y ]. Using Lemma 3, this expression may be written as ∑ ν⊢n ∑ α+β=ν ∑ λ⊆δ⊆μ χ^{μ/δ}α z_α p_α[X] χ^{δ/λ}_β z_β p_β[Y ] = ∑ λ⊆δ⊆μ ∑ ν⊢n ∑ α+β=ν χ^{μ/δ}α z_α p_α[X] χ^{δ/λ}_β z_β p_β[Y ]

= ∑ λ⊆δ⊆μ ∑ α⊢|μ/δ| χ^{μ/δ}α z_α p_α[X] ∑ β⊢|δ/λ| χ^{δ/λ}_β z_β p_β[Y ] = ∑ λ⊆δ⊆μ s_{μ/δ}[X]s_{δ/λ}[Y ],

which proves (2).

As for (3), we have s_{μ/λ}[−X] = ∑ ν χ^{μ/λ}ν z_ν p_ν [−X] = ∑ ν (−1)^{ℓ(ν)} χ^{μ/λ}ν z_ν p_ν [X]. (5)

Every rim hook tableau of shape μ/λ and type ν is in one to one correspondence with a rim hook tableau of shape μ^′/λ^′ of type ν via conjugation. Suppose that α_1, α_2, . . . , α_{ℓ(ν)} are the rim hooks in a rim hook tableau of shape μ/λ and type ν. For every i = 1, . . . , ℓ(ν), sgn(α^′_i) = (−1)^{|αi|−1}sgn(α_i). Therefore, the sign of a rim hook tableau of shape μ^′/λ^′ and type ν is (−1)^{|μ/λ|−ℓ(ν)} times the sign of the corresponding rim hook tableau of shape μ/λ and type ν because ℓ(ν)∏

i=1 sgn(α^′_i) = ℓ(ν)∏

i=1 (−1)^{|αi|−1}sgn(α) = (−1)^{|μ/λ|−ℓ(ν)} ℓ(ν)∏

i=1 sgn(α_i).

Using this in conjunction with (5) gives ∑ ν⊢n (−1)^{ℓ(ν)}(−1)^{|μ/λ|−ℓ(ν)} χ^{μ′/λ′}ν z_ν p_ν [X] = ∑ ν⊢n (−1)^{|μ′/λ′|} χ^{μ′/λ′}ν z_ν p_ν [X] = (−1)^{|μ′/λ′|}s_μ′_{/λ}′ [X], thereby proving (3).

Finally, we have

s_μ[XY ] = ∑ ρ⊢n χ^μ_ρ z_ρ p_ρ[XY ] = ∑ ρ⊢n χ^μ_ρ z_ρ p_ρ[X]p_ρ[Y ]

= ∑ ρ⊢n χ^μ_ρ z_ρ ( ∑ λ⊢n χ^λ_ρ s_λ[X] ) ( ∑ ν⊢n χ^ν_ρs_ν [X] )

= ∑ λ,ν⊢n K_{μ,λ,ν} s_λ[X]s_ν [Y ], which shows (4) and completes the proof.

A consequence of theorem 4 is corollary 5 below.

Corollary 5. For X, Y formal sums of words in A^∗ with complex coefficients,

h_r[X + Y ] = r∑ i=0 h_i[X]h_{r−i}[Y ] and (6)

h_r[XY ] = ∑ ν⊢r s_ν [X]s_ν [Y ]. (7)

Proof. This corollary follows from noting that h_r = s_{(r)} and writing down the special cases of Theorem 4 which follow. For (6), we have

h_r[X + Y ] = s_{(r)}[X + Y ] = ∑ δ⊆(r) s_δ[X]s_{(r)/δ} [Y ] = r∑ i=0 h_i[X]h_{r−i}[Y ].

For (7) we have

h_r[XY ] = s_{(r)}[XY ] = ∑ λ,ν,ρ 1 z_ρ χ^{(r)}_ρ χ^λ_ρ χ^ν_ρs_λ[X]s_ν [Y ] = ∑ λ,ν,ρ 1 z_ρ χ^λ_ρ χ^ν_ρs_λ[X]s_ν [Y ].

To complete the proof, notice that ∑ ρ 1 z_ρ χ λ ρ χ^ν_ρ is 1 when λ = ν and 0 otherwise because

‖^{χλν}_{zν} ‖_{λ,ν⊢n} and ‖χ^ν_λ‖_{λ,ν⊢n} are inverses of each other.

Finally, note that combining (2) and (3) in Theorem 4 gives Corollary 6 below.

Corollary 6. For X, Y formal sums of words in A^∗ with complex coefficients, s_{μ/λ}[X − Y ] = ∑ λ⊆δ⊆μ (−1)^{|δ/λ|}s_{μ/δ} [X]s_δ′_{/λ}′ [Y ]. 4 The Frobenius Characteristic

In this section, a Frobenius characteristic for G ≀ S_n which preserves the inner product for functions constant on the conjugacy classes of G ≀ S_n (class functions) is defined. Dual bases in the space of λ-ring symmetric functions will be identified using an analog of the reproducing kernel.

For any group H, let R(H) be the center of the group algebra of H; that is, let R(H) be the set of functions mapping H into the complex numbers C which are constant on the conjugacy classes of H. Let 1_{⃗γ} ∈ R(G ≀ S_n) be the indicator function such that 1_{⃗γ} (σ) = 1 provided σ ∈ C_{⃗γ} and 0 otherwise. Then {1_{⃗γ} : ⃗γ ⊢ n} is a basis for the center of the group algebra of G ≀ S_n because it is basis for the class functions. For i = 1, . . . , c and variables x^{(i)}_1 , x^{(i)}_2 , . . . , x^{(i)}_N , let X^i = x^{(i)}_1 + · · · + x^{(i)}_N . Define

Λ_{c,n} = ⨁ n_1+n_2+···+n_c=n c⨂ i=1 Λ_{ni} (X^i)

where Λ_{ni} (X^i) is the space of homogeneous symmetric functions of degree n_i in the variables in X^i. Note that if {a_λ : λ ⊢ n} is a basis for Λ_n(X^i), it follows that {_c ∏ i=1 a_γi [X^i] : ⃗γ = (γ^1, . . . , γ^c) ⊢ n }

is a basis for Λ_{c,n}.

Define the Frobenius characteristic F as a map from the center of the group algebra of G ≀ S_n to Λ_{c,n} by

F (1_{⃗γ}) = c∏ i=1 p_γi [X^i] z_γi . (8)

We may extend the map F by linearity to an isomorphism from R(G ≀ S_n) onto Λ_{c,n} because {∏_c i=1 p_γi [X^i] } ⃗γ⊢n is a basis for Λc,n.

Any group G has a natural scalar product on the center of the group algebra R(G) defined by ⟨f, g⟩_G = 1 |G| ∑ σ∈G f(σ)g(σ) where c denotes the complex conjugate of c ∈ C . A scalar product ⟨·, ·⟩_{Λc,n} may be defined so that the Frobenius map is an isometry with respect to this scalar product. The scalar product on indicator functions gives ⟨1_{⃗γ} , 1_{⃗δ}⟩_{G≀Sn} = 1 n!|G|^n ∑ σ∈G≀S_n 1_{⃗γ} (σ)1_{⃗δ}(σ)

= {_1 n!|G|^n |C⃗γ | if ⃗γ = ⃗δ 0 otherwise = ∏_c i=1 1 z_{γi} (_{|Ci|} |G| )_{ℓ(γ}i_) if ⃗γ = ⃗δ 0 otherwise.

This tells us that in order to force the Frobenius map to be an isometry, we should define the scalar product on the basis {∏_c i=1 p_γi [X^i] } ⃗γ⊢n of Λc,n by ⟨_c ∏ i=1 p_γi [X^i] z_γi , c∏ i=1 p_δi [X^i] z_δi ⟩ Λ_{c,n} = ∏_c i=1 1 z_{γi} (_{|Ci|} |G| )_{ℓ(γ}i_) if ⃗γ = ⃗δ 0 otherwise.

This definition of a scalar product immediately provides a self dual basis for Λ_{c,n}: c∏ i=1 p_γi [X^i] √ z_γi (_{|Ci|} |G| )_{ℓ(γ}i_) : ⃗γ ⊢ n .

Before we continue with our development of a criterion for dual bases in Λ_{c,n} using an analog of the reproducing kernel in the space of symmetric functions, we digress to discuss the difference between our Frobenius map for G ≀ S_n and that of Macdonald [11]. His approach is slightly different than one presented in this paper, but the resulting Frobenius characteristic and inner product is simply a scalar multiple of ours. We will rejoin our approach with Lemma 7 on page 12.

Macdonald defines a graded C -algebra R(G ≀ S) by ⨁ n≥0 R(G ≀ S_n) where the multiplication on R(G ≀ S) is defined as follows. Given u ∈ R(G ≀ S_n) and v ∈ R(G ≀ S_m), then u × v ∈ R(G ≀ S_n × G ≀ S_m). Since one can naturally embed G ≀ S_n × G ≀ S_m into G ≀ S_{n+m}, one can define the induced representation A × B ↑^{G≀Sn+m} G≀S_n×G≀S_m

for any representations A of G ≀ S_n and B of G ≀ S_m. Thus we can define ind^{G≀Sn+m} G≀S_n×G≀S_m (χ A × χ^B) = χ^{A×B↑G≀Sn+mG≀Sn ×G≀Sm} . (9) Since all irreducible characters G ≀ S_n × G ≀ S_m are of the form χ^{A×B} as A and B run over the irreducible representations of G ≀ S_n and G ≀ S_m respectively, we can define ind^{G≀Sn+m} G≀S_n×G≀S_m (u × v) for any u × v ∈ R(G ≀ Sn × G ≀ Sm) by linearity. Then we define the

product of u and v in R(G ≀ S) by uv = ind^{G≀Sn+m} G≀S_n×G≀S_m (u × v). (10) In addition, R(G ≀ S) carries a scalar product defined by ⟨f, g⟩_{G≀S} = ∑ n≥0 ⟨f_n, g_n⟩_{G≀Sn}

where f = ∑ n≥0 f_n and g = ∑ n≥0 g_n for f_n, g_n ∈ G ≀ S_n. For r ≥ 1, i = 1, . . . , c, Macdonald lets p_r(i) be independent indeterminates over C and defines Λ(G ≀ S) by

Λ(G ≀ S) = C [p_r (i) : r ≥ 1, i = 1, . . . , c].

For a partition λ = (λ_1, . . . , λ_k), Macdonald defines p_λ(i) = ∏_k j=1 p_{λj} (i) and for any sequence ⃗ρ = (λ^1, . . . , λ^c) of partitions, he lets P_{⃗ρ} = ∏_c i=1 p_λi (i). The set of all P_{⃗ρ}, as ⃗ρ varies over all sequences of partitions of length c, forms a basis for Λ(G ≀ S). Macdonald defines a scalar product on Λ(G ≀ S) by declaring that

⟨P_{⃗ρ}, P_{⃗γ} ⟩ = ∏_c i=1 z_ρi (_{|G|} |C_i| )_{ℓ(ρ}i_) if ⃗ρ = ⃗γ 0 otherwise.

where ⃗ρ = (ρ^1, . . . , ρ^c). Next, Macdonald defines a function Ψ_n : G ≀ S_n → Λ(G ≀ S) such that Ψ_n(g) = P_{⃗ρ} if g is in the conjucacy class indexed by ⃗ρ. He then defines a C -linear mapping by defining for each f ∈ R(G ≀ S_n) ch(f) = ⟨f, Ψ_n⟩_{G≀Sn} = 1 |G ≀ S_n| ∑ g∈G≀S_n f(g)Ψ_n(g)

= ∑ ⃗ρ⊢n c∏ i=1 1 z_ρi ( |C_i| |G| )_{ℓ(ρ}i_) f_{⃗ρ}P_{⃗ρ} (11)

where f_{⃗ρ} is the value of f on the conjugacy class of G ≀ S_n indexed by ρ. Macdonald then shows that his characteristic map ch is an isometric isomorphism of graded C -algebras. To see the connection with our Frobenius characteristic F for G ≀ S_n, we can follow

Macdonal’s suggestion and think of p_r(i) as the power symmetric function p_r[X^i]. Thus, if ⃗ρ = (ρ^1, . . . , ρ^c), then P_{⃗ρ} = c∏ i=1 p_ρi [X^i]. It is not difficult to see from (11) that

ch(1_{⃗ρ}) = c∏ i=1 p_ρi [X^i] z_ρi ( |C_i| |G| )_{ℓ(ρ}i_) (12)

Thus comparing (12) with (8), we see that the only difference between our definition of the Frobenius characteristic for G ≀ S_n and Macdonald’s version is the extra factor of c∏ i=1 ( |C_i| |G| )_{ℓ(ρ}i_) . This causes our scalar product to differ from Macdonald’s scalar product

by a constant. That is, under Macdonald’s scalar product, ⟨_c ∏ i=1 p_ρi [X^i], c∏ i=1 p_δi [X^i] ⟩ Λ_{n,c} = ∏_c i=1 z_ρi (_{|G|} |C_i| )_{ℓ(ρ}i_) if ⃗ρ = ⃗δ 0 otherwise

while for our scalar product on Λ_{n,c}, ⟨_c ∏ i=1 p_ρi [X^i], c∏ i=1 p_δi [X^i] ⟩ Λ_{n,c} = ∏_c i=1 z_ρi (_{|Ci|} |G| )_{ℓ(ρ}i_) if ⃗ρ = ⃗δ 0 otherwise.

Next we shall develop a criterion for dual bases in Λ_{c,n}. We start by proving a technical lemma which will be crucial for our criterion. Lemma 7. For a conjugacy class C_i of G, ∏ j,k (1 − x_j y_k)^{− |G||C}i^| | | | |_{2n} = ∑ μ⊢n p_μ[X]p_μ[Y ] z_μ (_{|Ci|} |G| )_{ℓ(μ)}

where ·|_{2n} picks out the degree 2n terms from ·, X = x_1 + x_2 + · · · , and Y = y_1 + y_2 + · · · . Proof. The proof of this lemma is a result of formal power series manipulations. ∏ j,k (1 − x_j y_k)^{− |G||C}i^| | | | |_{2n} = exp ( |G| |C_i| ∑ j,k log ( 1 1 − x_j y_k ))| | |_{2n} = exp ( ∑ ℓ≥1 |G| |C_i| p_ℓ[X]p_ℓ[Y ] ℓ )| | |_{2n} = ∑ m≥0 1 m! ( ∑ ℓ≥1 |G| |C_i| p_ℓ[X]p_ℓ[Y ] ℓ )_m| | | |_{2n} .

Since our concern is of terms of degree 2n, the tail of this last sum may be chopped off. This gives n∑ m=1 1 m! ∑ a_1+···+a_n=n ( m a_1, a_2, . . . , a_n )_n∏ j=1 ( |G| |C_i| p_j [X]p_j[Y ] j )_{aj}

= n∑ m=1 ∑ a_1+···+a_n=n n∏ j=1 ( |G| |C_i| )_{aj} p_j[X]^{aj} p_j [Y ]^{aj} j^{aj} a_j! = ∑ μ⊢n ( |G| |C_i| )_{ℓ(μ)} p_μ[X]p_μ[Y ] z_μ , which completes the proof of this lemma.

Just as we let X^i = x^{(i)}_1 + · · ·+ x^{(i)}_N for i = 1, . . . , c, let Y^i = y^{(i)}_1 + · · ·+ y^{(i)}_N be a sum of variables for i = 1, . . . , c. Let Ω^{2n} = Ω^{2n}(X^1, . . . , X^c, Y^1, . . . , Y^c) be the terms of degree 2n in the expression_c ∏ i=1 ∏ j,k (1 − x^{(i)}_j y^{(i)}_k )^{− |G||C}i^| .

We will show that Ω^{2n} is the reproducing kernel for Λ_{c,n}. Theorem 8.

Ω^{2n} = ∑ ⃗γ⊢n c∏ i=1 p_γi [X^i] √ z_γi (_{|Ci|} |G| )_{ℓ(γ}i_) c∏ i=1 p_γi [Y^i] √ z_γi (_{|Ci|} |G| )_{ℓ(γ}i_) .

Proof. We have

Ω^{2n} = ∑ n_1+···+n_c=n c∏ i=1 ∏ j,k (1 − x^{(i)}_j y^{(i)}_k )^{− |G||C}i^| | | | |_{2ni} , which by Lemma 7 is equal to ∑ n_1+···+n_c=n c∏ i=1 ∑ μ^i⊢n_i ( |G| |C_i| )_{ℓ(μ}i_) p_μi [X^i]p_μi [Y^i] z_μi = ∑ n_1+···+n_c=n ∑ μ^1⊢n_1 · · · ∑ μ^c⊢n_c c∏ i=1 ( |G| |C_i| )_{ℓ(μ}i_) p_μi [X^i]p_μi [Y^i] z_μi

= ∑ ⃗γ⊢n c∏ i=1 p_γi [X^i] √ z_γi (_{|Ci|} |G| )_{ℓ(γ}i_) c∏ i=1 p_γi [Y^i] √ z_γi (_{|Ci|} |G| )_{ℓ(γ}i_) .

This completes the proof of the theorem.

Theorem 9. Two bases {a_{⃗γ} : ⃗γ ⊢ n} and {b_{⃗γ} : ⃗γ ⊢ n} of Λ_{c,n} are dual if and only if ∑ ⃗γ⊢n a_{⃗γ} (X^1, . . . , X^c)b_{⃗γ} (Y^1, . . . , Y^c) = Ω^{2n}.

Proof. Let ⃗γ_1, . . . , ⃗γ_m be some ordering of the set {⃗γ : ⃗γ ⊢ n} and let us think of the bases {a_{⃗γ} : ⃗γ ⊢ n}, {b_{⃗γ} : ⃗γ ⊢ n}, and c∏ i=1 p_γi [X^i] √ z_γi (_{|Ci|} |G| )_{ℓ(γ}i_) : ⃗γ ⊢ n as m-dimensional

column vectors where the i^{th} entry is equal to the corresponding basis element indexed by ⃗γ_i. Let ⃗a,⃗b, and ⃗p denote these column vectors. Let A and B be the two matrices such that ⃗a = A⃗p and ⃗b = B⃗p. The proof of this theorem is entirely linear algebra and does not depend on Ω^{2n} itself.

We will show that two bases are dual if and only if AB^⊤ = I_m after which it will be shown that AB^⊤ = I_m if and only if ∑ ⃗γ a_{⃗γ} (X^1, . . . , X^c)b_{⃗γ} (Y^1, . . . , Y^c) = Ω^{2n}.

Let ⃗a ⊙⃗b^⊤ denote the m × m matrix ‖ ‖⟨a_{⃗γ} (X^1, . . . , X^c), b_{⃗δ}(Y^1, . . . , Y^c)⟩_{Λc,n} ‖ ‖_{⃗γ,⃗δ⊢n} . The bases {a_{⃗γ} : ⃗γ ⊢ n} and {b_{⃗γ} : ⃗γ ⊢ n} are dual if and only if ⃗a ⊙⃗b^⊤ = I_m. We have that ⃗a ⊙⃗b^⊤ = (A⃗p) ⊙ (B⃗p)^⊤ = A⃗p ⊙ ⃗p^⊤B^⊤ = AB^⊤ because ⃗p ⊙ ⃗p^⊤ = I_m and because this product is associative. Therefore, the bases are dual if and only if AB^⊤ = I_m = A^⊤B.

We have that ∑ ⃗γ⊢n a_{⃗γ} (X^1, . . . , X^c)b_{⃗γ} (Y^1, . . . , Y^c) = ⃗a^⊤⃗b = (A⃗p)^⊤ (B⃗p) = ⃗p^⊤A^⊤B⃗p. From Theorem 8, ⃗p^⊤⃗p is equal to Ω^{2n}, which means that the equation in the statement of this theorem holds if and only if ⃗p^⊤A^⊤B⃗p = ⃗p^⊤⃗p. Using the fact that a basis for Λ_{c,n} is c∏ i=1 p_γi [X^i] √ z_γi (_{|Ci|} |G| )_{ℓ(γ}i_) : ⃗γ ⊢ n , it is easy to see that the equation in the statement of

this theorem holds if and only if A^⊤B = I_m. This completes the proof.

Let {χ^1, · · · , χ^c} be a complete set of characters of irreducible representations of G.

Theorem 10. Let χ^i_j be the irreducible character of the representation indexed by i on the conjugacy class C_j of the group G. Then

{_c ∏ i=1 s_γi [∑_c j=1χ^i_jX^j ] : ⃗γ ⊢ n } and {_c ∏ i=1 s_γi [∑_c j=1χ^i_j X^j ] : ⃗γ ⊢ n }

are dual.

Proof. By Theorem 9, we need only show that ∑ ⃗γ⊢n (_c ∏ i=1 s_γi [∑_c j=1χ^i_jX^j ] ) (_c ∏ i=1 s_γi [∑_c j=1χ^i_j Y^j ] ) = Ω^{2n}.

The left hand side of the above equality may be rewritten to look like ∑ n_1+···+n_c=n c∏ i=1 ∑ γ^i⊢n_i s_γi [∑_c j=1χ^i_j X^j ] s_γi [∑_c j=1χ^i_j Y^j ]

which by (7) in Corollary 5 is equal to ∑ n_1+···+n_c=n c∏ i=1 h_{ni} [(∑_c j=1χ^i_jX^j ) (∑_c j=1χ^i_j Y^j )] = ∑ n_1+···+n_c=n c∏ i=1 h_{ni} [ ∑ j,k χ^i_jχ^i_kX^j Y^k ] . By an iterated application of (6) in Corollary 5, this may be changed to look like h_n [_c ∑ i=1 ∑ j,k χ^i_jχ^i_kX^jY^k ] = h_n [ ∑ j,k X^jY^k (_c ∑ i=1 χ^i_j χ^i_k )] . The (column-wise) orthogonality of the irreducible characters of the group G tells us that (_c ∑ i=1 χ^i_jχ^i_k ) = {_{|G|} |C_j | if j = k 0 otherwise.

Therefore, the left hand side of the first equality in this proof is equal to h_n [_c ∑ i=1 |G| |C_i| X^iY^i ] = ∑ n_1+···+n_c=n c∏ i=1 h_{ni} [ |G| |C_i| X^iY^i ]

= ∑ n_1+···+n_c=n c∏ i=1 ∑ γ^i⊢n_i 1 z_γi p_γi [ |G| |C_i| X^iY^i ]

= ∑ n_1+···+n_c=n c∏ i=1 ∑ γ^i⊢n_i p_γi [X^i]p_γi [Y^i] z_γi (_{|Ci|} |G| )_{ℓ(γ}i_) .

The sum in the last equality is the right hand side of Theorem 8 after breaking the denominator into two square roots. Thus, our string of equalities is equal to Ω^{2n}.

5 Induced and Irreducible Characters

In this section, representations of subgroups of G ≀ S_n are induced to construct the irreducible representations of G ≀ S_n. Just as in the case of the symmetric group, the image of the irreducible characters involves the Schur basis.

Let A^λ be the irreducible representation of S_n corresponding to the partition λ and let χ^λ be the character of A^λ. Let ε denote the identity element in G and let us write G = {ε = τ_1, . . . , τ_k}. Define Â^λ as the representation of G ≀ S_n with the property that Â^λ ((εi, ε(i + 1))) is equal to A^λ ((i, i + 1)) and that Â^λ ((τ_j n)) is equal to the identity matrix of the proper dimension for i = 1, . . . , n − 1. This uniquely defines Â^λ because (εi, ε(i + 1)) and (τ_j n) may be shown to generate G ≀ S_n. Let χ̂^λ_{⃗γ} be the character of Â^λ on the conjugacy class C_{⃗γ} . It follows that χ̂^λ_{⃗γ} = χ^λ_γ1_{+···+γ}c where γ^1 + · · · + γ^c is the partition of n formed by combining the parts of the partitions γ^1, . . . , γ^c.

The character χ^i of the group G may be extended to the group G ≀ S_n in a similar way. Let A^i be the representation of G corresponding to χ^i. Define Â^i to be the representation of the group G≀S_n such that Â^i ((εi, ε(i + 1))) is the identity matrix of the proper dimension and Â^i((τ_j n)) = A^i(τ_j ). Let χ̂^i be the character of Â^i. For g ∈ C_j, one C_j -cycle of length k is (gi_1, εi_2, . . . , εi_k) = (εi_1, . . . , εi_k)(gi_1) = (εi_1, . . . , εi_k)(εi_1, εn)(gn)(εi_1, εn), so it may be seen that

χ̂^i_{⃗γ} = c∏ j=1 ( χ^i_j )_{ℓ(γ}j_)

where χ̂^i_{⃗γ} is the value of the character χ̂^i on the conjugacy class C_{⃗γ} .

Let A^i be the representation of G corresponding to χ^i and A^λ be the irreducible representation of S_n corresponding to the partition λ. The Kronecker product Â^i ⊗ Â^λ of the representations Â^i and Â^λ is defined such that for any σ ∈ G, Â^i ⊗ Â^λ(σ) = Âi(σ)⊗Âλ(σ). Here, for any matrices A = ||a_{i,j}|| and B, A⊗B is the block matrix ||a_{i,j}B||. It is not difficult to see that the character of Â^i ⊗Â^λ is χ̂^iχ̂^λ where χ̂^iχ̂^λ(σ) = χ̂^i(σ)·χ̂^λ(σ) for any σ ∈ G ≀ S_n.

Lemma 11. For λ ⊢ n and i = 1, . . . , c, s_λ [∑_c j=1χ^i_j X^j ] = F (χ̂^iχ̂^λ).

Proof. An iterated application of (2) in Theorem 4 gives s_λ [∑_c j=1χ^i_jX^j ] = ∑ ν^{c−1}⊆···⊆ν^1⊆λ s_{λ/ν}1 [χ^i_1X^1] · · · s_νc−2_{/ν}c−1 [χ^i_{c−1}X^{c−1}]s_νc−1 [χ^i_cX^c]

= ∑ ν^{c−1}⊆···⊆λ ∑ γ^1⊢|λ/ν^1| χ^{λ/ν1}_{γ1} z_γ1 p_γ1 [χ^i_1X^1] · · · ∑ γ^c⊢|ν^{c−1}| χ^{νc−1}_γc z_γc p_γc [χ^i_cX^c]

= ∑ n_1+···+n_c=n ∑ γ^1⊢n_1 · · · ∑ γ^c⊢n_c ∑ ν^{c−1}⊆···⊆λ χ^{λ/ν1}_{γ1} · · · χ^{νc−1}_γc c∏ j=1 p_γj [χ^i_jX^j ] z_γj .

An iterated application of Lemma 3 gives a simplification of the product of skew rim hook tableaux in the above equation. The above string of equalities is equal to ∑ n_1+···+n_c=n ∑ γ^1⊢n_1 · · · ∑ γ^c⊢n_c

χ^λ_γ1_{+γ}2_{+···+γ}c c∏ j=1 p_γj [χ^i_j X^j] z_γj = ∑ ⃗γ⊢n χ̂^λ_{⃗γ} c∏ j=1 ( χ^i_j )_{ℓ(γ}j_) p_γj [X^i] z_γi = ∑ ⃗γ⊢n χ̂^i_{⃗γ}χ̂^λ_{⃗γ} c∏ j=1 p_γj [X^i] z_γi = F (χ̂^iχ̂^λ).

If A is any representation of H where H is a subgroup of a group G, let A↑^G_H denote the induced representation of A to G. If ϕ^{A↑GH} is the character of A↑^G_H , then for any τ ∈ G, ϕ^{A↑GH} (τ) = 1 |H| ∑ g∈G ϕ^A(g^{−1}τg) (13)

where ϕ^A is extended to the entire group by defining ϕ^A(τ) = 0 for τ ∉ H. If B is any representation of G, let B↓^G_H be the restriction of B to the subgroup H.

Suppose n_1, . . . , n_c ≥ 0 are such that n_1 + · · · + n_c = n. We may think of (G ≀ S_{n1} ) × · · · × (G ≀ S_{nc} ) as a subgroup of G≀S_n where S_{nj} permutes { 1 + ∑ i<j n_i, 2 + ∑ i<j n_i, . . . , n_j + ∑ i<j n_i } . Let A^1, . . . , A^c be representations of G ≀ S_{n1} , . . . , G ≀ S_{nc} , respectively, and ϕ^1, . . . , ϕ^c the characters of these representations. We may form a representation A^1 × · · · × A^c such that if (g_1, . . . , g_c) ∈ (G ≀ S_{n1} ) × · · · × (G ≀ S_{nc} ), then

A^1 × · · · × A^c(g_1, . . . , g_c) = A^1(g_1) ⊗ · · · ⊗ A^c(g_c).

We will denote the character of this representation induced to G≀S_n by ϕ^1 × · · · × ϕ^c G^{≀Sn} . Lemma 12. F (ϕ^1 × · · · × ϕ^c G^{≀Sn} ) = c∏ i=1 F (ϕ^i). Proof. We have that F (ϕ^1 × · · · × ϕ^c G^{≀Sn} ) = ∑ ⃗γ⊢n (ϕ^1 × · · · × ϕ^c G^{≀Sn} )_{⃗γ} c∏ i=1 p_γi [X^i] z_γi = 1 n!|G|^n ∑ ⃗γ⊢n |C_{⃗γ} |(ϕ^1 × · · · × ϕ^c G_{≀Sn} )_{⃗γ} c∏ i=1 p_γi [X^i] ( |G| |C_i| )_{ℓ(γ}i_) .

Let ψ_n be a function mapping G ≀ S_n into Λ_{c,n}, which is constant on conjugacy classes, such that if σ ∈ C_{⃗γ} , then ψ_n(σ) =

∏_c i=1 p_γi [X^i] (_{|G|} |C_i| )_{ℓ(γ}i_) . Then our above string of equalities is equal to 1 n!|G|^n ∑ σ∈G≀S_n ϕ^1 × · · · × ϕ^c G_{≀Sn} (σ)ψ_n(σ) = 1 n!|G|^n ∑ σ∈G≀S_n 1 n_1! · · · n_c!|G|^n ∑ τ ∈G≀S_n ϕ^1 × · · · × ϕ^c(τστ^{−1})ψ_n(σ) = 1 n!n_1! · · · n_c!|G|^{2n} ∑ ξ,τ ∈G≀S_n ϕ^1 × · · · × ϕ^c(ξ)ψ_n(τ^{−1}ξτ) = 1 n_1! · · · n_c!|G|^n ∑ ξ∈(G≀S_{n1} )×···×(G≀S_{nc} ) ϕ^1 × · · · × ϕ^c(ξ)ψ_n(ξ). The last line of the above equality follows from the fact that ψ_n is constant on conjugacy classes and from (13). It may be noted that these last few equalities provide a sort of Frobenius reciprocity for this group. Continuing this string of equalities, we have c∏ i=1 1 n_i!|G|^{ni} ∑ σ_i∈G≀S_{ni} ψ_{ni} (σ_i)ϕ^i(σ_i) = c∏ i=1 1 n_i!|G|^{ni} ∑ ⃗γ^i⊢n_i |C_{⃗γ}i |(ϕ^i)_{⃗γ}i c∏ j=1 p_{⃗γi}j [X^j ] ( |G| |C_i| )_{ℓ(⃗γ}i^j_)

= c∏ i=1 ∑ ⃗γ^i⊢n_i (ϕ^i)_{⃗γ}i c∏ j=1 p_{⃗γi}j [X^j] z_{⃗γi}j = c∏ i=1 F (ϕ^i). Suppose A^i is an irreducible representation of the group G, A^{γi} an irreducible representation of the group S_{ni} , and Â^i and Â^{γi} are their extensions to the group G ≀ S_{ni} . Then we shall show that the representation A^{⃗γ} = ( Â^1 ⊗ Â^{γ1} ) × ( Â^2 ⊗ Â^{γ2} ) × · · · × ( Â^c ⊗ Â^{γc} ) G^{≀Sn}_{G≀Sn1 ×···×G≀Snc} (14) is irreducible for every ⃗γ ⊢ n. The character of A^{⃗γ} will be denoted by

χ^{⃗γ} = χ^{A⃗γ} = χ̂^1χ̂^{γ1} × · · · × χ̂^cχ̂^{γc} G^{≀Sn}_{G≀Sn1 ×···×G≀Snc} . (15) If χ^i is an irreducible character of the group G, then so is χ^i. This means that χ^i = χ^k for some k. Thus, χ̂^1χ̂^{γ1} × · · · × χ̂^cχ̂^{γc} G^{≀Sn} G≀S_{n1} ×···×G≀S_{nc} is equal to χ^{⃗δ} for some ⃗δ. Let us denote this character by χ^{⃗γ} . Combining Lemma 11 and Lemma 12, we have the following corollary.

Corollary 13. If ⃗γ ⊢ n,

F (χ^{⃗γ} ) = c∏ i=1 s_γi [∑_c j=1χ^i_j X^j ] and F (χ^{⃗γ} ) = c∏ i=1 s_γi [∑_c j=1χ^i_j X^j ] . Now we are ready to identify the irreducible characters of G ≀ S_n.

Theorem 14. The set {χ^{⃗γ} : ⃗γ ⊢ n} is a complete set of irreducible characters of G ≀ S_n.

Proof. Corollary 13 and Theorem 10 show ⟨ χ^{⃗γ} , χ^{⃗δ} ⟩ G≀S_n = ⟨_c ∏ i=1 s_γi [∑_c j=1χ^i_j X^j ] , c∏ i=1 s_δi [∑_c j=1χ^i_jX^j ] ⟩ Λ_{c,n} = { 1 if ⃗γ = ⃗δ 0 otherwise.

(16)

As ⃗δ varies, χ^{⃗δ} runs through all possible characters of the form χ^{⃗γ} . Therefore, since ⟨χ^{⃗γ} , χ^{⃗γ} ⟩ is greater than or equal to 1 for any ⃗γ, equation (16) implies that ⟨χ^{⃗γ} , χ^{⃗γ} ⟩ is actually equal to 1.

The scalar product of a character of a representation A with itself gives the sum of the squares of the multiplicities of the irreducible representations occurring in A. Thus, χ^{⃗γ} is irreducible for every ⃗γ. Since we now have the same number of irreducible characters as the number of conjugacy classes, {χ^{⃗γ} : ⃗γ ⊢ n} must be a complete set.

Theorem 14 not only tells us the characters of the irreducible representations of G≀S_n, but the actual irreducible representations as well. Suppose A^i is an irreducible representation of the group G, A^{γi} an irreducible representation of the group S_{ni} , and Â^i and Â^{γi} are the representations of G ≀ S_{ni} described in the beginning of this section. Then the representations ( Â^1 ⊗ Â^{γ1} ) × · · · × ( Â^c ⊗ Â^{γc} ) G^{≀Sn}_{G≀Sn1 ×···×G≀Snc} as ⃗γ runs over all ⃗γ ⊢ n form a complete set of representatives of the irreducible representations of G (up to conjugation).

6 An Analog of the Murnaghan-Nakayama Rule

In this section we provide a combinatorial interpretation for the irreducible characters of G ≀ S_n. Embedded within this interpretation is the Murnaghan-Nakayama rule for computing the irreducible characters of the symmetric group (consider G = {1}). This combinatorial interpretation may be used to find the value of the character indexed by ⃗γ on the conjugacy class C_{⃗δ}. It also can provide algorithms to find the character table of G ≀ S_n. Given ⃗γ, let γ^1 ⋆ · · · ⋆ γ^c be the skew shape formed by placing the Ferrers diagrams of γ^1, . . . , γ^c corner to corner. Let ⋆⃗γ be shorthand notation for the resultant shape. For instance, below we have drawn the shape (1, 3, 3) ⋆ (1) ⋆ (2, 4) ⋆ (4).

The shape ⋆⃗γ may be thought of as a skew shape μ/λ for some partitions μ, λ for which we have defined the notion of rim hook in Section 3. Note that our definitions ensure that if ρ is a rim hook of ⋆⃗γ, then ρ is a rim hook in γ^i for some i = 1, . . . , c. Suppose ρ is a rim hook of length k in γ^i in the shape ⋆⃗γ where k is a part of the partition δ^j. We define the weight of ρ as sgn(ρ)χ^i_j where sgn(ρ) is the usual sign of a rim hook; that is, sgn(ρ) is (−1)^{r−1} where r is the number of rows occupied by ρ. As in the rest of this document, χ^i_j denotes the irreducible character indexed by i on the conjugacy class j of the group G.

The definition of rim hook tableaux may be extended by defining a ⋆-rim hook tableau of shape ⃗γ and type ⃗δ as a rim hook tableaux of shape ⋆⃗γ where the lengths of the rim hooks are found in the parts of the partitions in ⃗δ. Define the weight of a ⋆-rim hook tableau T of shape ⃗γ and type ⃗δ as the product of the weights of the rim hooks in T .

As an example, suppose G has 4 conjugacy classes. Then ⃗γ = ((1, 3, 3), (1), (2, 4), (4)) and ⃗δ = ((1, 4), (1, 1, 3, 5), (2), (1)) are both indices of conjugacy classes of G ≀ S_{18}. The rim hooks in a ⋆-rim hook tableau of shape ⃗γ and type ⃗δ must have lengths found in ⃗δ. A ⋆-rim hook tableau of shape ⃗γ and type ⃗δ is found below.

3 1 4

2

1 2

The colors in the rim hook tabloid depicted above correspond to the colors in the parts of ⃗δ = ((1, 4), (1, 1, 3, 5), (2), (1)) and the numbers in some of the rim hooks indicate the order in which the rim hooks were placed into the tabloid among other rim hooks of the same color. The order of placement of the rim hooks in ⋆⃗γ is done in the order of the partitions in ⃗δ. That is, we first place the rim hooks corresponding to the parts of δ^1, then we place the rim hooks corresponding to δ^2, etc. In this example, the weight of the ⋆-rim hook tableau is χ^1_2χ^1_3(−χ^1)χ^2χ^3_4(−χ^3_2)χ^4_1χ^4_2.

Define ⋆χ^{⃗γ}_{⃗δ} to be equal to ∑ ⋆w(T ) where the sum runs over all ⋆-rim hook tableaux of shape ⃗γ and type ⃗δ. Throughout this document, every incarnation of the symbol “χ” has been used to denote the character of an irreducible representation (or a generalization thereof as in χ^{μ/λ}ν ). At no time has the symbol “χ” been used for any other purpose. Our current definition is no exception as shown by the following theorem, the aforementioned analog to the Murnaghan-Nakayama rule.

Theorem 15. The value of the irreducible character indexed by ⃗γ on the conjugacy class C_{⃗δ} is equal to ⋆χ^{⃗γ}_{⃗δ} . In other words, χ^{⃗γ}_{⃗δ} = ⋆χ^{⃗γ}_{⃗δ} .

Proof. Let T be a ⋆-rim hook tableau of shape ⃗γ and type ⃗δ. Let η^{j,i}(T ) be the partition formed by the lengths of the rim hooks of δ^j placed in the Ferrers diagram of γ^i in T . For example, in the ⋆-rim hook tableau T displayed on page 20, η^{3,1}(T ) = (2) and η^{2,3}(T ) = (5). Notice that

⋆w(T ) = sgn(T ) c∏ i,j ( χ^i_j )_{ℓ(η}j,i_{(T ))}

where sgn(T ) is the product of the signs of the rim hooks in T as usual. Suppose δ^j = (1^{d1,j} , . . . , n^{dn,j} ) and η^{j,i} = (1^{m1,j,i} , . . . , n^{mn,j,i} ). Then we know that for every k = 1, . . . , n, d_{k,j} = m_{k,j,1} + · · · + m_{k,j,c}. The number of ⋆-rim hook tableau T^′ of shape ⃗γ and type ⃗δ with η^{j,i}(T^′) = η^{j,i}(T ) for all j, i is equal to c∏ j=1 n∏ k=1 ( d_{k,j} m_{k,j,1}, . . . , m_{k,j,c} ) = c∏ j=1 n∏ k=1 d_{k,j}! m_{k,j,1}! · · · m_{k,j,c}! = c∏ j=1 n∏ k=1 k^{dk,j} d_{k,j}! k^{mk,j,1} m_{k,j,1}! · · · k^{mk,j,c} m_{k,j,c}! = c∏ j=1 z_δj z_ηj,1 · · · z_ηj,c .

By definition, ⋆χ^{⃗γ}_{⃗δ} = ∑ ⋆w(T ) where the sum runs over all possible ⋆-rim hook tableaux of shape ⃗γ and type ⃗δ. Counting this sum by partitions of the form η^{j,i}, we have that ⋆χ^{⃗γ}_{⃗δ} = ∑ η^{j,i} c∏ i=1 ∑ ∅=β^{0,i}⊆···⊆β^{c,i}=γ^i |β^{j,i}/β^{j−1,i}|=|η^{j,i}| c∏ j=1 z_δj z_ηj,1 · · · z_ηj,c χ^{βj,i/βj−1,i} η^{j,i} ( χ^i_j )_{ℓ(η}j,i_) (17)

where the first sum runs over all possible η^{j,i} such that for all j, i, we have that both |η^{1,i}| + · · · + |η^{c,i}| = |γ^i| and η^{j,1} + · · · + η^{j,c} = δ^j. The condition that η^{j,1} + · · · + η^{j,c} = δ^j may be eliminated from the sum as well as terms of the form z_δj if we multiply each term by p_ηj,i [X^j] and then take the coefficient of

∏_c j=1 p_{δj} [X^j ]

z_{δj} . That is, if we use the notation ·|_{∏cj=1 pδj [X}j_{]z} δj to denote the coefficient of

∏_c j=1 p_{δj} [X^j ]

z_{δj} in ·, then (17) is equal to

∑ η^{j,i} c∏ i=1 ∑ ∅=β^{0,i}⊆···⊆β^{c,i}=γ^i |β^{j,i}/β^{j−1,i}|=|η^{j,i}| c∏ j=1 χ^{βj,i/βj−1,i} η^{j,i} z_ηj,1 · · · z_ηj,c ( χ^i_j )_{ℓ(η}j,i_) p_ηj,i [X^j] | | | | | | |_{∏c} j=1 p δj [Xj ] z δj = ∑ η^{j,i} c∏ i=1 ∑ ∅=β^{0,i}⊆···⊆β^{c,i}=γ^i |β^{j,i}/β^{j−1,i}|=|η^{j,i}| c∏ j=1 χ^{βj,i/βj−1,i} η^{j,i} z_ηj,1 · · · z_ηj,c p_ηj,i [χ^i_j X^j] | | | | | | |_{∏c} j=1 p δj [Xj ] z δj = c∏ i=1 ∑ ∅=β^{0,i}⊆···⊆β^{c,i}=γ^i c∏ j=1 ∑ η^{j,i}⊢|β^{j,i}/β^{j−1,i} | χ^{βj,i/βj−1,i} η^{j,i} z_ηj,i p_ηj,i [χ^i_j X^j] | | | | |_{∏cj=1 pδj [X}j_{]z} δj .

At this point, we may use (1) along with an iterated application of (2) in Theorem 4 to

write the above expression in terms of Schur functions. In doing so, the above equalities

are equal to c∏ i=1 ∑ ∅=β^{0,i}⊆···⊆β^{c,i}=γ^i c∏ j=1 s_βj,i_{/β}j−1,i [ χ^i_j X^j ] | | | | |_{∏c} j=1 p δj [Xj ] z δj = c∏ i=1 s_γi [∑_c j=1χ^i_j X^j ] | | | |_{∏c} j=1 p δj [Xj ] z δj . (18)

Corollary 13 helps complete the proof of this theorem as the right hand side of (18) may

be rewritten to look like F (χ^{⃗γ} ) | |_{∏c} j=1 p δj [Xj ] z δj = ∑ ⃗δ⊢n χ^{⃗γ}_{⃗δ} c∏ j=1 p_δj [X^j] z_δj | | | | |_{∏cj=1 pδj [X}j_{]z} δj = χ^{⃗γ}_{⃗δ} .

We have shown that ⋆χ^{⃗γ}_{⃗δ} = χ^{⃗γ}_{⃗δ} , as desired.

Theorem 15 is the analog to the Murnaghan-Nakayama rule as it provides a combi-

natorial interpretation for the characters of the irreducible representations of G ≀ S_n. We

may now use this combinatorial interpretation to produce the following corollary.

Let h^{⋆⃗γ}_{(i,j)} denote 1 plus the number of cells in ⋆⃗γ to the right or above cell (i, j) in ⋆⃗γ.

These are known as the hook numbers.

Corollary 16. The degree of the irreducible representation of G ≀ S_n indexed by ⃗γ is equal to n! ∏ i,j h^{⋆⃗γ}_{(i,j)} c∏ k=1 ( f^k )_{ℓ(γ}k_) where f^k is the dimension of the k^{th} irreducible representation of G.

Proof. We are concerned about the dimension of the representation corresponding to ⃗γ. This number is given by the character of this representation on the conjugacy class ((1^n), ∅, . . . , ∅) because this is the conjugacy class which contains the identity element in G ≀ S_n. According to our combinatorial interpretation of the characters of G ≀ S_n, we only need to count the number of ways to fill ⋆⃗γ with rim hooks of length 1 and then multiply by the factor

∏_c k=1 ( f^k )_{ℓ(γ}k_) in order to find the dimension of the representation.

Frame, Robinson, and Thrall proved that f^λ =^{n!}∏_{i,j hλ(i,j)} where f^λ is the dimension of

the irreducible character of S_n indexed by the partition λ [4]. Therefore, if |γ^i| = n_i, we have χ^{⃗γ}_{((1n ),∅,...,∅)} = ( n n_1, . . . , n_c ) f^{γ1} · · · f^{γc} c∏ k=1 ( f^k )_{ℓ(γ}k_)

= n! n_1! · · · n_c! c∏ l=1 n_i! ∏ i,j h^{γl}_{(i,j)} c∏ k=1 ( f^k )_{ℓ(γ}k_)

= n! ∏ i,j h^{⋆⃗γ}_{(i,j)} c∏ k=1 ( f^k )_{ℓ(γ}k_) . We conclude this section with an example of one of the character tables which can be easily computed using Theorem 15. Let us enumerate the conjugacy classes of the alternating group on five letters so that the character table reads like that below. For convenience, let g=^{1+√5}_2 and g^′=^{1−√5}_2 .

C1 C2 C3 C4 C5 X1 1 1 1 1 1 X2 4 1 0 −1 −1 X3 5 −1 1 0 0 X4 3 0 −1 g g^′ X5 3 0 −1 g^′ g

The character table for A_5 ≀ S_2 will be found. The vector partitions of 2 with 5 parts indexing the conjugacy classes of the group are listed along with the sizes of the conjugacy classes themselves. The conjugacy classes corresponding to the first two vector partitions have been flipped in order to list the dimension of the irreducible characters in the first column of the character table. Below is the character table of A_5 ≀ S_2:

vector partition size X1 ((2),∅,∅,∅,∅) C2 60 X2 ((1, 1),∅,∅,∅,∅) C1 1 X3 ((1),(1),∅,∅,∅) C3 40 X4 (∅,(2),∅,∅,∅) C4 1200 X5 (∅,(1, 1),∅,∅,∅) C5 400 X6 ((1),∅,(1),∅,∅) C6 30 X7 (∅,(1),(1),∅,∅) C7 600 X8 (∅,∅,(2),∅,∅) C8 900 X9 (∅,∅,(1, 1),∅,∅) C9 225 X10 ((1),∅,∅,(1),∅) C10 24 vector partition size X11 (∅,(1),∅,(1),∅) C11 480 X12 (∅,∅,(1),(1),∅) C12 360 X13 (∅,∅,∅,(2),∅) C13 720 X14 (∅,∅,∅,(1, 1),∅) C14 144 X15 ((1),∅,∅,∅,(1)) C15 24 X16 (∅,(1),∅,∅,(1)) C16 480 X17 (∅,∅,(1),∅,(1)) C17 360 X18 (∅,∅,∅,(1),(1)) C18 288 X19 (∅,∅,∅,∅,(2)) C19 720 X20 (∅,∅,∅,∅,(1, 1)) C20 144

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 C13 C14 C15 C16 C17 C18 C19 C20 X1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 X2 1 −1 1 −1 1 1 1 −1 1 1 1 1 −1 1 1 1 1 1 −1 1 X3 8 0 5 0 2 4 1 0 0 3 0 −1 0 −2 3 0 −1 −2 0 −2 X4 16 4 4 1 1 0 0 0 0 −4 −1 0 −1 1 −4 −1 0 1 −1 1 X5 16 −4 4 −1 1 0 0 0 0 −4 −1 0 1 1 −4 −1 0 1 1 1 X6 10 0 4 0 −2 6 0 0 2 5 −1 1 0 0 5 −1 1 0 0 0 X7 40 0 1 0 −2 4 1 0 0 −5 1 −1 0 0 −5 1 −1 0 0 0 X8 25 5 −5 −1 1 5 −1 1 1 0 0 0 0 0 0 0 0 0 0 0 X9 25 −5 −5 1 1 5 −1 −1 1 0 0 0 0 0 0 0 0 0 0 0 X10 6 0 3 0 0 2 −1 0 −2 3+g g g−1 0 2g 3+g^′ g^′ g^′−1 1 0 2g^′ X11 24 0 3 0 0 −4 −1 0 0 4g−3 g 1 −g g^2 4g^′−3 g^′ 1 −1 −g^′ g^{′2} X12 30 0 −3 0 0 −2 1 0 −2 5g −g g 0 0 5g^′ −g^′ g^′ 0 0 0 X13 9 3 0 0 0 −3 0 −1 1 3g 0 −g g g^2 3g^′ 0 −g^′ −1 g^′ g^{′2} X14 9 −3 0 0 0 −3 0 1 1 3g 0 −g −g g^2 3g^′ 0 −g^′ −1 −g^′ g^{′2} X15 6 0 3 0 0 2 −1 0 −2 3+g^′ g^′ g^′−1 0 2g^′ 3+g g g−1 1 0 2g X16 24 0 3 0 0 −4 −1 0 0 4g^′−3 g^′ 1 −g^′ g^{′2} 4g−3 g 1 −1 −g g^2 X17 30 0 −3 0 0 −2 1 0 −2 5g^′ −g^′ g^′ 0 0 5g −g g 0 0 0 X18 18 0 0 0 0 −6 0 0 2 3 0 −1 0 −2 3 0 −1 3 0 −2 X19 9 3 0 0 0 −3 0 1 1 3g^′ 0 −g^′ g^′ g^{′2} 3g 0 −g −1 g g^2 X20 9 −3 0 0 0 −3 0 1 1 3g^′ 0 −g^′ −g^′ g^{′2} 3g 0 −g −1 −g g^2

As an example, note that X19 corresponds to the vector partition ⃗γ = (∅, ∅, ∅, ∅, (2)) and C15 corresponds the vector partition ⃗δ = ((1), ∅, ∅, ∅, (1)). It is easy to check that there is exactly one rim hook tableau of shape ⃗γ and type ⃗δ and the weight of that rim hook tableau is χ^5_1χ^5 = 3g. Thus the value of X19 at C15 is 3g. The other entries in the table are computed in a similar manner.

7 Kronecker Products

In this section, we prove a generalization of a theorem of Littlewood which allows the Kronecker product of two irreducible representations of G ≀ S_n to be decomposed into irreducible components. In addition, we show that our analog of Littlewood’s theorem can be used to give a natural extension of the algorithm developed by Garsia and Remmel to compute Kronecker products of representation of G ≀ S_n [5]. Specifically, let A^λ, A^μ be irreducible representations of S_n. Define s_λ ⊗ s_μ to be the image of χ^{Aλ⊗Aμ} under the Frobenius characteristic for the symmetric group. Let c^ν_{λ,μ} be the Littlewood-Richardson coefficients which give the occurrences of s_ν in s_λs_μ. Littlewood proved the following theorem in [9].

Theorem 17. Let λ ⊢ n, μ ⊢ m, and ν ⊢ n + m. Then

s_λs_μ ⊗ s_ν = ∑ α⊢m β⊢n c^ν_{α,β}(s_λ ⊗ s_α)(s_μ ⊗ s_β). (19)

Later, Garsia and Remmel showed that Littlewood’s theorem could be rewritten in the following way [5].

Theorem 18. Let λ ⊢ n, μ ⊢ m, and ν ⊢ n + m. Then

s_λs_μ ⊗ s_ν = ∑ α⊢m α⊆ν (s_λ ⊗ s_α)(s_μ ⊗ s_{ν/α}). (20)

We can use either (19) or (20) to compute Kronecker products for the symmetric group S_n as follows. Suppose one wants to compute s_λ ⊗ s_ν . First we can employ the Jacobi-Trudi identity to express s_λ as a signed sum of homogeneous symmetric functions h_μ so that we can reduce the problem of computing s_λ ⊗ s_ν to the problem of computing h_μ ⊗ s_ν . Then Theorem 17 may be iterated to prove the following.

Theorem 19. Let μ = (μ_1, . . . , μ_k) ⊢ n and ν ⊢ n. Then h_{μ1} · · · h_{μk} ⊗ s_ν = ∑ α_i⊢|μ_i| c^ν_{α1,...,αk} k∏ i=1 h_{μi} ⊗ s_{αi}

= ∑ α_i⊢|μ_i| c^ν_{α1,...,αk} k∏ i=1 s_{αi} . (21)

Here, c^ν_{α1,...,αk} = ⟨s_{α1} · · · s_{αk} , s_ν⟩. The second equality follows since h_n ⊗ s_λ = s_λ for all n and λ ⊢ n. Similarly, one can iterate Theorem 18 to prove the following.

Theorem 20. Let μ = (μ_1, . . . , μ_k) ⊢ n and ν ⊢ n. Then h_{μ1} · · · h_{μk} ⊗ s_ν = ∑ ∅=α_0⊂α_1⊂···⊂α_k=ν |α_i/α_{i−1} |=|μ_i| s_{ν/αk} · · · s_{α2/α1} s_{α1} . (22)

From an algorithmic point of view, the advantage of (22) over (21) is that it usually has far fewer terms. Moreover, for (21), one often has to waste time computing Littlewood- Richardson coefficients c^ν_{α1,...,αk} which turn out to be zero and thus make no contribution to the final sum. One might think that a disadvantage of (22) versus (21) is that we end up having to take a product of skew Schur functions rather the product of ordinary Schur functions. However, versions of the Littlewood-Richardson rule appearing in the literature imply that there is no difference in the complexity of computing the product of skew Schur functions versus computing the product of ordinary Schur functions; see, for example, the version of the Littlewood-Richardson rule due to Remmel and Whitney [14].

We shall show that a similar situation arises in G≀S_n. For this section, let s_{⃗γ} denote the analog the Schur function in the space Λ_{c,n}; in other words, s_{⃗γ} =

∏_c i=1 s_γi [∑_c j=1χ^i_j X^j ] . In the same vein, let s_{⃗γ} =

∏_c i=1 s_γi [∑_c j=1χ^i_j X^j ] . Let A^{⃗γ} and A^{⃗δ} be irreducible represen-

tations of G ≀ S_n and let us denote F (χ^{A⃗γ ⊗A⃗δ} ) by s_{⃗γ} ⊗ s_{⃗δ} and let F (χ^{A⃗ν} ) = s_{⃗ν} (the former will be known as the Kronecker product of Schur functions over G ≀ S_n).

If ⃗ξ = (ξ^1, . . . , ξ^c) and ⃗ν = (ν^1, . . . , ν^c), then we say ⃗ξ ⊆ ⃗ν if ξ^i ⊆ ν^i for i = 1, . . . , c. If ⃗ξ ⊆ ⃗ν, then we let ⃗ν/⃗ξ = (ν^1/ξ^1, . . . , ν^c/ξ^c). These are generalizations of the notions of ξ ⊆ ν and ν/ξ for partitions as defined in Section 3. Then we have the following generalization of Theorem 17.

Theorem 21. Let ⃗γ ⊢ n, ⃗δ ⊢ m and ⃗ν ⊢ n + m. Then s_{⃗γ} s_{⃗δ} ⊗ s_{⃗ν} = ∑ ⃗ξ⊢n ⃗η⊢m c∏ i=1 c^{νi}_ξi_{,η}i ( s_{⃗γ} ⊗ s_{⃗ξ} ) ( s_{⃗δ} ⊗ s_{⃗η} )

where the sum runs over all ⃗ξ = (ξ^1, . . . , ξ^c) and ⃗η = (η^1, . . . , η^c) such that |ξ^i|+|η^i| = |ν^i| for all i = 1, . . . , c.

Similarly, we have the following analog of Theorem 18.

Theorem 22. Let ⃗γ ⊢ n, ⃗δ ⊢ m and ⃗ν ⊢ n + m. Then s_{⃗γ} s_{⃗δ} ⊗ s_{⃗ν} = ∑ ⃗ξ⊢n ⃗ξ⊆⃗ν ( s_{⃗γ} ⊗ s_{⃗ξ} ) ( s_{⃗δ} ⊗ s_{⃗ν/⃗ξ} ) .

Proof. A special case of Lemma 12 shows that F ( χ^{A⃗γ ⊗A} ⃗δ G^{≀Sn+m} G≀Sn×G≀Sm ) = F (χ^{A⃗γ} )F (χ^{A⃗δ} ). According to Corollary 13, this is equal to s_{⃗γ} s_{⃗δ}. Within the proof of Lemma 12, a class function ψ_{n+m} was defined on G ≀ S_{n+m} such that if σ ∈ C_{⃗λ}, then

ψ_{n+m}(σ) = c∏ i=1 p_λi [X^i] ( |G| |C_i| )_{ℓ(λ}i_) . With this definition, if α ∈ G≀S_n and β ∈ G≀S_m, then (α, β) is an element in G≀S_n ×G≀S_m such that ψ_{n+m}(α, β) = ψ_n(α)ψ_m(β). This fact follows from the multiplicative property of the power basis.

The Littlewood-Richardson coefficients for the analogs of Schur symmetric functions can be found: s_{⃗γ} s_{⃗δ} = c∏ i=1 s_γi [∑_c j=1χ^i_jX^j ] s_δi [∑_c j=1χ^i_j X^j ]

= c∏ i=1 ∑ ν^i⊢|γ^i|+|δ^i| c^{νi}_γi_{,δ}i s_νi [∑_c j=1χ^i_j X^j ]

= ∑ ⃗ν⊢n+m c∏ i=1 c^{νi}_γi_{,δ}i s_νi [∑_c j=1χ^i_jX^j ] .

Due to Frobenius’ reciprocity, we have that ⟨ χ^{A⃗ν} G^{≀Sn+m} G≀Sn×G≀Sm , χA ⃗γ ⊗A^{⃗δ} ⟩ G≀S_n×G≀S_m = ⟨ χ^{A⃗ν} , χ^{A⃗γ ⊗A} ⃗δ G^{≀Sn+m} G≀Sn×G≀Sm ⟩ G≀S_{n+m} = ⟨ s_{⃗ν} , s_{⃗γ} s_{⃗δ} ⟩ Λ_{c,n+m} = ⟨ s_{⃗ν} , ∑ ⃗α⊢n c∏ i=1 c^{αi}_γi_{,δ}i s_αi ⟩ Λ_{c,n+m} = c∏ i=1 c^{νi}_γi_{,δ}i . This shows that χ^{A⃗ν} G^{≀Sn+m} G≀Sn×G≀Sm = ∑ ⃗γ⊢n ⃗δ⊢m c∏ i=1 c^{νi}_γi_{,δ}i χ^{A⃗γ} χ^{A⃗δ} . (23)

Therefore, s_{⃗γ} s_{⃗δ} ⊗ s_{⃗ν} = F ( χ^{A⃗γ ⊗A} ⃗δ G^{≀Sn+m} G≀Sn×G≀Sm ⊗A^{⃗ν} )

= 1 |G ≀ S_{n+m}| ∑ σ∈G≀S_{n+m} χ^{A⃗γ ⊗A} ⃗δ G^{≀S}n+m G≀Sn×G≀Sm (σ)χA ⃗ν (σ)ψ_{n+m}(σ) = 1 |G ≀ S_{n+m}| ∑ σ∈G≀S_{n+m} 1 |G ≀ S_n||G ≀ S_m| ∑ τ ∈G≀S_{n+m} χ^{A⃗γ ⊗A⃗δ} (τστ^{−1})χ^{A⃗ν} (σ)ψ_{n+m}(σ) = 1 |G ≀ S_n||G ≀ S_m| ∑ α∈G≀S_n β∈G≀S_m χ^{A⃗γ} (α)χ^{A⃗δ} (β)χ^{A⃗ν} (α, β)ψ_{n+m}(α, β)

= 1 |G ≀ S_n||G ≀ S_m| ∑ α∈G≀S_n β∈G≀S_m χ^{A⃗γ} (α)χ^{A⃗δ} (β) ∑ ⃗ξ⊢n ⃗η⊢m c∏ i=1 c^{νi}_ξi_{,η}i χ^{A⃗ξ} (α)χ^{A⃗η} (β)ψ_n(α)ψ_m(β)

where this last equality comes from (23) and steps similar to those found in the proof of Lemma 12. Finally, we have that the above equation is equal to ∑ ⃗ξ⊢n ⃗η⊢m c∏ i=1 c^{νi}_ξi_{,η}i ( ∑ α∈G≀S_n χ^{A⃗γ} (α)χ^{A⃗ξ} (α)ψ_n(α) |G ≀ S_n| ) ( ∑ β∈G≀S_m χ^{A⃗δ} (β)χ^{A⃗η} (β)ψ_m(β) |G ≀ S_m| )

which may be written as ∑ ⃗ξ⊢n ⃗η⊢m c∏ i=1 c^{νi}_ξi_{,η}i ( s_{⃗γ} ⊗ s_{⃗ξ} ) ( s_{⃗δ} ⊗ s_{⃗η} ) . (24)

This proves Theorem 21. To prove Theorem 22, one need only to observe that ∑ ⃗ξ⊢n ⃗η⊢m c∏ i=1 c^{νi}_ξi_{,η}i ( s_{⃗γ} ⊗ s_{⃗ξ} ) ( s_{⃗δ} ⊗ s_{⃗η} ) = ∑ ⃗ξ⊢n ⃗ξ⊆⃗ν ( s_{⃗γ} ⊗ s_{⃗ξ} ) s_{⃗δ} ⊗ ∑ ⃗η⊢m c∏ i=1 c^{νi}_ξi_{,η}i s_{⃗η}

= ∑ ⃗ξ⊢n ⃗ξ⊆⃗ν ( s_{⃗γ} ⊗ s_{⃗ξ} ) ( s_{⃗δ} ⊗ s_{⃗ν/⃗ξ} ) .

Retracing the proof of the above theorem and examining where the conjugation of s_{⃗ν} took effect, Theorem 22 may be restated to read that for ⃗γ ⊢ n, ⃗δ ⊢ m and ⃗ν ⊢ n + m, s_{⃗γ} s_{⃗δ} ⊗ s_{⃗ν} = ∑ ⃗ξ⊢n ⃗ξ⊆⃗ν ( s_{⃗γ} ⊗ s_{⃗ξ} ) ( s_{⃗δ} ⊗ s_{⃗ν/⃗ξ} ) . (25)

The proof of the following corollary exploits the linearity of the Kronecker product and uses a simple iterated application of Theorem 22 and its above restatement.

Corollary 23. Let ⃗γ^1, . . . , ⃗γ^k be vector partitions of n_1, . . . , n_k, respectively and let ⃗ν be a vector partition of n_1 + · · · + n_k. Then, s_{⃗γ}1 · · · s_{⃗γ}k ⊗ s_{⃗ν} = ∑ ( s_{⃗γ}k ⊗ s_{⃗ν/⃗ξk−1} ) ( s_{⃗γ}k−1 ⊗ s_{⃗ξk−1/⃗ξk−2} ) · · · ( s_{⃗γ}1 ⊗ s_{⃗ξ1} )

where the sum runs over all vector partitions ⃗ξ^1 ⊢ n_1, ⃗ξ^2 ⊢ n_1 + n_2, . . . , ⃗ξ^k ⊢ n_1 + · · · + n_k where ⃗ξ^1 ⊆ · · · ⊆ ⃗ξ^k ⊆ ⃗ν. Conjugation of the skew Schur functions alternates except for the final two terms which are either both conjugated or both not conjugated.

Corollary 23 above reduces the problem of taking the Kronecker product of a product of Schur functions to finding the Kronecker product of two Schur functions. By definition, we have that for any ⃗γ, s_{(γ}1_{,...,γ}k_) = s_{(γ1,∅,...,∅)} · · · s_{(∅,...,∅,γ}k_). The Jacobi-Trudy identity may be applied to change functions of the form s_{(∅,...,γ}i_{,...,∅)} into a sum of products of Schur functions of the form s_{(∅,...,(l),...,∅)}. Applying Corollary 23 over this sum of Schur functions, the problem of finding s_{⃗γ} ⊗ s_{⃗δ} boils down to finding the Kronecker product of two Schur functions of the form s_{(∅,...,(l),...,∅)}. That is, the situation is reduced to finding s_{(∅,...,(l),...,∅)} ⊗ s_{(∅,...,(k),...,∅)} = F ( χ^{A(∅,...,(l),...,∅)⊗A(∅,...,(k),...,∅)} ) . The description of the irreducible characters given in Section 5 may be used to see that the representation A^{(∅,...,(l),...,∅)} where (l) appears in the i^{th} place is equal to Â^i ⊗ Â^{(l)}; however, Â^{(l)} is the trivial representation, so A^{(∅,...,(l),...,∅)} is actually the i^{th} irreducible representation of G. Therefore, the problem of breaking the Kronecker product of irreducible representations of G ≀ S_n into its irreducible components is reduced to finding the Kronecker product of irreducible representations in G.

For some groups, breaking the Kronecker products of irreducible representations into irreducible components is well known. For instance, all characters of finite abelian groups are linear, making Kronecker products simply point-wise multiplication. For these groups, the methods outlined above provide a way to break apart Kronecker products in G ≀ S_n.

Let us turn our attention to groups of the form Z_k ≀ S_n since the irreducible characters of this group are linear—making Kronecker products in this group easy to find. We will explicitly calculate an example of how to decompose Kronecker products for the hyperoctahedral group Z_2 ≀ S_n. Recall that the character table of Z_k is ‖ε^{(i−1)(j−1)}‖_{i,j=1,...,k} where ε = e^{2πi/k} is a primitive k^{th} root of unity.

Theorem 24. For the group Z_k ≀ S_n, χ^{(γ1 ,...,γk)} = χ^{(∅,(n),∅,...,∅)}χ^{(γ2,...,γk,γ1)}. Proof. We give a bijective, combinatorial proof using the notion of ⋆-rim hook tableaux developed in Section 6. Let {χ^1, . . . , χ^k} be the irreducible characters of the group Z_k = {1, σ, . . . , σ^{k−1}} such that χ^j(σ^s) = ε^{s(j−1)} where ε = e^{2πi/k} is a primitive k^{th} root of unity. This way, since the conjucagy classes of Z_k are of the form {σ^i}, the value χ^i_j is equal to ε^{(i−1)(j−1)} and thus the character table of Z_k is ‖ε^{(i−1)(j−1)}‖_{i,j=1,...,k}.

Let T be a ⋆-rim hook tableau of shape ⃗γ and type ⃗δ. Let us form a ⋆-rim hook tableau T^′ of shape (γ^2, . . . , γ^k, γ^1) by cyclically rotating the Ferrers diagrams of γ^1, . . . , γ^k. This process is 1-1. We will track how the parts in δ^j affect the weight of T^′ with respect to the weight of T .

Say there are j_{i−1} parts of δ^j found in γ^i. This means j_0 + · · · + j_{k−1} = ℓ(δ^j). The contributing factor of δ^j in w(T ) is

(ε^{0(j−1)})^{j0} · · · (ε^{(k−2)(j−1)})^{jk−2} (ε^{(k−1)(j−1)})^{jk−1}

while the contributing factor of δ^j in w(T^′) is

(ε^{0(j−1)})^{j1} · · · (ε^{(k−2)(j−1)})^{jk−1} (ε^{(k−1)(j−1)})^{j0} .

Thus, by this cyclic rotation of T into T^′, a factor of

(ε^{0(j−1)})^{j0−j1} (ε^{1(j−1)})^{j1−j2} · · · (ε^{(k−2)(j−1)})^{jk−2−jk−1} (ε^{(k−1)(j−1)})^{jk−1−j0} (26)

arises. Using the fact that ε is a primitive k^{th} root of unity, the factor in (26) may be rewritten to look like ε^{(j−1)(j0+···+jk−1)} which is equal to ε^{(j−1)ℓ(δj )}.

This means the change in weight when rotating T to create T^′ can be found. Since the rim hooks in T are not changing, the only possible difference in w(T ) and w(T^′) can come from the weights of powers of ε from the parts found in δ^1, . . . , δ^k. It follows that w(T ) = ε^{0ℓ(δ1 )}ε^{1ℓ(δ2 )} · · · ε^{(k−1)ℓ(δk )}w(T^′). This coincides with the combinatorial interpretation of the character corresponding to the vector partition (∅, (n), ∅, . . . , ∅) because χ^{(∅,(n),∅,...,∅)} ⃗δ = (ε^0)^{ℓ(δ1)}(ε^1)^{ℓ(δ2)} · · · (ε^{(k−1)})^{ℓ(δk )}.

Therefore, χ^{(γ1,...,γk−1,γk)} ⃗δ = ∑ T of shape (γ^1, . . . , γ^k) and type ⃗δ w(T )

= ∑ T^′ of shape (γ^2 , . . . , γ^k , γ^1) and type ⃗δ χ^{(∅,(n),∅,...,∅)} ⃗δ w(T^′)

= χ^{(∅,(n),∅,...,∅)} ⃗δ χ^{(γ2,...,γk,γ1)} ⃗δ . Corollary 25. For the group Z_k ≀ S_n, χ^{(γ1 ,...,γk)} = χ^{(∅,...,(n),...,∅)}χ^{(γi,γi+1,...,γi−1)} where the part (n) in χ^{(∅,...,(n),...,∅)} appears in the i^{th} component and (γ^i, γ^{i+1}, . . . , γ^{i−1}) is a cyclic rotation of the partitions in (γ^1, . . . , γ^k). Proof. According to Theorem 24, χ^{(∅,(n),∅,...,∅)}χ^{(∅,...,(n)j ,...,∅)} = χ^{(∅,...,(n)j+1,...,∅)} (27) where (n)_j means that the partition (n) appears in the j^{th} component. Therefore, χ^{(γ1,...,γk)} = χ^{(∅,(n),∅,...,∅)} · · · χ^{(∅,(n),∅,...,∅)}χ^{(γi,γi+1,...,γi−1)} = χ^{(∅,...,(n)i,...,∅)}χ^{(γi ,γi+1,...,γi−1)} via i applications of (27).

Corollary 26. For the group Z_k ≀ S_n, s_{(∅,...,(n),...,∅)} ⊗ s_{(γ}i_{,γ}i+1_{,...,γ}i−1_) = s_{(γ}1_{,...,γ}k_) where the part (n) in the vector partition (∅, . . . , (n), . . . , ∅) appears in the i^{th} component and (γ^i, γ^{i+1}, . . . , γ^{i−1}) is a cyclic rotation of the partitions in (γ^1, . . . , γ^k). Proof. Corollary 16 in Section 6 shows A^{(∅,...,(n),...,∅)} is one dimensional where A^{⃗γ} is the irreducible representation of Z_k ≀ S_n associated with ⃗γ. Corollary 25 gives that s_{(∅,...,(n),...,∅)} ⊗ s_{(γ}i_{,γ}i+1_{,...,γ}i−1_) = F ( χ^{A(∅,...,(n),...,∅)⊗A(γi,γi+1,...,γi−1)} )

= F ( χ^{(∅,...,(n),...,∅)}χ^{(γi,γi+1,...,γi−1)} )

= F ( χ^{(γ1,...,γk)} ) = s_{(γ}1_{,...,γ}k_).

It may be noted that Theorem 24, Corollary 25, and Corollary 26 all may be generalized to arbitrary finite abelian groups. After all, any finite abelian group is a product of groups of the form Z_k.

We conclude this paper with an example of how to break Kronecker products into irreducible components in the case of the hyperoctahedral group Z_2 ≀ S_n. The Schur analog in Z_2 ≀ S_n is {s_γ1 [X^1 + X^2]s_γ2 [X^1 − X^2]} where |γ^1| + |γ^2| = n. These characters are invariant under complex conjugation, providing the self-duality of this basis for Λ_{n,2}. Also due to this observation, the statement of Theorem 22 and (25) are the same. This means that there is no conjugation to keep track of when using this theorem or associated equation.

Suppose we are interested in decomposing A^{((3),(3))} ⊗ A^{((22 ),(12))} into irreducible components. Equation (25) may be employed to the Frobenius image of the character of this representation which is s_{((3),(3))} ⊗s_{((2}2_{),(1}2_{))}. The strategy is to break s_{((3),(3))} into a product of the two Schur functions s_{((3),∅)} and s_{(∅,(3))} and then use Corollary 26. Throughout our calculations, the reader is assumed to know a method to find the coefficient of s_ν in the product s_αs_β (this is the Littlewood-Richardson coefficient c^ν_{α,β}).

We have according to Theorem 22 that

s_{((3),(3))} ⊗ s_{((2}2_{),(1}2_{))} = s_{((3),∅)}s_{(∅,(3))} ⊗ s_{((2}2_{),(1}2_{))} = ∑ ⃗ξ⊢3 ⃗ξ⊆((22 ),(12)) ( s_{((3),∅)} ⊗ s_{⃗ξ} ) ( s_{(∅,(3))} ⊗ s_{((22 ),(12))/⃗ξ} )

= ∑ |ξ^1|+|ξ^2|=3 ξ^1⊆(2^2),ξ^2⊆(1^2)

s_{(ξ}1_{,ξ}2_)s_{((1}2_{)/ξ}2_{,(2}2_{)/ξ}1_). (28)

The Kronecker products in the second line of the above equation were simplified using Corollary 26. In general, for partitions other than (n) or (1^n), the Jacobi-Trudy identity can be employed so that the resultant Kronecker products are in terms of partitions with corresponding linear characters.

There are only a few possibilities for partitions ξ^1 and ξ^2 which satisfy |ξ^1| + |ξ^2| = 3, ξ^1 ⊆ (2^2), and ξ^2 ⊆ (1^2). Below we give the ⋆-shape of ((2^2), (1^2)) with the four possibilities for ξ^1 and ξ^2 shaded in teal.

Thus, we have four cases to consider:

Case 1 Case 2 Case 3 Case 4 ⃗ξ ((1, 2), ∅) ((12), (1)) ((2), (1)) ((1), (12)) ((1^2)/ξ^2, (2^2)/ξ^1) ((1^2), (1)) ((1), (1^2)) ((1), (2)) (∅, (1, 2))

In case 4, note that s_{(2}2_{)/(1)} = s_{(1,2)}. Equation (28) shows that we must multiply s_{⃗ξ} together with s_{((1}2_{)/ξ}2_{,(2}2_{)/ξ}1_) for each case and then sum the results to find s_{((3),(3))} ⊗ s_{((2}2_{),(1}2_{))}. Since s_{⃗ξ} = s_{(ξ}1_{,∅)}s_{(∅,ξ}2_), we now have reduced the situation to the relatively easy problem of multiplying Schur functions. Via methods in [13], it may be found that

s_{((1,2),∅)}s_{((1}2_{),(1))} = s_{((1}3_{,2),(1))} + s_{((1,2}2_{),(1))} + s_{((1}2_{,3),(1))} + s_{((2,3),(1))} (29) s_{((1}2_{),(1))}s_{((1),(1}2_{))} = s_{((1}3_{),(1}3_{))} + s_{((1}3_{),(1,2))} + s_{((1,2),(1}3_{))} + s_{((1,2),(1,2))} (30) s_{((2),(1))}s_{((1),(2))} = s_{((1,2),(1,2))} + s_{((1,2),(3))} + s_{((3),(1,2))} + s_{((3),(3))} (31) s_{((1),(1}2_{))}s_{(∅,(1,2))} = s_{((1),(1}3_{,2))} + s_{((1),(1,2}2_{))} + s_{((1),(1}2_{,3))} + s_{((1),(2,3))} (32)

Cases 1-4 are represented in (29) through (32), respectively. Therefore, the sum on the right hand sides of (29) through (32) is the Schur function expansion of s_{((3),(3))} ⊗s_{((2}2_{),(1}2_{))}. Interpreting this in terms of irreducible representations of the hyperoctahedral group, if we let A^{⃗ξ} be the irreducible representation indexed by the vector partition ⃗ξ, we have found

A^{((3),(3))} ⊗ A^{((22 ),(12))} = A^{((13 ,2),(1))} ⊕ A^{((1,22),(1))} ⊕ A^{((12 ,3),(1))} ⊕ A^{((2,3),(1))}

⊕ A^{((13 ),(13 ))} ⊕ A^{((13 ),(1,2))} ⊕ A^{((1,2),(13 ))} ⊕ A^{((1,2),(1,2))} ⊕ A^{((1,2),(1,2))} ⊕ A^{((1,2),(3))} ⊕ A^{((3),(1,2))} ⊕ A^{((3),(3))}

⊕ A^{((1),(13 ,2))} ⊕ A^{((1),(1,22 ))} ⊕ A^{((1),(12 ,3))} ⊕ A^{((1),(2,3))}.

References

[1] D. A. Beck. Permutation enumeration of the symmetric and hyperoctahedral group and the combinatorics of symmetric functions. PhD thesis, University of California, San Diego, 1993.

[2] D. A. Beck. The combinatorics of symmetric functions and permutation enumeration of the hyperoctahedral group. Discrete Math., 163(1-3):13–45, 1997.

[3] D. A. Beck, J. B. Remmel, and T. Whitehead. The combinatorics of transition matrices between the bases of the symmetric functions and the B_n analogues. In Proceedings of the 5th Conference on Formal Power Series and Algebraic Combinatorics (Florence, 1993), volume 153, pages 3–27, 1996.

[4] J. S. Frame, G. d. B. Robinson, and R. M. Thrall. The hook graphs of the symmetric groups. Canadian J. Math., 6:316–324, 1954.

[5] A. M. Garsia and J. Remmel. Shuffles of permutations and the Kronecker product.

Graphs Combin., 1(3):217–263, 1985.

[6] G. James and A. Kerber. The representation theory of the symmetric group, volume 16 of Encyclopedia of Mathematics and its Applications. Addison-Wesley Publishing Co., Reading, Mass., 1981. With a foreword by P. M. Cohn, With an introduction by Gilbert de B. Robinson.

[7] A. Kerber. Characters of wreath products and some applications to representation theory and combinatorics. Discrete Math., 13(1):13–30, 1975.

[8] D. Knutson. λ-rings and the representation theory of the symmetric group. Springer- Verlag, Berlin, 1973. Lecture Notes in Mathematics, Vol. 308.

[9] D. E. Littlewood. The Theory of Group Characters and Matrix Representations of Groups. Oxford University Press, New York, 1940.

[10] I. G. Macdonald. Polynomial functors and wreath products. J. Pure Appl. Algebra, 18(2):173–204, 1980.

[11] I. G. Macdonald. Symmetric functions and Hall polynomials. Oxford Mathematical Monographs. The Clarendon Press Oxford University Press, New York, second edition, 1995. With contributions by A. Zelevinsky, Oxford Science Publications.

[12] S. Poirier. Cycle type and descent set in wreath products. In Proceedings of the 7th Conference on Formal Power Series and Algebraic Combinatorics (Noisy-le-Grand, 1995), volume 180, pages 315–343, 1998.

[13] J. B. Remmel. Combinatorial algorithms for the expansion of various products of Schur functions. Acta Appl. Math., 21(1-2):105–135, 1990.

[14] J. B. Remmel and R. Whitney. Multiplying Schur functions. J. Algorithms, 5(4):471– 487, 1984.

[15] B. Sagan. The symmetric group, volume 203 of Graduate Texts in Mathematics.

Springer-Verlag, New York, second edition, 2001. Representations, combinatorial algorithms, and symmetric functions.

[16] W. Specht. Eine Verallgemeinerung der symmetrischen Gruppe. Schriften Math.

Seminar Berlin, 1:1–32, 1932.

[17] J. R. Stembridge. On the eigenvalues of representations of reflection groups and wreath products. Pacific J. Math., 140(2):353–396, 1989.

[18] J. R. Stembridge. The projective representations of the hyperoctahedral group. J.

Algebra, 145(2):396–453, 1992.

[19] J. Wagner. The combinatorics of the permutation enumeration of wreath products between cyclic and symmetric groups. PhD thesis, University of California, San Diego, 2000.