Rook Theory, Generalized Stirling Numbers and (p, q)-analogues

J. B. Remmel^∗

Department of Mathematics University of California at San Diego La Jolla, CA 92093-0112

jremmel@math.ucsd.edu

Michelle L. Wachs^†

Department of Mathematics University of Miami Coral Gables, FL 33124

wachs@math.miami.edu

Submitted: Jun 28, 2004; Accepted: Oct 21, 2004; Published: Nov 22, 2004 MR Subject Classification: 05A05,05A18,05A19,05A30

Abstract

In this paper, we define two natural (p, q)-analogues of the generalized Stirling numbers of the first and second kind S^1(α, β, r) and S^2(α, β, r) as introduced by Hsu and Shiue [17]. We show that in the case where β = 0 and α and r are nonnegative integers both of our (p, q)-analogues have natural interpretations in terms of rook theory and derive a number of generating functions for them.

We also show how our (p, q)-analogues of the generalized Stirling numbers of the second kind can be interpreted in terms of colored set partitions and colored restricted growth functions. Finally we show that our (p, q)-analogues of the generalized Stirling numbers of the first kind can be interpreted in terms of colored permutations and how they can be related to generating functions of permutations and signed permutations according to certain natural statistics.

1 Introduction

In this paper we present a new rook theory interpretation of a certain class of generalized Stirling numbers and their (p, q)-analogues. Our starting point is to develop two natural (p, q)- analogues of the generalized Stirling numbers as defined by Hsu and Shiue in [17]. That is, Hsu and Shiue gave a unified approach to many extensions of the Stirling numbers that had appeared in the literature by defining analogues of the Stirling numbers of the first and second kind which depend on three parameters α, β and r as follows. First define (z|α)_0 = 1 and (z|α)_n = z(z −α) · · · (z −(n−1)α) for each integer n > 0. We write (z) ↓_n for (z|α)_n when α = 1

∗Supported in part by NSF grant DMS 0400507 †Supported in part by NSF grant DMS 0300483

and (z)_n for (z|α)_n when α = −1. Then Hsu and Shiue defined S^1_{n,k}(α, β, r) and S^2_{n,k}(α, β, r) for 0 ≤ k ≤ n via the following equations: (x|α)_n = n∑ k=0 S^1_{n,k}(α, β, r)(x − r|β)_k and (1)

(x|β)_n = n∑ k=0 S^2_{n,k}(α, β, r)(x + r|α)_k. (2) It is easy to see that when α = 1, β = 0 and r = 0, equations (1) and (2) become

(x) ↓_n = n∑ k=0 S^1_{n,k}(1, 0, 0)x^k and (3)

x^n = n∑ k=0 S^2_{n,k}(1, 0, 0)(x) ↓_k (4)

which are the usual defining equations for the Stirling numbers of the first and second kind. Thus S^1_{n,k}(1, 0, 0) is the usual Stirling number of the first kind s_{n,k} and S^2_{n,k}(1, 0, 0) is the usual Stirling number of the second kind S_{n,k}. In addition, it is easy to see from equations (1) and (2) that for all 0 ≤ k ≤ n, S^1_{n,k}(α, β, r) = S^2_{n,k}(β, α, −r). (5) q-Analogues of the Stirling numbers of the first and second kind were first considered by Gould [14] and further studied by Milne [21][20], Garsia and Remmel [11], and others, who gave interpretations in terms of rook placements and restricted growth functions. A more general two parameter, (p, q)-analogue of the Stirling number of the second kind was introduced and studied by Wachs and White [26], who also gave interpretations in terms of rook placements and restricted growth functions.

We shall define two natural (p, q)-analogues of the S^i_{n,k}(α, β, r)’s, one of which reduces to the (p, q)-analogue of Wachs and White when i = 2 and (α, β, r) = (1, 0, 0). To do this we shall find it more convenient to modify equations (1) and (2) slightly. That is, we let S^1_{n,k}(α, β, r) = S^1_{n,k}(α, β, −r) and (6) S^2_{n,k}(α, β, r) = S^2_{n,k}(α, β, −r) (7) Then if we replace x by t − r in equation (1) and x by t in equation (2), we obtain the following pair of equations. (t − r|α)_n = n∑ k=0 S^1_{n,k}(α, β, r)(t|β)_k (8) and (t|β)_n = n∑ k=0 S^2_{n,k}(α, β, r)(t − r|α)_k. (9) It is easy to see from equations (8) and (9) that for all 0 ≤ m ≤ n, n∑ k=m S^2_{n,k}(α, β, r)S^1_{k,m}(α, β, r) = χ(m = n) (10) where we use that convention that for any statement A, χ(A) = 1 if A is true and χ(A) = 0 if A is false.

Hsu and Shiue [17] proved a number of fundamental formulas for the S^i_{n,k}(α, β, r)’s. We shall state just a few examples of these formulas. First they showed that the S^i_{n,k}(α, β, r)’s satisfy the following recursions. Let S^1_{0,0}(α, β, r) = 1 and S^1_{n,k}(α, β, r) = 0 if k < 0 or k > n. Then for all 0 ≤ k ≤ n + 1, S^1_{n+1,k}(α, β, r) = S^1_{n,k−1}(α, β, r) + (kβ − nα − r)S^1_{n,k}(α, β, r). (11) Similarly if we let S^2_{0,0}(α, β, r) = 1 and S^2_{n,,k}(α, β, r) = 0 if k < 0 or k > n, then for all 0 ≤ k ≤ n + 1, S^2_{n+1,k}(α, β, r) = S^2_{n,k−1}(α, β, r) + (kα − nβ + r)S^2_{n,k}(α, β, r). (12) Next they proved the following generating functions. k! ∑ n≥1 S^1_{n,k}(α, β, r) t^n n! = (1 + αt)^{−r/α} ((1 + αt)^{β/α} − 1 β )_k if αβ ≠ 0, (13) and ∑ n≥0 S^1_n(x) = ( 1 e )_{x/β} ∑ k≥0 (x/β)^k k! (kβ − r|α)_n (14) where S^1_n(x) = n∑ k=0 S^1_{n,k}(α, β, r)x^k . (15) We now present two natural ways to give (p, q)-analogues of (8) and (9) which we shall call type I and type II (p, q)-analogues. We shall see that both of the (p, q)-analogues arise naturally in our rook theory interpretations for certain values of α, β and r.

First for any γ, let [γ]_{p,q} = p^γ − q^γ p − q . (16)

Thus in the case where γ = n is a non-negative integer, [n]_{p,q} = q^{n−1} + pq^{n−2} + · · · + p^{n−2}q + p^{n−1} is the usual (p, q)-analogue of n. We also let [n]_{p,q}! = [n]_{p,q}[n − 1]_{p,q} · · · [1]_{p,q} and [ n k ] p,q = [n]_{p,q}! [k]_{p,q}![n − k]_{p,q}! .

We shall write [n]_q, [n]_q! and [ n k ] q for [n]_{1,q}, [n]_{1,q}! and [ n k ] 1,q respectively.

For the type I (p, q)-analogues of (8) and (9), we replace (t − r|γ)_n by ⟨t − r|γ⟩_n where

⟨t − r|γ⟩_0 = 1 (17) and for n > 0, ⟨t − r|γ⟩_n = ([t]_{p,q} − [r]_{p,q})([t]_{p,q} − [r + γ]_{p,q}) · · · ([t]_{p,q} − [r + (n − 1)γ]_{p,q}). (18) That is, we define S^{1,p,q}_{n,k} (α, β, r) and S^{2,p,q}_{n,k} (α, β, r) for 0 ≤ k ≤ n via the following equations:

⟨t − r|α⟩_n = n∑ k=0 S^{1,p,q}_{n,k} (α, β, r)⟨t|β⟩_k (19) and ⟨t|β⟩_n = n∑ k=0 S^{2,p,q}_{n,k} (α, β, r)⟨t − r|α⟩_k. (20) We then have the following basic recursions for the S^{i,p,q}_{n,k} (α, β, r)’s.

Theorem 1. If S^{1,p,q}_{n,k} (α, β, r) and S^{2,p,q}_{n,k} (α, β, r) are defined according to equations (19) and (20) respectively for 0 ≤ k ≤ n, then S^{1,p,q}_{n,k} (α, β, r) and S^{2,p,q}_{n,k} (α, β, r) satisfy the following recursions. S^{1,p,q}_{0,0} (α, β, r) = 1 and S^{1,p,q}_{n,k} (α, β, r) = 0 if k < 0 or k > n (21) and S^{1,p,q}_{n+1,k}(α, β, r) = S^{1,p,q}_{n,k−1}(α, β, r) + ([kβ]_{p,q} − [nα + r]_{p,q})S^{1,p,q}_{n,k} (α, β, r). (22) S^{2,p,q}_{0,0} (α, β, r) = 1 and S^{2,p,q}_{n,k} (α, β, r) = 0 if k < 0 or k > n (23) and S^{2,p,q}_{n+1,k}(α, β, r) = S^{2,p,q}_{n,k−1}(α, β, r) + ([kα + r]_{p,q} − [nβ]_{p,q})S^{2,p,q}_{n,k} (α, β, r). (24) Proof. To prove (22), we start with (19). That is, n+1∑ k=0 S^{1,p,q}_{n+1,k}(α, β, r)⟨t|β⟩_k = ⟨t − r|α⟩_{n+1} (25) = ([t]_{p,q} − [r + nα]_{p,q})⟨t − r|α⟩_n = ([t]_{p,q} − [r + nα]_{p,q})( n∑ k=0 S^{1,p,q}_{n,k} (α, β, r)⟨t|β⟩_k )

= n∑ k=0 S^{1,p,q}_{n,k} (α, β, r)⟨t|β⟩_k ([t]_{p,q} − [kβ]_{p,q} + [kβ]_{p,q} − [r + nα]_{p,q})

= n∑ k=0 S^{1,p,q}_{n,k} (α, β, r)⟨t|β⟩_{k+1}

+ n∑ k=0 S^{1,p,q}_{n,k} (α, β, r)([kβ]_{p,q} − [r + nα]_{p,q})⟨t|β⟩_k. Taking the coefficient of ⟨t|β⟩_k on both sides of (25) yields (22).

Similarly to prove (24), we start with (20). That is, n+1∑ k=0 S^{2,p,q}_{n+1,k}(α, β, r)⟨t − r|α⟩_k = ⟨t|β⟩_{n+1} (26) = ([t]_{p,q} − [nβ]_{p,q})⟨t|β⟩_n = ([t]_{p,q} − [nβ]_{p,q})( n∑ k=0 S^{2,p,q}_{n,k} (α, β, r)⟨t − r|α⟩_k)

= n∑ k=0 S^{2,p,q}_{n,k} (α, β, r)⟨t − r|α⟩_k([t]_{p,q} − [r + kα]_{p,q} + [r + kα]_{p,q} − [nβ]_{p,q})

= n∑ k=0 S^{2,p,q}_{n,k} (α, β, r)⟨t − r|β⟩_{k+1}

+ n∑ k=0 S^{2,p,q}_{n,k} (α, β, r)([r + kα]_{p,q} − [nβ]_{p,q})⟨t − r|α⟩_k Taking the coefficient of ⟨t − r|α⟩_k on both sides of (26) yields (24). ■ We shall then show that when β = 0 and α = j and r = i are non-negative integers such that i ≥ 0 and j > 0, the polynomials c^{i,j}_{n,k}(p, q) = (−1)^{n−k}S^{1,p,q}_{n,k} (j, 0, i) (27) and S^{i,j}_{n,k}(p, q) = S^{2,p,q}_{n−k} (j, 0, i) (28) have natural interpretations in terms of p, q-counting rooks placements on certain boards. It follows from (21), (22), (23) (24) that these polynomials satisfy the following recursions. c^{i,j}_{0,0}(p, q) = 1 and c^{i,j}_{n,k}(p, q) = 0 if k < 0 or k > n (29) and c^{i,j}_{n+1,k}(p, q) = c^{i,j}_{n,k−1}(p, q) + [i + nj]_{p,q}c^{i,j}_{n,k}(p, q). (30) S^{i,j}_{0,0}(p, q) = 1 and S^{i,j}_{n,k}(p, q) = 0 if k < 0 or k > n (31) and S^{i,j}_{n+1,k}(p, q) = S^{i,j}_{n,k−1}(p, q) + [i + jk]_{p,q}S^{i,j}_{n,k}(p, q). (32) Moreover, it easily follows from (19) and (20) that

([t]_{p,q} + [i]_{p,q})([t]_{p,q} + [i + j]_{p,q}) · · · ([t]_{p,q} + [i + (n − 1)j]_{p,q}) = n∑ k=0 c^{i,j}_{n,k}(p, q)[t]^k_{p,q} (33) and [t]^n_{p,q} = n∑ k=0 S^{i,j}_{n,k}(p, q)([t]_{p,q} − [i]_{p,q})([t]_{p,q} − [i + j]_{p,q}) · · · ([t]_{p,q} − [i + (k − 1)j]_{p,q}). (34)

Thus if we let s^{i,j}_{n,k}(p, q) = (−1)^{n−k}c^{i,j}_{n,k}(p, q) = S^{1,p,q}_{n,k} (j, 0, i), it follows from (19) that

([t]_{p,q} − [i]_{p,q})([t]_{p,q} − [i + j]_{p,q}) · · · ([t]_{p,q} − [i + (n − 1)j]_{p,q}) = n∑ k=0 s^{i,j}_{n,k}(p, q)[t]^k_{p,q} (35)

from which it easily follows that the matrices ||s^{i,j}_{n,k}(p, q)||_{n,k≥0} and ||S^{i,j}_{n,k}(p, q)||_{n,k≥0} are inverses of each other.

For the type II (p, q)-analogues of (8) and (9), we replace (t − r|γ)_n by [t − r|γ]_n where [t − r|γ]_0 = 1 (36) and for n > 0, [t − r|γ]_n = ([t − r]_{p,q})([t − r − γ]_{p,q}) · · · ([t − r − (n − 1)γ]_{p,q}). (37) By analogy with our type I (p, q)-analogues of the generalized Stirling numbers, the type II (p, q)-analogues of the generalized Stirling numbers, S̃^{1,p,q}_{n,k} (α, β, r) and S̃^{2,p,q}_{n,k} (α, β, r), should be solutions to the following equations: [t − r|α]_n = n∑ k=0 S̃^{1,p,q}_{n,k} (α, β, r)[t|β]_k (38)

and [t|β]_n = n∑ k=0 S̃^{2,p,q}_{n,k} (α, β, r)[t − r|α]_k. (39)

However, as we shall see shortly, (38) and (39) do not completely determine S̃^{1,p,q}_{n,k} (α, β, r) and S̃^{2,p,q}_{n,k} (α, β, r). Instead we will define the type II (p, q)-analogues of the generalized Stirling numbers, S̃^{1,p,q}_{n,k} (α, β, r) and S̃^{2,p,q}_{n,k} (α, β, r), by the following recursions: S̃^{1,p,q}_{0,0} (α, β, r) = 1 and S̃^{1,p,q}_{n,k} (α, β, r) = 0 if k < 0 or k > n (40) and S̃^{1,p,q}_{n+1,k}(α, β, r) = q^{(k−1)β−nα−r} S̃^{1,p,q}_{n,k−1}(α, β, r) + p^{t−kβ}[kβ − nα − r]_{p,q}S̃^{1,p,q}_{n,k} (α, β, r). (41)

S̃^{2,p,q}_{0,0} (α, β, r) = 1 and S̃^{2,p,q}_{n,k} (α, β, r) = 0 if k < 0 or k > n (42) and S̃^{2,p,q}_{n+1,k}(α, β, r) = q^{r+(k−1)α−nβ} S̃^{2,p,q}_{n,k−1}(α, β, r) + p^{t−r−kα}[kα + r − nβ]_{p,q}S̃^{2,p,q}_{n,k} (α, β, r). (43) Here t is an extra parameter and technically we should use the notation S̃^{1,p,q}_{n,k} (α, β, r, t) and S̃^{2,p,q}_{n,k} (α, β, r, t) to specify the dependence on the paramater t. However since we will not vary the parameter t, we will instead use the less cumbersome notation S̃^{1,p,q}_{n,k} (α, β, r) and S̃^{2,p,q}_{n,k} (α, β, r).

Our next result will show that S̃^{1,p,q}_{n,k} (α, β, r) and S̃^{2,p,q}_{n,k} (α, β, r) do satisfy (38) and (39).

Theorem 2. If we define S̃^{1,p,q}_{n,k} (α, β, r) and S̃^{2,p,q}_{n,k} (α, β, r) for 0 ≤ k ≤ n by (40), (41), (42), and (43), then (38) and (39) hold.

Proof. To prove (41), we first observe the following identity: [t − r − nα]_{p,q} = p^{t−rnα} − q^{t−r−nα} p − q = q^{kβ−nα−r}(p^{t−kβ} − q^{t−kβ}) + p^{t−kβ}(p^{kβ−nα−r} − q^{kβ−nα−r}) p − q = q^{kβ−nα−r}[t − kβ]_{p,q} + p^{t−kβ}[kβ − nα − r]_{p,q}. (44) We then prove (38) by induction. Clearly (38) holds for n = 0. Next assume that (38) holds for n. Then [t − r|α]_{n+1} = ([t − r − nα]_{p,q})[t − r|α]_n = ([t − r − nα]_{p,q})( n∑ k=0 S̃^{1,p,q}_{n,k} (α, β, r)[t|β]_k )

= n∑ k=0 S̃^{1,p,q}_{n,k} (α, β, r)[t|β]_k (q^{kβ−nα−r}[t − kβ]_{p,q} + p^{t−kβ}[kβ − nα − r]_{p,q})

= n∑ k=0 q^{kβ−nα−r}S̃^{1,p,q}_{n,k} (α, β, r)[t|β]_{k+1}

+ n∑ k=0 p^{t−kβ}[kβ − nα − r]_{p,q}S̃^{1,p,q}_{n,k} (α, β, r)[t|β]_k

= n+1∑ k=0 ( q^{(k−1)β−nα−r} S̃^{1,p,q}_{n,k−1}(α, β, r) + p^{t−kβ}[kβ − nα − r]_{p,q}S̃^{1,p,q}_{n,k} (α, β, r) ) [t|β]_k

= n+1∑ k=0 S̃^{1,p,q}_{n+1,k}(α, β, r)[t|β]_k .

Similarly to prove (39), we observe the following identity: [t − nβ]_{p,q} = p^{t−nβ} − q^{t−nβ} p − q = q^{r+kα−nβ}(p^{t−r−kα} − q^{t−r−kα}) + p^{t−r−kα}(p^{r+kα−nβ} − q^{r+kα−nβ}) p − q = q^{r+kα−nβ}[t − r − kα]_{p,q} + p^{t−r−kα}[r + kα − nβ]_{p,q}. (45) We then prove (39) by induction. Clearly (39) holds for n = 0. Next assume that (39) holds for n. Then [t|β]_{n+1} = ([t − nβ]_{p,q})[t|β]_n = ([t − nβ]_{p,q})( n∑ k=0 S̃^{2,p,q}_{n,k} (α, β, r)[t − r|α]_k)

= n∑ k=0 S̃^{2,p,q}_{n,k} (α, β, r)[t − r|α]_k(q^{r+kα−nβ}[t − r − kα]_{p,q} + p^{t−r−kα}[r + kα − nβ]_{p,q})

= n∑ k=0 q^{r+kα−nβ}S̃^{2,p,q}_{n,k} (α, β, r)[t − r|α]_{k+1}

+ n∑ k=0 p^{t−r−kα}[r + kα − nβ]_{p,q})S̃^{2,p,q}_{n,k} (α, β, r)[t − r|α]_k

= n+1∑ k=0 ( q^{r+(k−1)α−nβ} S̃^{2,p,q}_{n,k−1}(α, β, r) + p^{t−r−kα}[kα + r − nβ]_{p,q}S̃^{2,p,q}_{n,k} (α, β, r) ) [t − r|α]_k

= n+1∑ k=0 S̃^{2,p,q}_{n+1,k}(α, β, r)[t − r|α]_k.

■ We can now see why there there are multiple solutions to (38) and (39). That is, by symmetry, it must be the case that S̃^{1,q,p}_{n,k} (α, β, r) and S̃^{2,q,p}_{n,k} (α, β, r) are also solutions to (38) and (39). However it is not the case that S̃^{1,p,q}_{n,k} (α, β, r) = S̃^{1,q,p}_{n,k} (α, β, r) and S̃^{2,p,q}_{n,k} (α, β, r) = S̃^{2,q,p}_{n,k} (α, β, r) due to the extra parameter t.

Again we shall be able to give a rook theory interpretation to S̃^{1,p,q}(α, β, r) and S̃^{2,p,q}(α, β, r) in the special case when β = 0 and r = i and α = j are integers such that i ≥ 0 and j > 0. For later developments, it will be convenient to replace t by x + i so that the basic recursions (41) and (43) become the following:

S̃^{1,p,q}_{0,0} (j, 0, i) = 1 and S̃^{1,p,q}_{n,k} (j, 0, i) = 0 if k < 0 or k > n (46) and S̃^{1,p,q}_{n+1,k}(j, 0, i) = q^{−nj−i}S̃^{1,p,q}_{n,k−1}(j, 0, i) − p^{x+i}(pq)^{−nj−i}([nj + i]_{p,q})S̃^{1,p,q}_{n,k} (j, 0, i). (47) (Here we have used the fact that [−nj − i]_{p,q} =^{p−nj−i−q−nj−i} p−q = (pq)^{−nj−i qnj+i−pnj+i}_{p−q} = −(pq)^{−nj−i}[nj + i]_{p,q}.) S̃^{2,p,q}_{0,0} (j, 0, i) = 1 and S̃^{2,p,q}_{n,k} (j, 0, i) = 0 if k < 0 or k > n (48) and S̃^{2,p,q}_{n+1,k}(j, 0, i) = q^{i+(k−1)j}S̃^{2,p,q}_{n,k−1}(j, 0, i) + p^{x−kj}([kj + i]_{p,q})S̃^{2,p,q}_{n,k} (j, 0, i). (49) Moreover, it follows from (38) and (39) that [x]_{p,q} ↓_{n,j}= n∑ k=0 S̃^{1,p,q}_{n,k} (j, 0, i)[x + i]^k_{p,q} (50) and [x + i]^n_{p,q} = n∑ k=0 S̃^{2,p,q}_{n,k} (j, 0, i)[x]_{p,q} ↓_{k,j} (51) where [x]_{p,q} ↓_{k,j}= 1 if k = 0 and [x]_{p,q} ↓_{k,j}= [x]_{p,q}[x − j]_{p,q} · · · [x − (k − 1)j]_{p,q} if k is a positive integer.

As we shall see later, the most natural thing to do in terms of rook theory is to define s̃^{i,j}_{n,k}(p, q) = p^{−(x+i)(n−k)}(qp)(^{n2})^{j+ni} S̃^{1,p,q}_{n,k} (j, 0, i) (52) and S̃^{i,j}_{n,k}(p, q) = p^{−x(n−k)−}(^{n−k+1}_2 )^j S̃^{2,p,q}_{n,k} (j, 0, i). (53) It then follows that s̃^{i,j}_{0,0}(p, q) = 1 and s̃^{i,j}_{n,k}(p, q) = 0 if k < 0 or k > n (54) and s̃^{i,j}_{n+1,k}(p, q) = p^{nj+i} s̃^{i,j}_{n,k−1}(p, q) − [nj + i]_{p,q}s̃^{i,j}_{n,k}(p, q). (55) Similarly S̃^{i,j}_{0,0}(p, q) = 1 and S̃^{i,j}_{n,k}(p, q) = 0 if k < 0 or k > n (56) and S̃^{ij}_{n+1,k}(p, q) = q^{i+(k−1)j} S̃^{i,j}_{n,k−1}(p, q) + p^{−(n+1)j} [kj + i]_{p,q}S̃^{i,j}_{n,k}(p, q). (57) Moreover, it follows from (50) and (51) that [x]_{p,q} ↓_{n,j} = n∑ k=0 p^{(x+i)(n−k)}(pq)^−(^{n2})^{j−ni}s̃^{i,j}_{n,k}(p, q)[x + i]^k_{p,q} (58) and [x + i]^n_{p,q} = n∑ k=0 S̃^{i,j}_{n,k}(p, q)p^{x(n−k)+}(^{n−k+1}2 )^j [x]_{p,q} ↓_{k,j} . (59) It happens that the type II generalized (p,q)-Stirling numbers s̃^{i,j}_{n,k}(p, q) and S̃^{i,j}_{n,k}(p, q) can be expressed in terms of the type I generalized q-Stirling numbers. The relationship is as follows:

s̃^{i,j}_{n,k}(p, q) = p^{n(i−1)+}(^{n2})^{j+k}s^{i,j}_{n,k}(1, q/p) (60) S̃^{i,j}_{n,k}(p, q) = p^−(^{n−k+1}_2 )^{j+(n−k)(i−1)}q^{ki+}(^k_2)^j S^{i,j}_{n,k}(1, q/p). (61) This can be proved by using the recurrences (30) and (32) to show that the expressions on the right side of the equations satisfy the recurrences (55) and (57), respectively.

In this case, the orthogonality relations between the s̃^{i,j}_{n,k}(p, q)’s and S̃^{i,j}_{n,k}(p, q)’s are more complicated than the orthogonality relations between the s^{i,j}_{n,k}(p, q)’s and S^{i,j}_{n,k}(p, q)’s. Thus we will state them explicitly. Theorem 3. The matrices ||(pq)^−(^{n2})^jp^{−ik}q^{−ni}s̃^{i,j}_{n,k}(p, q)||_{n,k≥0} and ||p(^{n−k+12} )^jS̃^{i,j}_{n,k}(p, q)||_{n,k≥0} are inverses of each other.

Proof. Since the matrices ||S^{i,j}_{n,k}(1, q/p)|| and ||s^{i,j}_{n,k}(1, q/p)|| are inverses of each other, we have for any 0 ≤ k ≤ n,

χ(n = k) = n∑ l=k S^{i,j}_{n,l}(1, q/p)s^{i,j}_{l,k}(1, q/p)

= n∑ l=k p(^{n−l+12} )^{j−(n−l)(i−1)}q^{−li−}(^{l2})^jS̃^{i,j}_{n,l}(p, q)p^{−l(i−1)−}(^{l2})^{j−k}s̃^{i,j}_{l,k}(p, q)

= p^{−n(i−1)−k} n∑ l=k p(^{n−l+12} )^{j−}(^{l2})^jq^{−li−}(^{l2})^jS̃^{i,j}_{n,l}(p, q)s̃^{i,j}_{l,k}(p, q).

Multiplying both sides of the equation by p^{(n−k)(i−1)} we get, χ(n = k) = p^{(n−k)(i−1))}χ(n = k) = p^{−ki} n∑ l=k p(^{n−l+12} )^{j−}(^{l2})^jq^{−li−}(^{l2})^jS̃^{i,j}_{n,l}(p, q)s̃^{i,j}_{l,k}(p, q)

= n∑ l=k ( p(^{n−l+12} )^jS̃^{i,j}_{n,l}(p, q) ) ( p^{−ki−}(^{l2})^jq^{−li−}(^{l2})^js̃^{i,j}_{l,k}(p, q) ) , which proves the result. ■

Having defined our two families of (p, q)-analogues of generalized Stirling numbers of the first and second kind, (s^{i,j}_{n,k}(p, q), S^{i,j}_{n,k}(p, q)) and (s̃^{i,j}_{n,k}(p, q), S̃^{i,j}_{n,k}(p, q)), the main result of this paper is to define a rook theory interpretation of these two families by modifying the set up of Garsia and Remmel [11]. That is, in section 2 we shall develop a rook theory interpretation of the families (s^{i,j}_{n,k}(p, q), S^{i,j}_{n,k}(p, q)) and give a combinatorial proof that the matrices ||s^{i,j}_{n,k}(p, q)|| and ||S^{i,j}_{n,k}(p, q))|| are inverses of each other. Then in section 3, we shall develop a rook theory interpretation of the families (s̃^{i,j}_{n,k}(p, q), S̃^{i,j}_{n,k}(p, q)). In section 4, we shall prove a number of generating function results for our two families. In section 5, we shall develop other combinatorial interpretations of our two families in terms of permutations statistics, colored partitions and restricted growth functions.

The (p, q)-Stirling numbers of the second kind, introduced by Wachs and White [26], are defined by the recursion

S_{0,0}(p, q) = 1 and S_{n,k}(p, q) = 0 if k < 0 or k > n (62) and S_{n+1,k}(p, q) = p^{k−1}S_{n,k−1}(p, q) + [k]_{p,q}S_{n,k}(p, q). (63) In the special case when i = 0 and j = 1, the recursion given in (31) and (32) for the type I (p, q)-Stirling number of the second kind S^{0,1}_{n,k}(p, q) becomes

S^{0,1}_{0,0} (p, q) = 1 and S^{0,1}_{n,k}(p, q) = 0 if k < 0 or k > n (64) and S^{0,1}_{n+1,k}(p, q) = S^{0,1}_{n,k−1}(p, q) + [k]_{p,q}S^{0,1}_{n,k}(p, q). (65)

It is easy to see that the polynomials p(^{k2})S^{0,1}_{n,k}(p, q) also satisfy (62) and (63) so that S_{n,k}(p, q) = p(^{k2})S^{0,1}_{n,k}(p, q). We should also note that in the case when i = 0 and j = 1, our type I (p, q)-Stirling numbers of the first and second kind, s^{0,1}_{n,k}(p, q) and S^{0,1}_{n,k}(p, q), have been studied by a number of other authors, see [18], [19], [27], [28] and [23]. The case i = p = q = 1 has also appeared in the literature as Whitney numbers for Dowling lattices, see [2], [3], [13]. Moreover an alternative approach to combinatorially interpreting a different family of generalized (p, q)-Stirling numbers which includes our (p, q)-Stirling numbers s^{i,j}_{n,k}(p, q) and S^{i,j}_{n,k}(p, q) can be found in [19] where the authors interpret generalized (p, q)-Stirling numbers via 0-1 tableaux. However, our (p, q)- Stirling numbers of type II, s̃^{i,j}_{n,k}(p, q) and S̃^{i,j}_{n,k}(p, q), appear to be new.

2 Rook theory interpretation of s^{i,j}_{n,k}(p, q) and S^{i,j}_{n,k}(p, q)

In this section, we shall give a rook theory interpretation of s^{i,j}_{n,k}(p, q) and S^{i,j}_{n,k}(p, q) and use our interpretation to give a combinatorial proof that the matrices ||s^{i,j}_{n,k}(p, q)|| and ||S^{i,j}_{n,k}(p, q))|| are inverses of each other.

Given a sequence (a_1, . . . , a_n) of non-negative integers, let B(a_1, . . . , a_n) denote a board with n columns whose column heights from left to right are a_1, . . . , a_n respectively. If a_1 ≤ . . . ≤ a_n, then we say that B(a_1, . . . , a_n) is a Ferrers board. For example, B(0, 1, 1, 3) is pictured in Figure 1.

Figure 1: The board B(0, 1, 1, 3).

We say that B(a_1, . . . , a_n) is a j-attacking board if for all 1 ≤ i < n, a_i ≠ 0 implies a_{i+1} ≥ a_i + j − 1. Suppose that B(a_1, . . . , a_n) is a j-attacking board and P is a placement of rooks in B(a_1, . . . , a_n) which has at most one rook in each column of B(a_1, . . . , a_n). Then for any individual rook r ∈ P, we say that r j-attacks cell c ∈ B(a_1, . . . , a_n) if c lies in a column which is strictly to the right of the column of r and c lies in the first j rows which are weakly above the row of r and which are not j-attacked by any rook which lies in a column that is strictly to the left of r.

For example, suppose j = 2 and P is the placement in B(1, 2, 3, 5, 7, 8, 10) pictured in Figure 2. Here the rooks are indicated by placing an x in each cell that contains a rook. We place a 2 in each cell attacked by the rook r_2 in column 2. In this case, since there are no rooks to the left of r_2, the cells c which are 2-attacked by r_2 lie in the first two rows which are weakly above the row of r_2, i.e., all the cells in rows 2 and 3 that are in columns 3,4,5,6 and 7. Next consider the rook r_4 which lies in column 4. Again we place a 4 in each of the cells that are 2-attacked by r_4. In this case, the first two rows which lie weakly above r_4 that are not 2-attacked by any rook to the left of r_4 are rows 1 and 4. Thus r_4 2-attacks all the cells in rows 1 and 4 that lie in columns 5, 6 and 7. Finally the rook r_6, which lies in column 6, 2-attacks the cells (6,7) and

(7,7) and we place a 6 in these cells. We say that a placement P is j-non-attacking if no rook in P is j-attacked by a rook to its left and there is at most one rook in each row and column.

Figure 2: Cells that are 2 attacked

Note that the condition that B(a_1, . . . , a_n) is j-attacking ensures that for any placement P of j-non-attacking rooks in B(a_1, . . . , a_n), with at most one rook in each column, has the property that, for any rook r ∈ P which lies in a column k < n, there are j rows which lie weakly above r and which have no cells which are j-attacked by a rook to the left of r, namely, the row of r plus the top j − 1 rows in column k + 1 since a_{k+1} ≥ a_k + j − 1.

Given a j-attacking board B = B(a_1, . . . , a_n), we let N^j_k (B) be the set of all placements P of k j-nonattacking rooks in B. For example, if j = 2 and B = B(0, 2, 3, 4), then |N^2_1 (B)| = 9 since there are 9 cells in B, |N^2_2 (B)| = 6 and these 12 placements are pictured in Figure 3, and |N^2_3 (B)| = 0 since any placement P which has one rook in each nonempty column of B and at most one rook in each row has the property that the rooks in columns 2 and 3 would 2-attack 4 cells in column 4 and hence there would be no place to put a rook in column 4 that is not 2-attacked by a rook to its left. We then define the k-th j-rook number of B, r^j_k(B), by setting r^j_k(B) = |N^j_k (B)|.

For any board B(a_1, . . . , a_n), we let F_k(B) denote the set of all placements of k rooks in B such that there is at most one rook in each column. We then define the k-th file number of B, f_k(B), to be f_k(B) = |F_k(B)|.

Next we define what we call the type I (p, q)-analogues of r^j_k(B) and f_k(B) when B = B(a_1, . . . , a_n) is a j-attacking board. First suppose that we are given a placement P in F_k(B). Then let

(a) a_B(P) = the number of cells in B that lie directly above some rook r in P,

(b) b_B (P) = the number of cells in B that lie directly below some rook r in P, and (c) w_{p,q,B}(P) = q^{aB (P)}p^{bB (P)}.

Figure 3: The placements in N^2_2 (B(0, 2, 3, 4)

Then we define f_k(B, p, q) by f_k(B, p, q) = ∑ P∈F_k(B) w_{p,q,B}(P). (66)

Next suppose that we are given a placement P in N^j_k (B). Then let (A) α_B (P) = the number of cells in B that lie directly above some rook r in P which are not j attacked by any rook in P to the left of r, (B) β_B (P) = the number of cells in B that lie directly below some rook r in P which are not j attacked by any rook in P to the left of r, and (C) W_{p,q,B}(P) = q^{αB (P)}p^{βB (P)}. Then we define r^j_k(B, p, q) by r^j_k(B, p, q) = ∑ P∈N^j_k (B) W_{p,q,B}(P). (67)

For example, in Figure 4, we have pictured an element P ∈ F_3(B) where B = B(1, 2, 3, 5, 7, 8, 10) such that w_{p,q,B}(P) = q^5p^7. Here we have placed a q in each cell that contributes to a_B(P) and a p in each cell that contributes to b_B (P). In Figure 5, we have pictured an element Q ∈ N^2_3 (B) where B = B(1, 2, 3, 5, 7, 8, 10) such that W_{p,q,B}(Q) = q^4p^2. Again we have placed a q in each cell that contributes to α_B (P), a p in each cell that contributes to β_B (P), and a · in each cell that is 2-attacked by some rook in Q.

Figure 4: w_{p,q,B}(P) for a placement in F_3(B(1, 2, 3, 5, 7, 8, 10))

Figure 5: W_{p,q,B}(Q) for a placement in N^2_3 (B(1, 2, 3, 5, 7, 8, 10))

Given any board B = B(a_1, . . . , a_n), we let B_x denote the board that results by placing x rows of size n below B. Here we call the line that separates B from the extra x rows, the bar; see Figure 6. This given, we have the following.

Figure 6: The board B_x

Theorem 4. Let B = B(a_1, . . . , a_n). Then

(x + [a_1]_{p,q}) · · · (x + [a_n]_{p,q}) = n∑ k=0 f_k(p, q, B)x^{n−k}. (68) Proof. We claim that for each positive integer x, the identity (68) arises from two ways of counting S = ∑ P∈F_n(B_x) w_{p,q,B}(P ∩ B). (69) That is, each P ∈ F_n(B_x) has exactly one rook in each column of B_x. If we consider the placement of rook r_k in the k-th column, then the possible contribution of r_k to (69) is p^{ak −1} if we place it at the top of the column, qp^{ak−2} if we place it in second row from the top, . . ., q^{ak−1} if we place it in the a_k-th row from the top since all these cells are in B. We also have a contribution of x to (69) which corresponds to placing r_k in rows 1, . . . x below the bar in column k. It then easily follows that

S = (x + [a_1]_{p,q}) · · · (x + [a_n]_{p,q}).

We can calculate S in second way by classifying P according to the number of rooks that fall in B. For any Q ∈ F_k(B), we can complete Q to a placement P ∈ F_n(B_x) such that P ∩ B = Q in exactly x^{n−k} ways corresponding to the ways of placing the n − k rooks below the bar in columns which contain no rook in Q. Thus ∑ P∈F_n(B_x):P∩B=Q w_{p,q,B}(P ∩ B) = w_{p,q,B}(Q)x^{n−k}.

Then S = n∑ k=0 ∑ Q∈F_k(B) ∑ P∈F_n(B_x):P∩B=Q w_{p,q,B}(P ∩ B)

= n∑ k=0 ∑ Q∈F_k(B) w_{p,q,B}(Q)x^{n−k}

= n∑ k=0 x^{n−k} ∑ Q∈F_k(B) w_{p,q,B}(Q)

= n∑ k=0 f_k(p, q, B)x^{n−k}. Hence (68) holds for all positive integers x and since it is a polynomial identity, it must hold for all x. ■ If we replace x by [t]_{p,q} in (68), we get the following.

Corollary 5.

([t]_{p,q} + [a_1]_{p,q}) · · · ([t]_{p,q} + [a_n]_{p,q}) = n∑ k=0 f_k(p, q, B)[t]^{n−k}_{p,q} . (70) Proof. We note that we can have direct combinatorial proof (70) by using the same type of reasoning as in the proof of Theorem 4 and computing the sum S = ∑ P∈F_n(B_x) w_{p,q,Bx} (P). (71) where w_{p,q,Bx} (P) = ∏ r∈P w_{p,q,Bx} (r) where for any rook r, w_{p,q,Bx} (r) = { q^{a(r,B)}p^{b(r,B)} if r ∈ B q^{k−1}p^{x−k} if r is in row k below the bar and a(r, B) is the number of cells directly above r in B and b(r, B) is the number of cells directly below r in B. ■ We are now in a position to give our combinatorial interpretations of c^{i,j}_{n,k}(p, q) and S^{i,j}_{n,k}(p, q) defined in the introduction. Let i ≥ 0 and j > 0 be integers and let B_{i,j,n} be the board B(i, i + j, i + 2j, . . . , i + (n − 1)j). Then we have the following.

Theorem 6. If n is a positive integer and k is an integer such that 0 ≤ k ≤ n, then c^{i,j}_{n,k}(p, q) = f_{n−k}(p, q, B_{i,j,n}) (72) and S^{i,j}_{n,k}(p, q) = r^j_{n−k}(p, q, B_{i,j,n}). (73)

Proof. It is easy to check that f_{n−k}(p, q, B_{i,j,n}) and r_{n−k}(p, q, B_{i,j,n}) satisfy the appropriate recursions. That is, B_{i,j,1} = B((i)) so that it immediately follows form our definitions that for all i ≥ 0 and j > 0, f_1(p, q, B_{i,j,1}) = r^j_1(p, q, B_{i,j,1}) = [i]_{p,q} and f_0(p, q, B_{i,j,1}) = r^j_0(p, q, B_{i,j,1}) = 1. It follows from (30) and (32) that c^{i,j}_{1,0}(p, q) = S^{i,j}_{1,0}(p, q) = [i]_{p,q} and c^{i,j}_{1,1}(p, q) = S^{i,j}_{1,1}(p, q) = 1. Thus for k ∈ {0, 1}, c^{i,j}_{1,k}(p, q) = f_{1−k}(p, q, B_{i,j,1}) and S^{i,j}_{1,k}(p, q) = r^j_{1−k}(p, q, B_{i,j,1}).

Clearly f_k(p, q, B_{i,j,n}) = 0 and r^j_k(p, q, B_{i,j,n}) = 0 if k > n or k < 0 since there are no placements in F_k(B_{i,j,n}) or N^j_k (B_{i,j,n}) if k > n or k < 0. Thus to verify that (72) and (73) hold we need only verify that for all n ≥ 1 and 0 ≤ k ≤ n, f_{n+1−k}(p, q, B_{i,j,n+1}) = f_{n−(k−1)}(p, q, B_{i,j,n}) + [i + nj]_{p,q}f_{n−k}(p, q, B_{i,j,n}) (74) and r^j_{n+1−k}(p, q, B_{i,j,n+1}) = r^j_{n−(k−1)}(p, q, B_{i,j,n}) + [i + kj]_{p,q}r^j_{n−k}(p, q, B_{i,j,n}). (75) Both recursions can be proved in the same way. That is, to prove (74), we simply partition the elements of F_{n+1−k}(B_{i,j,n+1}) into two sets No and Last where No consists of the placements of F_{n+1−k}(B_{i,j,n+1}) which have no rook in the last column and Last consists of the placements of F_{n+1−k}(B_{i,j,n+1}) which have a rook in the last column. It is easy to see that a placement in No has n − (k − 1) rooks to the left of the last column and the weight of any placement P ∈ No is the same as the placement Q in F_{n−(k−1)}(B_{i,j,n}) that results by eliminating the last column. Thus ∑ P∈No w_{p,q,Bi,j,n+1} (P) = ∑ Q∈F_{n−(k−1)}(B_{i,j,n} ) w_{p,q,Bi,j,n} (Q) = f_{n−(k−1)}(p, q, B_{i,j,n}). To compute ∑ P∈Last wp,q,Bi,j,n+1 (P), observe that if we fix a placement Q ∈ Fn−k(Bi,j,n), then we can extend Q to a placement P ∈ Last by placing an additional rook in the last column. Since the height of the last column of B_{i,j,n+1} is i + nj, there will be i + nj such placements. Moreover, it is easy to see that if we place the rook in the s-th row of the last column, where we label the row with 1, . . . , i+nj reading from bottom to top, then the weight of the corresponding placement P^s is q^{i+nj−s}p^{s−1}w_{p,q,Bi,j,n} (Q). It follows that ∑ P∈Last w_{p,q,Bi,j,n+1} (P) = ∑ Q∈F_{n−k}(B_{i,j,n} ) (q^{i+nj−1} + q^{i+nj−2}p + · · · + qp^{i+nj−2} + p^{i+nj−1})w_{p,q,Bi,j,n} (Q) = [i + nj]_{p,q}f_{n−k}(p, q, B_{i,j,n}).

The argument to prove (75) is essentially the same. That is, again partition the elements of N^j_{n+1−k}(B_{i,j,n+1}) into two sets No and Last where No consists of the placements of N^j_{n+1−k}(B_{i,j,n+1}) which have no rook in the last column and Last consists of the placements of N^j_{n+1−k}(B_{i,j,n+1}) which have a rook in the last column. Again it is easy to see that ∑ P∈No W_{p,q,Bi,j,n+1} (P) = ∑ Q∈N^j_{n−(k−1)}(B_{i,j,n} ) W_{p,q,Bi,j,n+1} (Q) = r^j_{n−(k−1)}(p, q, B_{i,j,n}).

To compute ∑ P∈Last Wp,q,Bi,j,n+1 (P) observe that if we fix a placement Q ∈ N j n−k(B_{i,j,n}), then we can extend Q to a placement P ∈ Last by placing an additional rook in the last column. In this case, the n − k rooks in Q will j-attack exactly (n − k)j cells in the last column. Since the height of the last column of B_{i,j,n+1} is i + nj, there will be i + nj − (n − k)j = i + kj cells in the last column of B_{i,j,n+1} which are not j-attacked and hence there will be i + kj such placements. Moreover, it is easy to see that if we place the rook in the s-th row of the non-j-attacked cells of the last column, where we label such rows with 1, . . . , i + kj reading from bottom to top, then the weight of the corresponding placement P^s is q^{i+kj−s}p^{s−1}W_{p,q,Bi,j,n} (Q). It follows that ∑ P∈Last W_{p,q,Bi,j,n+1} (P) = ∑ Q∈N^j_{n−k}(B_{i,j,n}) (q^{i+kj−1} + q^{i+kj−2}p + · · · + qp^{i+kj−2} + p^{i+kj−1})W_{p,q,Bi,j,n} (Q)

= [i + kj]_{p,q}r^j_{n−k}(p, q, B_{i,j,n}). ■ We point out here that if we modify our combinatorial interpretation of S^{0,1}_{n,k}(p, q) to include a factor of p for each uncancelled cell in an empty column, we will get one of the rook theoretic combinatorial interpretations of S_{n,k}(p, q) given by Wachs and White [26].

We note that when B = B_{i,j,n}, then Corollary 5 becomes

([t]_{p,q} + [i]_{p,q}) · · · ([t]_{p,q} + [i + (n − 1)j]_{p,q}) = n∑ k+0 c^{i,j}_{n,k}[t]^k_{p,q} which is just (33). Thus (33) has a combinatorial proof. Then replacing [t]_{p,q} by −[t]_{p,q}, multiplying by (−1)^n and using the fact that s^{i,j}_{n,k}(p, q) = (−1)^{n−k}c^{i,j}_{n,k}(p, q) clearly yields (35). Then we can derive (34) from (35) by using the fact that the the matrices ||s^{i,j}_{n,k}(p, q)|| and ||S^{i,j}_{n,k}(p, q)|| are inverses of each other. A direct combinatorial proof of (34) was found by Briggs and Remmel in [8]. We give a direct combinatorial proof the matrices ||s^{i,j}_{n,k}(p, q)|| and ||S^{i,j}_{n,k}(p, q)|| are inverses of each other. That is, if we start with our combinatorial interpretations of c^{i,j}_{n,k}(p, q) and S^{i,j}_{n,k}(p, q), then we can give a combinatorial proof of the following for all 0 ≤ r ≤ n. n∑ k=r S^{i,j}_{n,k}(p, q)s^{i,j}_{k,r}(p, q) = χ(r = n). (76) Note that if r = n, then (76) reduces down to 1 = S^{i,j}_{n,n}(p, q)s^{i,j}_{n,n}(p, q). (77)

But (77) holds since both N^j_{n−n}(B_{i,j,n}) and F_{n−n}(B_{i,j,n}) consist solely of the empty placement E. Since W_{p,q,Bi,j,n} (E) = w_{p,q,Bi,j,n} (E) = 1, it follows that S^{i,j}_{n,n}(p, q) = s^{i,j}_{n,n}(p, q) = 1 and hence (77) holds.

Now suppose that n > r. Then n∑ k=r S^{i,j}_{n,k}(p, q)s^{i,j}_{k,r}(p, q)

= n∑ k=r (−1)^{k−r} ∑ (P,Q)∈N^j_{n−k}(B_{i,j,n} )×F_{k−r} (B_{i,j,k} ) W_{p,q,Bi,j,n} (P)w_{p,q,Bi,j,k} (Q)

= n∑ k=r ∑ (P,Q)∈N^j_{n−k}(B_{i,j,n})×F_{k−r} (B_{i,j,k} ) W_{p,q,Bi,j,n} (P)sgn(Q)w_{p,q,Bi,j,k} (Q)

where sgn(Q) = (−1)no. of rooks in Q. Then consider the elements (P, Q) ∈ n⋃ k=r N^j_{n−k}(B_{i,j,n}) × F_{k−r}(B_{i,j,k}). We can partition these elements into three classes.

Class I. There is a rook of P in the last column of B_{i,j,n}.

Class II. There is no rook of P in the last column of B_{i,j,n}, but there is a rook of Q in the last column of B_{i,j,k}.

Class III. There is no rook of P in the last column of B_{i,j,n} and there is no rook of Q in the last column of B_{i,j,k}.

Next we define a weight preserving sign-reversing bijection f from Class I to Class II. Given an element (P, Q) ∈ N^j_{n−k}(B_{i,j,n})×F_{k−r}(B_{i,j,k}) in Class I, note that there are a total of n−k −1 rooks in P to the left of the last column of B_{i,j,n} and these rooks j-attack a total of (n−k−1)j cells in the last column. Thus in the last column of B_{i,j,n}, there are a total of i+(n−1)j−(n−k−1)j = i + kj cells in the last column of B_{i,j,n} which are not j-attacked by a rook in P. Then define f((P, Q)) = (P^′, Q^′) where

(i) P^′ is the result of taking the placement P and removing the rook in the last column of B_{i,j,n} and (ii) Q^′ is the result of adding an extra column of height i + kj to the right of the placement Q and placing a rook f_k in that column which is in row t if the rook r_n in P in the last column of B_{i,j,n} was in the t-th cell, reading from bottom to top, which was not j-attacked by a rook in P to the left of r_n.

See Figure 7 for an example of this map when n = 6, k = 3 and r = 1. Our definitions ensure that r_n contributes a factor of q^{i+jk−t}p^{t−1} to W_{p,q,Bi,j,n} (P) and that f_k contributes a factor of q^{i+jk−t}p^{t−1} to w_{p,q,Bi,j,k+1} (Q^′). Thus W_{p,q,Bi,j,n} (P)w_{p,q,Bi,j,k} (Q) = W_{p,q,Bi,j,n} (P^′)q^{i+jk−t}p^{t−1}W_{p,q,Bi,j,n} (Q) = W_{p,q,Bi,j,n} (P^′)w_{p,q,Bi,j,k+1} (Q^′). Clearly sgn(Q) = (−i)^{k−r} = −sgn(Q^′) = (−1)^{k−r+1} so that f is a sign reversing weight preserving function which for each r ≤ k ≤ n maps the elements of N^j_{n−k}(B_{i,j,n}) × F_{k−r}(B_{i,j,k}) in Class I to the elements N^j_{n−k−1}(B_{i,j,n}) × F_{k+1−r}(B_{i,j,k+1}) in Class II. Moreover f^{−1} is easily defined. That is, if (P^′, Q^′) ∈ N^j_{n−k−1}(B_{i,j,n}) × F_{k+1−r}(B_{i,j,k+1}) is in Class II and the rook in the last column of Q^′ is in row t, then f^{−1}(P^′, Q^′)) = (P, Q) where Q is results from Q^′ by removing the last column of B_{i,j,k+1} and P results from P^′ by adding a rook in the last column of B_{i,j,n} in the t-th cell from the bottom which is not j-attacked by any rook in P^′. Thus f is a bijection which shows that n∑ k=r ∑ (P,Q)∈N^j_{n−k}(B_{i,j,n} )×F_{k−r} (B_{i,j,k} ) W_{p,q,Bi,j,n} (P)sgn(Q)w_{p,q,Bi,j,k} (Q) = n∑ k=r ∑ (P,Q)∈Class III W_{p,q,Bi,j,n} (P)sgn(Q)w_{p,q,Bi,j,k} (Q)

Figure 7: An example of the map f from Class I to Class II

Note if r = 0, then there are no elements in Class III since every element of (P, Q) ∈ N^j_{n−k}(B_{i,j,n}) × F_{k−0}(B_{i,j,k}) has a rook of Q in the last column of B_{i,j,k}. Thus if r = 0, then f shows that ∑_n k=0 S^{i,j}_{n,k}(p, q)s^{i,j}_{k,0}(p, q) = 0. Finally if r ≥ 1, then there is a weight preserving bijection g which maps Class III onto ⋃_{n−1} k=r−1 N j n−1−k(Bi,j,n−1) × Fk−(r−1)(Bi,j,k). That is, if (P, Q) is in Class III, then g((P, Q)) = (P^{′′}, Q^{′′}) where P^{′′} is obtained from P by removing its last column and Q^{′′} is obtained from Q by removing its last column. See Figure 8 for an example.

Figure 8: An example of the map g

Thus if r ≥ 1, then our bijections f and g show that n∑ k=r S^{i,j}_{n,k}(p, q)s^{i,j}_{k,r}(p, q) = n−1∑ k=r−1 S^{i,j}_{n−1,k}(p, q)s^{i,j}_{k,r−1}(p, q) = χ(r − 1 = n − 1) (78) where the last equality follows by induction. Thus we have proved that n∑ k=r S^{i,j}_{n,k}(p, q)s^{i,j}_{k,r}(p, q) = χ(r = n) as desired.

3 A combinatorial interpretation of s̃^{i,j}_{n,k}(p, q) and S̃^{i,j}_{n,k}(p, q)

The main purpose of this section is to develop alternative versions of (p, q)-rook numbers and (p, q)-file numbers which are suitable to be specialized to give combinatorial interpretations of s̃^{i,j}_{n,k}(p, q) and S̃^{i,j}_{n,k}(p, q).

Let B = B(a_1, . . . , a_n) be a j-attacking board. Then for any placement P ∈ N^j_k (B), we define W̃^j_{p,q,B}(P) = q^aB^{(P)}p^bB^{(P)}q^eB^{(P)}p^{−(c}1^{+···+c}n^{)j} (79)

where

1. a_B (P) equals the number of cells of B which lie above a rook in P and which are not j-attacked by any rook in P,

2. b_B (P) equals the number of cells of B which lie below a rook in P and which are not j-attacked by any rook in P,

3. e_B (P) equals the number of cells of B which lie in a column with no rook in P and which are not j-attacked by any rook in P, and

4. c_1 < · · · < c_k are the columns which contain rooks in P where we label the columns of B with 1, . . . , n reading from left to right.

For example, in Figure 9, we have pictured a placement P ∈ N^3_3 (B) where B is the 3-attacking board B(2, 5, 8, 10, 12) such that P has rooks in columns 1, 3 and 4 and a_B (P) = 3, b_B (P) = 5, e_B (P) = 5. Thus W̃^3_{p,q,B}(P) = q^3p^5q^5p^{−(1+3+4)3} = q^8p^{−19}. Moreover, we have placed a p in each cell of B which contributes to the b_B(P), a q in each cell that contributes to either a_B(P) or e_B (P), and a dot in each cell that is j-attacked by some rook in P.

Figure 9: An example of W̃_{p,q,B}(P)

We then define the (p, q)-rook number of B (of type II) by r̃^j_{k,B}(p, q) = ∑ P∈N^j_k (B) W̃^j_{p,q,B}(P). (80)

This given, we then have the following result.

Theorem 7. Let B = B(a_1, . . . , a_n) be a j-attacking board. Then

[x + a_1]_{p,q}[x + a_2 − j]_{p,q} · · · [x + a_n − (n − 1)j]_{p,q} = n∑ k=0 r̃^j_{k,B}(p, q)p^{kx+}(^{k+12} )^j[x]_{p,q} ↓_{n−k,j} (81) where [x]_{p,q} ↓_{0,j}= 1 and for k > 0, [x]_{p,q} ↓_{k,j}= [x]_{p,q}[x − j]_{p,q} · · · [x − (k − 1)j]_{p,q}.

Proof. We note that when j = 1 and p = 1, (81) becomes

[x + a_1]_q[x + a_2 − 1]_q · · · [x + a_n − (n − 1)]_q = n∑ k=0 r̃^1_{n−k,B}(1, q)[x]_q ↓_k which was first proved by Garsia and Remmel [11]. Our proof is a generalization of their proof.

It is enough to prove (81) for all positive integers x ≥ jn. So fix a positive integer x ≥ jn and let B_x be the board which results by adding x rows of length n below B as described in section 1. We shall consider placements of n rooks in B_x where there is at most one rook in each row and column. A rook r which lies above the bar will j-attack cells as described in section 1. Thus a rook r which lies above the bar will only j-attack cells which are above the bar. Similarly, we shall define the cells which a rook r^′ below the bar j-attacks so that each rook r^′ will only j-attack cells below the bar in B_x. We say that a rook r^′ which lies in column k and row l, where here we label the rows below the bar with 1, . . . , x reading from top to bottom, j-attacks a cell c ∈ B_x which is below the bar only if c lies in a column that is strictly to the right of column k and either

(i) c lies in the first j rows of B_x below the bar which are weakly above row l and which contain no cell that is j-attacked by some rook r^{′′} to the left of r^′ or

(ii) there are t < j rows below the bar which are weakly above row l and which contain no cell that is j-attacked by some rook r^{′′} which is strictly to the left of column k and c is in the largest j − t rows which are not j-attacked by any rook r^{′′} which is strictly to the left of r^′.

In other words, a rook in column k and row l below the bar j-attacks all cells below the bar which are not j-attacked by any rook r^{′′} to the left of r^′, which are in a column strictly to the right of k and which lie in the first j such rows where we order the rows in the order l, l − 1, . . . , 1, x, x − 1, . . . , l + 1. Thus when we look for rows for r^′ to j-attack, we only consider rows below the bar which are not j-attacked by any rook r^{′′} to the left of r^′. Then we first look at such rows which are weakly above l, but if there are not j such rows weakly above row l, then we cycle around starting at the bottom row until we find a total of j rows to attack. We then let N^j_k (B_x) denote the set of all placements P of n rooks in B_x such that there is at most one rook in each row and column and such that no rook j-attacks another rook. This given, we can then define W_{p,q,Bx} (P) just as we did in section 1, namely, W^j_{p,q,Bx} (P) = q^{aB (P)}p^{bB (P)} (82) where

a_B (P) equals the number of cells of B which lie above a rook in P and which are not j-attacked by any rook in P and

b_B (P) equals the number of cells of B which lie below a rook in P and which are not j-attacked by any rook in P.

For example, consider the placement P ∈ N^3_4 (B(1, 3, 5, 7)_{10} ) pictured in Figure 10. We shall denote the positions of the four rooks, reading from left to right, by placing circled elements containing the numbers 1, 2, 3 and 4. We shall then indicate the cells which are 3-attacked by

Figure 10: An example of W̃_{p,q,B}(P)

the circled rook with label i by placing i’s in such cells. We shall place a q or a p in those cells which are not 3-attacked by any rook in P depending on whether the cell contributes a factor of q or p to W_{p,q,Bx} (P) from which it will be clear that W_{p,q,Bx} (P) = q^8p^{25}.

This given, we shall show that (81) results from two different ways of computing the sum S = ∑ P∈N^j_n(B_x) W_{p,q,Bx} (P). (83)

That is, first consider the contribution to S of the possible placements of rooks in each column proceeding from left to right. For the first column, it is easy to see that the contribution to S by placing rooks in the cells starting at the top and going down to the bottom are, respectively, p^{a1+x−1}, qp^{a1+x−2}, q^2p^{a1+x−3}, . . . , q^{a1+x−2}p, q^{a1+x−1}. Thus the contribution to S from the first column is [a_1 + x]_{p,q}. We can apply the same argument to the second column except that j-cells in that column will be j-attacked by the rook in column 1 so the the contribution to S from the second column is [a_2 + x − j]_{p,q}. Similarly, the contribution to S from the third column is [a_3 + x − 2j]_{p,q} since a total of 2j cells in column 3 will be j-attacked by the rooks in columns 1 and 2. Continuing on in this way, we see that S = n∏ r=1 [a_r + x − (r − 1)j]_{p,q}. (84)

Next fix a placement Q of k rooks in B. We want to compute S(Q) = ∑ P∈N^j_n(B_x),P∩B=Q W_{p,q,Bx} (P). (85)

It is easy to see that q^{aB (Q)}b^{bB (Q)}q^{eB (Q)} is the contribution W_{p,q,Bx} (P) of the cells above the bar. Now if P has rooks in columns c_1, . . . , c_k where 1 ≤ c_1 < . . . < c_k ≤ n, then the cells in those columns, which lie below the bar and which are not j-attacked by a rook in P, each contribute a factor of p to W_{p,q,Bx} (P). Note that there are c_t − t rooks of P below the bar which lie to the left of column c_t, and each such rook will j-attack exactly j cells in column c_t. Thus the total number of cells below the bar in columns c_1, . . . , c_k which are not j-attacked by any rook in P is (x − (c_1 − 1)j) + (x − (c_2 − 2)j) + · · · + (x − (c_k − k)j) = kx + ( k + 1 2 ) j − (c_1 + · · · + c_k)j.

Thus such cells below the bar contribute a factor of p^{kx+}(^{k+12} )^{j−(c1+···+ck)j} to W_{p,q,Bx} (P). Finally consider the contribution to W_{p,q,Bx} (P) of the cells below the bar in the remaining n − k columns. For the leftmost such column, it is easy to see that the contribution to S by placing rooks in the cells starting at the top and going down to the bottom are, respectively, p^{x−1}, qp^{x−2}, q^2p^{x−3}, . . . , q^{x−2}p, q^{x−1}. Thus the contribution to S(Q) from the leftmost column which contains a rook below the bar is is [x]_{p,q}. We can apply the same argument to the second leftmost column that contains a rook below the bar except that j-cells in that column will be j-attacked by the rook in the leftmost column which contains a rook below the bar. Thus the the contribution to S(Q) from the second such column is [x − j]_{p,q}. Similarly, the contribution to S from the third such column is [x − 2j]_{p,q} since at total of 2j cells in that column will be j-attacked by the rooks in below the bar to its left. Continuing on in this way, we see that contribution to S(Q) from the cells in the remains n − k columns is n−k∏ r=1 [x − (r − 1)j]_{p,q} = [x]_{p,q} ↓_{n−k,j} . It follows that S(Q) = q^{aB (Q)}b^{bB (Q)}q^{eB (Q)}p^{−(c1+...+ck)j} p^{kx+}(^{k+12} )[x]_{p,q} ↓_{n−k,j} = W̃_{p,q,B}(Q)p^{kx+}(^{k+12} )^j[x]_{p,q} ↓_{n−k,j} . (86) Thus S = n∑ k=0 p^{kx+}(^{k+12} )^j [x]_{p,q} ↓_{n−k,j} ∑ Q∈N^j_k (B) W̃_{p,q,B}(Q)

= n∑ k=0 r̃^j_{k,B}(p, q)p^{kx+}(^{k+12} )^j[x]_{p,q} ↓_{n−k,j} . (87) Combining (84) and (87) yields (81) as desired. ■

Next we define the (p, q)-file number (of type II) for a j-attacking board B = B(a_1, . . . , a_n) by f̃_{k,B}(p, q) = ∑ P∈F_k (B) w̃^j_{p,q,B}(P) (88) where for any P ∈ F_k(B), we define w̃^j_{p,q,B}(P) = q^{αB (P)}p^{βB (P)}p^{ϵB (P)} (89) where

1. α_B (P) equals the number of cells of B which lie above a rook in P, 2. β_B (P) equals the number of cells of B which lie below a rook in P, 3. ϵ_B (P) equals the number of cells of B which lie in a column with no rook in P. We are now in a position to give our combinatorial interpretations of s̃^{i,j}_{n,k}(p, q) and S̃^{i,j}_{n,k}(p, q) defined in the introduction. Set c̃^{i,j}_{n,k}(p, q) = (−1)^{n−k}s̃^{i,j}_{n,k}(p, q). Let i ≥ 0 and j > 0 be integers and let B_{i,j,n} be the board B(i, i + j, i + 2j, . . . , i + (n − 1)j). Then we have the following. Theorem 8. If n is a positive integer and k is an integer such that 0 ≤ k ≤ n, then c̃^{i,j}_{n,k}(p, q) = f̃_{n−k}(p, q, B_{i,j,n}) (90) and S̃^{i,j}_{n,k}(p, q) = r̃^j_{n−k}(p, q, B_{i,j,n}). (91) Proof. It is easy to check that f̃_{n−k}(p, q, B_{i,j,n}) and r̃^j_{n−k}(p, q, B_{i,j,n}) satisfy the appropriate recursions. That is, B_{i,j,1} = B((i)) so that it immediately follows from our definitions that for all i and j, f̃_1(p, q, B_{i,j,1}) = r̃^j_1(p, q, B_{i,j,1}) = [i]_{p,q}, f̃_0(p, q, B_{i,j,1}) = p^i and r̃^j_0(p, q, B_{i,j,1}) = q^i. It follows from (30) and (32) that c̃^{i,j}_{1,0}(p, q) = S̃^{i,j}_{1,0}(p, q) = [i]_{p,q}, c̃^{i,j}_{1,1}(p, q) = p^i and S̃^{i,j}_{1,1}(p, q) = q^i. Thus for k ∈ {0, 1}, c̃^{i,j}_{1,k}(p, q) = f̃_{1−k}(p, q, B_{i,j,1}) and S̃^{i,j}_{1,k}(p, q) = r̃^j_{1−k}(p, q, B_{i,j,1}). Clearly f̃_k(p, q, B_{i,j,n}) = 0 and r̃^j_k(p, q, B_{i,j,n}) = 0 if k > n or k < 0 since there are no placements in F_k(B_{i,j,n}) or N^j_k (B_{i,j,n}) if k > n or k < 0. Thus to verify that (90) and (91) hold we need only verify that for all n ≥ 1 and 0 ≤ k ≤ n, f̃_{n+1−k}(p, q, B_{i,j,n+1}) = p^{nj+i}f̃_{n−k−1}(p, q, B_{i,j,n}) + [i + nj]_{p,q}f̃_{n−k}(p, q, B_{i,j,n}) (92) and r̃^j_{n+1−k}(p, q, B_{i,j,n+1}) = q^{i+kj}r̃^j_{n−k−1}(p, q, B_{i,j,n}) + p^{−(n+1)j} [i + kj]_{p,q}r̃^j_{n−k}(p, q, B_{i,j,n}). (93) Both recursions can be proved in the same way. That is, to prove (92), we simply partition the elements of F_{n+1−k}(B_{i,j,n+1}) into two sets No and Last where No consists of the placements of

F_{n+1−k}(B_{i,j,n+1}) which have no rook in the last column and Last consists of the placements of F_{n+1−k}(B_{i,j,n+1}) which have a rook in the last column. It is easy to see that a placement in No has n − k − 1 rooks to the left of the last column and the weight of any placement P ∈ No is p^{nj+i}w̃_{p,q,Bi,j,n} (P^′) where P^′ is the placement in F_{n−(k−1)}(B_{i,j,n}) that results by eliminating the last column of P. Thus ∑ P∈No w̃_{p,q,Bi,j,n+1} (P) = ∑ P^′∈F_{n−(k−1)}(B_{i,j,n} ) p^{nj+i}w̃_{p,q,Bi,j,n} (P^′) = p^{nj+i}f̃_{n−(k−1)}(p, q, B_{i,j,n}).

To compute ∑ P∈Last w̃p,q,Bi,j,n+1 (P) observe that if we fix a placement Q ∈ Fn−k(Bi,j,n), then we can extend Q to a placement P ∈ Last by placing an additional rook in the last column. Since the height of the last column of B_{i,j,n+1} is i + nj, there will be i + nj such placements. Moreover, it is easy to see that if we place the rook in the s-th row of the last column, where we label the row with 1, . . . , i+nj reading from bottom to top, then the weight of the corresponding placement P^s is q^{i+nj−s}p^{s−1}w_{p,q,Bi,j,n} (Q). It follows that ∑ P∈Last w̃_{p,q,Bi,j,n+1} (P) = ∑ Q∈F_{n−k}(B_{i,j,n} ) (q^{i+nj−1} + q^{i+nj−2}p + · · · + qp^{i+nj−2} + p^{i+nj−1})w̃_{p,q,Bi,j,n} (Q) = [i + nj]_{p,q}f̃_{n−k}(p, q, B_{i,j,n}). The argument to prove (93) is essentially the same. That is, again partition the elements of N^j_{n+1−k}(B_{i,j,n+1}) into two sets No and Last where No consists of the placements of N^j_{n+1−k}(B_{i,j,n+1}) which have no rook in the last column and Last consists of the placements of N^j_{n+1−k}(B_{i,j,n+1}) which have a rook in the last column. If P ∈ No, then there are n + 1 − k rooks to the left of the last column in P . These rook j-attack a total of (n + 1 − k)j cells in the last column. Thus there are a total of nj + i − (n + 1 − k)j = (k − 1)j + i cells in last column of B_{i,j,n+1} which are not j-attacked by any rook in P. Each such cell is counted in ϵ_{Bi,j,n+1}(P) so that these cells contribute a factor of q^{(k−1)j+i} to W̃_{p,q,Bi,j,n+1} (P). Thus ∑ P∈No W̃_{p,q,Bi,j,n+1} (P) = q^{(k−1)j+i} ∑ Q∈N^j_{n−(k−1)}(B_{i,j,n} ) W̃_{p,q,Bi,j,n} (Q)

= q^{(k−1)j+i}r̃^j_{n−(k−1)}(p, q, B_{i,j,n}). To compute ∑ P∈Last W̃p,q,Bi,j,n+1 (P) observe that if we fix a placement Q ∈ N j n−k(B_{i,j,n}), then we can extend Q to a placement P ∈ N by placing an additional rook in the last column. In this case, the n − k rooks in Q will j-attack exactly (n − k)j cells in the last column. Since the height of the last column of B_{i,j,n+1} is i + nj, there will be i + nj − (n − k)j = i + kj cells in the last column of B_{i,j,n+1} which are not j-attacked and hence there will be i + kj such placements. Moreover, it is easy to see that if we place the rook in the s-th row of the non-j-attacked cells of the last column, where we label such rows with 1, . . . , i + kj reading from bottom to top, then the weight of the corresponding placement P^s is q^{i+kj−s}p^{s−1}W̃_{p,q,Bi,j,n} (Q). Finally there is an extra factor of p^{−(n+1)} in W̃_{p,q,Bi,j,n+1} (P) that does not occur in W̃_{p,q,Bi,j,n} (Q) due to the rook in column n + 1 in P. It follows that ∑ P∈Last W̃_{p,q,Bi,j,n+1} (P) = p^{−(n+1)} ∑ Q∈N^j_{n−k}(B_{i,j,n}) (q^{i+kj−1} + q^{i+kj−2}p + · · · + qp^{i+kj−2} + p^{i+kj−1})W̃_{p,q,Bi,j,n} (Q)

= p^{−(n+1)}[i + kj]_{p,q}r̃^j_{n−k}(p, q, B_{i,j,n}). ■ We note that when B = B_{i,j,n}, then Theorem 7 becomes

[x + i]^n_{p,q} = n∑ k=0 S̃^{i,j}_{n,k}p^{(n−k)x+}(^{n−k+1}2 )^j [x]_{p,q} ↓_k which is just (59). Thus (59) has a combinatorial proof.

We can also give a combinatorial proof that the matrices ||p(^{n−k+12} )^jS̃^{i,j}_{n,k}(p, q)|| and ||(pq)^−(^{n2})^jp^{−ik}q^{−in}s̃^{i,j}_{n,k}(p, q)|| are inverses of each other. In fact, we can use the same proof that we used to give a combinatorial proof that the matrices ||S^{i,j}_{n,k}(p, q)|| and ||s^{i,j}_{n,k}(p, q)|| are inverses of each other. That is, we must show that for all n and 0 ≤ r ≤ n, n∑ k=r p(^{n−k+12} )^jS̃^{i,j}_{n,k}(p, q)(pq)^−(^{k2})^j p^{−ir}q^{−ik}s̃^{i,j}_{k,r}(p, q) = χ(n = r). (94) Note that if r = n, then (94) reduces down to 1 = S̃^{i,j}_{n,n}(p, q)(pq)^−(^{n2})^j p^{−in}q^{−in}s̃^{i,j}_{n,n}(p, q). (95) Now both N^j_{n−n}(B_{i,j,n}) and F_{n−n}(B_{i,j,n}) consist solely of the empty placement E. Then it is easy to see that our definitions ensure that W̃_{p,q,Bi,j,n} (E) = q^{∑n}s=1^{i+(s−1)j} = q(^n2)^{j+in} w̃_{p,q,Bi,j,n} (E) = p^{∑ns=1 i+(s−1)j} = p(^{n2})^{j+in}. It thus follows that S̃^{i,j}_{n,n}(p, q) = q(^{n2})^{j+in} and s̃^{i,j}_{n,n}(p, q) = p(^{n2})^{j+in} and hence (95) holds.

Now suppose that n > r. Then n∑ k=r p(^{n−k+12} )^jS̃^{i,j}_{n,k}(p, q)(pq)^−(^{k2})^jp^{−ir}q^{−ik}s̃^{i,j}_{k,r}(p, q) = (96) n∑ k=r ∑ (P,Q)∈N^j_{n−k}(B_{i,j,n} )×F_{k−r} (B_{i,j,k} ) p(^{n−k+12} )^jW̃_{p,q,Bi,j,n} (P)(pq)^−(^{k2})^jp^{−ir}q^{−ik}w̃_{p,q,Bi,j,k} (Q)sgn(Q)

where sgn(Q) = (−1)^{k−r} = (−1)no. of rooks in Q. We partition the elements (P, Q) ∈ n⋃ k=r N^j_{n−k}(B_{i,j,n}) × F_{k−r}(B_{i,j,k}) into three classes just as we did in section 2.

Class I. There is a rook of P in the last column of B_{i,j,n}.

Class II. There is no rook of P in the last column of B_{i,j,n}, but there is a rook of Q in the last column of B_{i,j,k}.

Class III. There is no rook of P in the last column of B_{i,j,n} and there is no rook of Q in the last column of B_{i,j,k}.

Let f be the bijection from Class I to Class II defined at the end of section 1. Thus f is a sign reversing bijection which for each r ≤ k ≤ n maps the elements of N^j_{n−k}(B_{i,j,n}) × F_{k−r}(B_{i,j,k}) in Class I to the elements N^j_{n−k−1}(B_{i,j,n}) × F_{k+1−r}(B_{i,j,k+1}) in Class II. Now suppose that (P, Q) ∈ N^j_{n−k}(B_{i,j,n}) × F_{k−r}(B_{i,j,k}) and f((P, Q)) = (P^′, Q^′). Thus there i + kj cells of P in the last column which are not j-attacked by any rook to the right of the last column. Thus the effect of removing the last rook r_n in P and placing it in the corresponding position in a new column of height i + kj to the left of Q means that we lose a factor of p^{−nj} and we gain a factor of q^{i+kj} since the last column of P^′ is now empty. Thus q^{i+kj}p^{nj}W̃_{p,q,Bi,j,n} (P)w̃_{p,q,Bi,j,k} (Q) = W̃_{p,q,Bi,j,n} (P^′)w̃_{p,q,Bi,j,k+11} (Q^′). (97) But then p(^{n−k+12} )^jW̃_{p,q,Bi,j,n} (P)(pq)^−(^{k2})^j p^{−ir}q^{−ik}w̃_{p,q,Bi,j,k} (Q)sgn(Q) = p(^{n−k2} )^j p^{(n−k)j}W̃_{p,q,Bi,j,n} (P)(pq)^−(^{k+12} )^j(pq)^{kj} p^{−ir}q^{−i(k+1)}q^iw̃_{p,q,Bi,j,k} (Q)sgn(Q) = p^{nj}q^{i+kj}(p(^{n−k2} )^jW̃_{p,q,Bi,j,n} (P)(pq)^−(^{k+12} )^jp^{−ir}q^{−i(k+1)}w̃_{p,q,Bi,j,k} (Q)sgn(Q)) = −(p(^{n−k2} )^jW̃_{p,q,Bi,j,n} (P^′)(pq)^−(^{k+12} )^jp^{−ir}q^{−i(k+1)}w̃_{p,q,Bi,j,k+1} (Q^′)sgn(Q^′)) which is precisely the sign-reversing weight preserving property required to show that f cancels all the elements in Classes I and II in the sum (96). If we let T_{n,k,r,i,j} = N^j_{n−k}(B_{i,j,n}) × F_{k−r}(B_{i,j,n}), then f shows that n∑ k=r ∑ (P,Q)∈T_{n,k,r,i,j} p(^{n−k+12} )^jW̃_{p,q,Bi,j,n} (P)(pq)^−(^{k2})^jp^{−ir}q^{−ik}w̃_{p,q,Bi,j,n} (Q)sgn(Q)

= n∑ k=r ∑ (P,Q)∈Tn,k,r,i,j (P,Q)∈Class III p(^{n−k+12} )^jW̃_{p,q,Bi,j,n} (P)(pq)^−(^{k2})^jp^{−ir}q^{−ik}w̃_{p,q,Bi,j,n} (Q)sgn(Q).

Again if r = 0, then there are no elements in Class III. Thus if r = 0, then f shows that ∑_n k=0 p(^{n−k+12} )^jS̃^{i,j}_{n,k}(p, q)(pq)^−(^{k2})^jq^{−ik}s^{i,j}_{k,0}(p, q) = 0. Finally if r ≥ 1, we again use the bijection g defined in section 1 which maps Class III onto ⋃_{n−1} k=r−1 N j n−1−k(Bi,j,n−1)×Fk−(r−1)(Bi,j,k). That is, if (P, Q) is in Class III, then g((P, Q)) = (P^{′′}, Q^{′′}) where P^{′′} is obtained from P by removing its last column and Q^{′′} is obtained from Q by removing its last column. In this case, it is easy to see that since there i + (k − 1)j cells in the last column of P which are not j-attacked by any rook to the left of last column we lose a factor of q^{i+(k−1)j} from the W̃_{p,q,Bi,j,n} (P) by removing the last column. Similarly we lose a factor of p^{i+(k−1)j} from the W̃_{p,q,Bi,j,n} (Q) by removing the last column. Thus if g((P, Q)) = (P^′, Q^′), then (pq)^{−i−(k−1)j}W̃_{p,q,Bi,j,n} (P)w̃_{p,q,Bi,j,k} (Q) = W̃_{p,q,Bi,j,n−1} (P^′)w̃_{p,q,Bi,j,k−1} (Q^′). (98) But then p(^{n−k+12} )^jW̃_{p,q,Bi,j,n} (P)(pq)^−(^{k2})^jp^{−ir}q^{−ik}w̃_{p,q,Bi,j,k} (Q)sgn(Q) = p(^{(n−k+12} )^jW̃_{p,q,Bi,j,n} (P)(pq)^−(^{k−12} )^j(pq)^{−(k−1)j} p^{−i(r−1)}p^{−i}q^{−i(k−1)}q^{−i}w̃_{p,q,Bi,j,k} (Q)sgn(Q) = (pq)^{−i−(k−1)j} (p(^{(n−k+12} )^jW̃_{p,q,Bi,j,n} (P)(pq)^−(^{k−12} )^j p^{−i(r−1)}q^{−i(k−1)}w̃_{p,q,Bi,j,k} (Q)sgn(Q)) = (p(^{(n−1)−(k−1)+12} )^jW̃_{p,q,Bi,j,n−1} (P^′)(pq)^−(^{k−12} )^jp^{−i(r−1)}q^{−i(k−1)}w̃_{p,q,Bi,j,k−1} (Q^′)sgn(Q^′) Thus g shows that ∑n k=r ∑ (P,Q)∈Tn,k,r,i,j (P,Q)∈Class III p ( n−k+1 2 ) j W̃p,q,B i,j,n (P)(pq) − ( k 2 ) j p−ir q−ik w̃p,q,Bi,j,k (Q)sgn(Q)

= ∑n−1 k=(r−1) ∑ (P′ ,Q′)∈Tn−1,k,r−1,i,j p ( (n−1)−k+1 2 ) j W̃p,q,B i,j,n−1 (P ′ )(pq) − ( k 2 ) j p−i(r−1) q−i(k−1) w̃p,q,Bi,j,k−1 (Q′ )sgn(Q′ ) = χ(n − 1 = r − 1)

where the last equality follows from our induction hypothesis. Thus (94) holds as claimed.

4 Generating Functions

In this section, we shall present some basic generating functions for sequences involving c^{i,j}_{n,k}(p, q), S^{i,j}_{n,k}(p, q), c̃^{i,j}_{n,k}(p, q) and S̃^{i,j}_{n,k}(p, q). In the case that (p, q, i) = (1, 1, 1), our results reduce to results on Whitney numbers of Dowling lattices appearing in work of Benoumhani [2], [3]. The connection with Dowling lattices is discussed in Section 5.

First we consider exponential generating functions when p = q = 1.

Theorem 9. Let F^{i,j}_k (x) = ∑ n≥k c^{i,j}_{n,k}(1, 1)^{xn}_{n!} and R^{i,j}_k (x) = ∑ n≥k S^{i,j}_{n,k}(1, 1)^{xn}_{n!} . Then for all j > 0, F^{0,j}_k (x) = 1 k! (ln((1 − jx)^{−1/j} ))^k (99) F^{i,j}_k (x) = 1 i^kk! (1 − jx)^{−i/j} (ln((1 − jx)^{−i/j} ))^k if i > 0 and k ≥ 0, (100) and R^{i,j}_k (x) = 1 j^kk! e^{ix}(e^{jx} − 1)^k if i ≥ 0 and k ≥ 0, (101)

Proof. All of these results can be obtained by taking appropriate limits in (13) which is Hsu and Shiue’s exponential generating function for the sequence {S^1_{n,k}(α, β, r)}_{n≥k} when αβ ≠ 0. It is also easy to give more direct proofs.

For example, if k = 0 and i > 0, then it is easy to see that

c^{i,j}_{n,0}(1, 1) = i(i + j) · · · (i + (n − 1)j) and S^{i,j}_{n,0}(1, 1) = i^n.

Thus in that case,

F^{i,j}_0 (x) = ∑ n≥0 i(i + j) · · · (i + (n − 1)j) x^n n! (102)

= ∑ n≥0 −i j ( −i j − 1) · · · ( −i j − (n − 1)) (−jx)^n n! = (1 − jx)^{−i/j} by Newton’s binomial theorem. Similarly

R^{i,j}_0 (x) = ∑ n≥0 i^n x^n n! = e^{ix}. (103)

When k = i = 0, c^{0,j}_{n,0}(1, 1) = S^{0,j}_{n,0}(1, 1) = 0 when n > 0 since one cannot place n rooks on B_{0,j,n} = B(0, j, 2j, . . . , (n − 1)j) with out placing at least two rooks in the same column. Since c^{i,j}_{0,0} = S^{i,j}_{0,0} = 1, it follows that F^{0,j}_0 (x) = R^{0,j}_0 (x) = 1. (104) Now if k > 0 and i ≥ 0, then d dx F^{i,j}_k (x) = ∑ n≥k c^{i,j}_{n,k} x^{n−1} (n − 1)! = ∑ n≥k (c^{i,j}_{n−1,k−1} + (i + (n − 1)j)c^{i,j}_{n−1,k} ) x^{n−1} (n − 1)! = ∑ n≥k c^{i,j}_{n−1,k−1} x^{n−1} (n − 1)! + i ∑ n≥k c^{i,j}_{n−1,k} x^{n−1} (n − 1)! + j ∑ n≥k c^{i,j}_{n−1,k} x^{n−1} (n − 2)! = F^{i,j}_{k−1}(x) + iF^{i,j}_k (x) + jx d dx (F^{i,j}_k (x)) so that d dx (F^{i,j}_k (x)) = 1 1 − jx F^{i,j}_{k−1}(x) + i 1 − jx F^{i,j}_k (x) (105)

Similarly if k > 0 and i ≥ 0, then d dx R^{i,j}_k (x) = ∑ n≥k S^{i,j}_{n,k} x^{n−1} (n − 1)! = ∑ n≥k (S^{i,j}_{n−1,k−1} + (i + kj)S^{i,j}_{n−1,k}) x^{n−1} (n − 1)! = ∑ n≥k S^{i,j}_{n−1,k−1} x^{n−1} (n − 1)!

+ (i + kj) ∑ n≥k S^{i,j}_{n−1,k} x^{n−1} (n − 1)! = R^{i,j}_{k−1}(x) + (i + kj)R^{i,j}_k (x). (106) If k > 0, then for all i ≥ 0 and j > 0, F^{i,j}_k (x)|_xk = R^{i,j}_k (x)|_xk = 1 k! . (107)

Now it is easy to see that when i > 0, (105), (107) and (102) completely determine the family {F^{i,j}_k (x)}_{k≥0}. Since the family {^1_{ik k!} (1 − jx)^{−i/j} (ln((1 − jx)^{−i/j} ))^k}_{k≥0} satisfies (105), (107) and (102), it follows that for all k ≥ 0, F^{i,j}_k (x) = 1 i^kk! (1 − jx)^{−i/j} (ln((1 − jx)^{−i/j} ))^k if i > 0.

If i = 0, then (105), (107) and (104) completely determine the family {F^{0,j}_k (x)}_{k≥0}. Since the family {^1_{k!} (ln((1 − jx)^{−1/j} ))^k}_{k≥0} satisfies (105), (107) and (104), it follows that for all k ≥ 0,

F^{0,j}_k (x) = 1 k! (ln((1 − jx)^{−1/j} ))^k.

Similarly, it is easy to check that when i > 0, then (106), (107) and (103) completely determine the family {R^{i,j}_k (x)}_{k>0}. Since the {^1_{jkk!} e^{ix}(e^{jx} − 1)^k}_{k>0} satisfies (106), (107) and (103), it immediately follows that for all k ≥ 0 R^{i,j}_k (x) = 1 j^kk! e^{ix}(e^{jx} − 1)^k if i > 0.

If i = 0, then (106), (107) and (104) completely determine the family {F^{0,j}_k (x)}_{k≥0}. Since the family {^1_{jkk!} (e^{jx} − 1)^k}_{k≥0} satisfies (106), (107) and (104), it follows that for all k ≥ 0,

R^{0,j}_k (x) = 1 j^kk! (e^{jx} − 1)^k. ■ Note that it follows from Theorem 9 that for i > 0, ∑ n≥0 x^n n! n∑ k=0 c^{i,j}_{n,k}(1, 1)u^k = ∑ k≥0 u^k ∑ n≥k c^{i,j}_{n,k}(1, 1) x^n n! (108)

= (1 − jx)^{−i/j} ∑ k≥0 (u/i)^k k! (ln((1 − jx)^{−i/j} )^k = (1 − jx)^{−i/j} e^{ui ln((1−jx)−i/j )} = (1 − jx)^{−i/j} (1 − jx)^{−u/j} = (1 − jx)^{−(i+u)/j} . Thus replacing x by x/j in (108), we get ∑ n≥0 x^n j^nn! (_n ∑ k=0 c^{i,j}_{n,k}(1, 1)u^k ) = (1 − x)^{−(i+u)/j} . (109)

There is a natural q-analogue of (109). That is, it follows from Theorem 4 that n∑ k=0 c^{i,j}_{n,k}(1, q)x^k = (x + [i]_q)(x + [i + j]_q) · · · (x + [i + (n − 1)j]_q)

= (x + 1 − q^i 1 − q )(x + 1 − q^{i+j} 1 − q ) · · · (x + 1 − q^{i+(n−1)j} 1 − q ) = 1 (1 − q)^n

(x(1 − q) + 1 − q^i)(x(1 − q) + 1 − q^{i+j}) · · · (x(1 − q) + 1 − q^{i+(n−1)j} ) = (x(1 − q) + 1)^n (1 − q)^n

(1 − q^i x(1 − q) + 1

)(1 − q^i x(1 − q) + 1 q^j) · · · (1 − q^i x(1 − q) + 1 q^{(n−1)j} ).

Thus 1 + ∑ n≥1 u^n (1 − q^j) · · · (1 − q^{nj}) (_n ∑ k=0 c^{i,j}_{n,k}(1, q)x^k ) (110)

= 1 + ∑ n≥1 ( u(x(1 − q) + 1) 1 − q )_n (1 − q^i_{x(1−q)+1} )(1 − q^i_{x(1−q)+1} qj) · · · (1 − q^i_{x(1−q)+1} q(n−1)j ) (1 − q^j) · · · (1 − q^{nj}) . We can now apply Cauchy’s formula, see [1], 1 + ∑ n≥1 (1 − a)(1 − aq) · · · (1 − aq^{n−1}) (1 − q)(1 − q^2) · · · (1 − q^n) t^n = ∞∏ n=0 (1 − atq^n) (1 − tq^n)

. (111)

Thus 1 + ∑ n≥1 u^n (1 − q^j) · · · (1 − q^{nj}) (_n ∑ k=0 c^{i,j}_{n,k}(1, q)x^k ) = ∞∏ n=0 (1 −^{uqi}_{1−q} q^{nj}) (1 −^{u(x((1−q)+1)} 1−q q^{nj}) . (112)

Hence if we replace u by u(1 − q) in (112), we obtain the following theorem. Theorem 10. For i > 0 and k ≥ 0, 1 + ∑ n≥1 u^n [j]_q[2j]_q · · · [nj]_q (_n ∑ k=0 c^{i,j}_{n,k}(1, q)x^k ) = ∞∏ n=0 (1 − uq^iq^{nj}) (1 − u(x((1 − q) + 1)q^{nj} )

. (113)

Next we consider an ordinary generating function for the S^{i,j}_{n,k}(p, q)’s. Theorem 11. For all k ≥ 0 and i ≥ 0, H^{i,j}_k (x) = ∑ n≥k S^{i,j}_{n,k}(p, q)x^n = x^k (1 − [i]_{p,q}x)(1 − [i + j]_{p,q}x) · · · (1 − [i + kj]_{p,q}x) . (114)

Proof. We proceed by induction on k. For k = 0, we have observed that S^{i,j}_{n,0}(p, q) = [i]^n_{p,q} for all n ≥ 0. Thus H^{i,j}_0 (x) = ∑ n≥0 [i]^n_{p,q}x^n = 1 (1 − [i]_{p,q}x) . (115)

For k > 0, H^{i,j}_k (x) = ∑ n≥k S^{i,j}_{n,k}(p, q)x^n = ∑ n≥k (S^{i,j}_{n−1,k−1}(p, q) + [i + kj]_{p,q}S^{i,j}_{n−1,k}(p, q))x^n = x ∑ n≥k (S^{i,j}_{n−1,k−1}(p, q)x^{n−1} + [i + kj]_{p,q}x ∑ n≥k S^{i,j}_{n−1,k}(p, q))x^{n−1} = xH^{i,j}_{k−1}(x) + [i + kj]_{p,q}xH^{i,j}_k (x). Thus H^{i,k}_k (x) = x (1 − [i + kj]_{p,q}x) H^{i,j}_{k−1}(x). (116) Thus (114) easily follows by induction. ■

We also obtain the following expression for S^{i,j}_{n,k}(p, q) as a corollary of Theorem 11.

Corollary 12. For all 0 ≤ k ≤ n, S^{i,j}_{n,k}(p, q) = ∑ a0+a1+...ak=n a_0≥0,a_i≥1 if i>0 [i]^{a0}_{p,q}[i + j]^{a1 −1}_{p,q} · · · [i + kj]^{ak −1}_{p,q} . (117)

Note that from (61) and (117), one can also get a closed expression for S̃^{i,j}_{n,k}(p, q). We can get another closed expression for S̃^{i,j}_{n,k}(p, q) (and S^{i,j}_{n,k}(1, q)). To motivate our result, observe that S^{i,j}_{n,k}(1, 1) = S̃^{i,j}_{n,k}(1, 1) so that it follows from (101) that S̃^{i,j}_{n,k}(1, 1) = 1 j^kk! e^{ix}(e^{jx} − 1)^k| xn_{n!} (118) = 1 j^kk! e^{ix} k∑ s=0 ( k s ) (−1)^{k−s}e^{jsx} | | |_{xn} n! = 1 j^kk! k∑ s=0 ( k s ) (−1)^{k−s}e^{(i+js)x} | | |_{xnn!} = 1 j^kk! k∑ s=0 ( k s ) (−1)^{k−s}(i + js)^n. We then have the following (p, q)-analogue of (118).

Theorem 13. S̃^{i,j}_{n,k}(p, q) = p^{(2k−n)(n+1)j/2} [j]^k_{p,q}[k]_pj_{,q}j ! k∑ s=0 [ k s ] p^j ,q^j (−1)^{k−s}p^{j(}(^{s2})^{−sn)}q(^{k−s2} )^j [i + sj]^n_{p,q} (119)

Proof. We first prove the p = 1 case, S̃^{i,j}_{n,k}(1, q) = 1 [j]^k_q [k]_qj ! k∑ s=0 [ k s ] q^j (−1)^{k−s}q(^{k−s2} )^j [i + sj]^n_q . (120)

We proceed by induction on n. Clearly the formula holds for n = 0 since S̃^{i,j}_{0,0}(1, q) = 1. Next assume that formula holds for n. Then S̃^{i,j}_{n+1,k}(1, q) = q^{i+(k−1)j}S̃^{i,j}_{n,k−1}(1, q) + [i + kj]_qS̃^{i,j}_{n,k}(1, q) = q^{i+(k−1)j} [j]^{k−1}_q [k − 1]_qj ! k−1∑ s=0 [ k − 1 s ] q^j (−1)^{k−1−s}q(^{k−1−s2} )^j [i + sj]^n_q

+ [i + kj]_q 1 [j]^k_q [k]_qj ! k∑ s=0 [ k s ] q^j (−1)^{k−s}q(^{k−s2} )^j [i + sj]^n_q

= 1 [j]^k_q [k]_qj ! ( [i + kj]^{n+1}_q + k−1∑ s=0 [ k s ] q^j (−1)^{k−s}q(^{k−s2} )^j[i + sj]^n_q Z_s ) where Z_s = [i + kj]_q − q^{i+(k−1)j} [k]_qj [j]_qq^{−j(k−1−s)} [k − s]_qj [k]_qj = [i + kj]_q − q^{i+sj}[j]_q[k − s]_qj = [i + kj]_q − q^{i+sj}[(k − s)j]_q = [i + sj]_q.

It thus follows that S̃^{i,j}_{n+1,k}(1, q) = 1 [j]^k_q [k]_qj ! k∑ s=0 [ k s ] q^j (−1)^{k−s}q(^{k−s2} )^j [i + sj]^{n+1}_q

as desired.

To prove the general result (119), we use (61) to express S̃^{i,j}_{n,k}(p, q) as a power of p times S̃^{i,j}_{n,k}(1, q/p). Then we apply (120) to S̃^{i,j}_{n,k}(1, q/p). ■

Next we introduce a (p, q)-analogue of the Bell numbers in our setting by defining B̃^{i,j}_n (p, q) = n∑ k=0 S̃^{i,j}_{n,k}(p, q). (121)

Since S^{i,j}_{n,k}(1, 1) = S̃^{i,j}_{n,k}(1, 1), our next result immediately follows from (101).

Theorem 14. For all i, j ≥ 0, ∑ n≥0 B̃^{i,j}_n (1, 1)x^n n! = e^{ix}e^e jx−1 j . (122)

Next let ϵ_{j,q}(x) = ∑ s≥0 x^s [s]_qj ![j]^s_q

. (123)

Then we have the following q-analogue of the Dobinski’s equality for our generalized Bell numbers B̃^{i,j}_n (1, q), which reduces to Milne’s q-analogue [20] of Dobinski’s equality when (i, j) = (0, 1).

Theorem 15. For all i ≥ 0, and j ≥ 1,

B̃^{i,j}_n (1, q) = 1 ϵ_{j,q}(1) ∑ s≥0 [i + sj]^n_q [s]_qj ![j]^s_q

. (124)

Proof. Let A_{j,k}(x) = [jx]_q[j(x − 1)]_q · · · [j(x − k + 1)]_q (125) and V_j be the vector space generated by the set of all A_{j,k}(x) with k ≥ 0 with coefficients in R(q), the set of rational functions in q with real coefficients. We claim that the set {A_{j,k}(x)}_{k≥0} is a basis for V_j . Clearly {A_{j,k}(x)}_{k≥0} span V_j by our definition of V_j. If {A_{j,k}(x)}_{k≥0} is not a linearly independent set, then we can find a linear combination ∑ k∈T c_k(q)A_{j,k}(x) = 0 (126) where T is some finite set and c_k(q) are non-zero polynomials in q for all k ∈ T and q − 1 does not divide c_l(q) for some l ∈ T . But then when we set q = 1 in (126), we get ∑ k∈T c_k(1)j^k (x) ↓_k= 0

which would violate the linear independence of {(x) ↓_k} since c_l(1) ≠ 0. Thus {A_{j,k}(x)}_{k≥0} are linearly independent and hence they form a basis for V_j .

Next it follows from Theorem 7 with B = B_{i,j,n} and x replaced by jx that n∑ k=0 S̃^{i,j}_{n,k}(1, q)[jx]_q [j(x − 1)]_q · · · [(j(x − k + 1)]_q = [i + jx]^n_q . (127)

We then define a linear functional L_j : V_j → R(q) by setting L_j(A_{j,k}(x)) = 1 for all k. Note that

ϵ_{j,q}(1) = ∑ s≥0 1 [s]_qj ![j]^s_q

(128) = ∑ s≥n 1 [s − n]_qj ![j]^{s−n}_q = ∑ s≥n [sj]_q[(s − 1)j]_q · · · [[(s − n + 1)j]_q [s]_qj [j]_q[s − 1]_qj [j]_q · · · [s − n + 1]_qj [j]_q ([s − n]_qj ![j]^{s−n}_q ) = ∑ s≥n A_{j,n}(s) [s]_qj ![j]^s_q = ∑ s≥0 A_{j,n}(s) [s]_qj ![j]^s_q . (129) Thus L_j (A_{j,n}(x)) = 1 = 1 ϵ_{j,q}(1) ∑ s≥0 A_{j,n}(s) [s]_qj ![j]^s_q

(130)

for all n. Since L_j is linear and {A_{j,n}(x)}_{m≥0} is a basis for V_j, it follows that for any p(x) ∈ V_j ,

L_j(p(x)) = 1 ϵ_{j,q}(1) ∑ s≥0 p(s) [s]_qj ![j]^s_q

. (131)

Thus if we apply L_j to both sides of (127), we get 1 ϵ_{j,q}(1) ∑ s≥0 [i + sj]^n_q [s]_qj ![j]^s_q

= L_j ([i + jx]^n_q )

= L_j (_n ∑ k=0 S̃^{i,j}_{n,k}(1, q)A_{j,k}(x) )

= n∑ k=0 S̃^{i,j}_{n,k}(1, q) = B̃^{i,j}_n (1, q). ■

Next we derive a formula for s̃^{i,j}_{n,k}(p, q).

Theorem 16. s̃^{i,j}_{n,k}(p, q) = 1 (q − p)^{n−k} n∑ s=k (−1)^{n−s} ( s k ) q(^{n−s2} )^{j+(n−s)i}p(^{s2})^{j+is} [ n s ] q^j ,p^j . (132)

Proof. We can rewrite (58) as n−1∏ s=0 (q^{x−sj} − p^{x−sj}) (q − p) = n∑ k=0 p^{(x+i)(n−k)}(pq)^−(^{n2})^{j−ni} s̃^{i,j}_{n,k}(p, q) (q^{x+i} − p^{x+i})^k (q − p)^k (133)

Multiplying both sides of (133) by (q − p)^n, we get

p^{nx−}(^{n2})^j n−1∏ s=0 (( q p )^{x−sj} − 1) (134)

= n∑ k=0 p^{(x+i)(n−k)}(pq)^−(^{n2})^{j−ni} s̃^{i,j}_{n,k}(p, q)(q − p)^{n−k}p^{kx+ki}(( q p )^{x+i} − 1)^k.

Thus_{n−1} ∏ s=0 (( q p )^{(x−(n−1)j+sj)} − 1) = n∑ k=0 s̃^{i,j}_{n,k}(p, q)q^−(^{n2})^{j−ni}(q − p)^{n−k}(( q p )^{x+i} − 1)^k. (135)

By the q-binomial Theorem, n−1∏ s=0 ( q p )^{(x−(n−1)j+sj)} − 1) (136)

= n∑ s=0 (−1)^{n−s} [ n s ] (^q_p )^j ( q p )(^{s2})^j( q p )^{(x−(n−1)j)s}

= n∑ s=0 (−1)^{n−s} [ n s ] (^q_p )^j ( q p )(^{s2})^j( q p )^{−(n−1)js−is}( q p )^{(x+i)s}

= n∑ s=0 (−1)^{n−s} [ n s ] (^q_p )^j ( q p )(^{s2})^{j−(n−1)js−is}(( q p )^{(x+i)} − 1) + 1)^s

= n∑ s=0 (−1)^{n−s} [ n s ] (^q_p )^j ( q p )(^{s2})^{j−(n−1)js−is} s∑ t=0 ( s t ) (( q p )^{(x+i)} − 1)^t.

Using (136), we can see that taking the coefficient of ((^q_p )^{(x+i)} − 1)^k on both sides of (135), we get that s̃^{i,j}_{n,k}(p, q)q^−(^{n2})^{j−ni}(q − p)^{n−k} = n∑ s=k (−1)^{n−s} [ n s ] (^q_p )^j ( q p )(^{s2})^{j−(n−1)js−is} ( s k ) . (137)

Using the fact that (n − 1)s − (_s 2 ) = (_n 2 ) − (_{n−s} 2 ) and that [ n s ] q p = p(^{s2})^+(^{n−s2} )^−(^{n2}) [ n k ] q,p , we

can see that if we multiply the right hand side of (137) by q(^{n2})^{+ni}, then the power of q in the k-th term in the sum is ( n 2 ) j + ni − (( n 2 ) j − ( n − s 2 ) j ) − is = ( n − s 2 ) j + (n − s)i and the power of p in the k-th term in the sum is ( s 2 ) j + ( n − s 2 ) j − ( n 2 ) j + ( ( n 2 ) j − ( n − s 2 ) j) + si = ( s 2 ) j + si. Thus s̃^{i,j}_{n,k}(p, q) = 1 (q − p)^{n−k} n∑ s=k (−1)^{n−s} ( s k ) q(^{n−s2} )^{j+(n−s)i}p(^{s2})^{j+is} [ n s ] q^j ,p^j . which is what we wanted to prove. ■

5 Permutation Statistics, Colored Partitions, and Restricted Growth Functions

In this section we shall give alternative interpretations of our generalized (p, q)-Stirling numbers which are connected to a well-known generalization of the partition lattice called the Dowling lattice. We start by giving two closely related interpretations of S^{i,j}_{n,k}(1, 1). Through out this section, we shall assume that 0 ≤ i ≤ j. Let CP be the collection of all set partitions of {0, 1, . . . , n} whose nonzero elements are colored with colors from the set {0, . . . , j − 1}. We refer to the block of a colored partition that contains 0 as the zero-block. Define CP^{i,j}_{n,k} to be the subset of CP consisting of partitions with k + 1 blocks where the elements are colored so that

(a) the nonzero elements of the zero-block have colors in {0, . . . , i − 1}

(b) the smallest element of each block other than the zero-block has color 0.

Remark 17. When i = 1, the set CP^{i,j}_{n,k} consists of the elements of rank n−k +1 in the Dowling lattice Q_n(Z_j) (see, eg., [13] for the definition of a Dowling lattice). Hence the |CP^{1,j}_{n,k}| are the Whitney numbers of the second kind for the Dowling lattice Q_n(Z_j). When j = 1, Q_n(Z_j) is the partition lattice Π_{n+1}. So in this case, the Whitney numbers of the second kind become the Stirling numbers of the second kind. Note that when (i, j) = (0, 1), the elements of CP^{i,j}_{n,k} correspond to the elements of rank n − k + 1 in the partition lattice Π_n. So again we get the Stirling numbers of the second kind.

There is a natural way to encode the partitions of [n] as restricted growth functions. A restricted growth function is a word w_1 · · · w_n over alphabet [n] such that w_1 = 1 and for s = 2, . . . , n, we have w_s ≤ 1 + max{w_1, . . . , w_{s−1}}. To a partition π = ⟨π_1, . . . , π_k⟩, where min(π_1) < · · · < min(π_k), we associate the restricted growth function w_1w_2 . . . w_n, where w_s = t if t ∈ π_s. It is easy to generalize this encoding to colored partitions. Let π = ⟨π_0, . . . , π_k⟩ ∈ CP^{i,j}_{n,k} where min(π_0) < · · · < min(π_k) and let w(π) = w_0w_1 · · · w_n where for all 0 ≤ s ≤ n, w_s = t if s ∈ π_t. We then color w_s with same color that s was colored with in π. For example, if π = ⟨{0, 1^1, 4^0}, {2^0, 5^1}, {3^0, 6^2}}⟩ ∈ CP^{2,3}_{6,2}, then w(π) = 00^11^02^00^01^12^2. We let RG^{i,j}_{n,k} = {w(π) : π ∈ CP^{i,j}_{n,k}}. Then it is easy to see that RG^{i,j}_{n,k} is the set of all colored words w = w_0 · · · w_n such that (a) w_0 = 0 and w_0 is uncolored, (b) for all 1 ≤ s ≤ n, w_s ≤ 1 + max{w_0, . . . , w_{s−1}}, (c) for all 1 ≤ s ≤ n, if w_s > max{w_0, . . . , w_{s−1}}, then w_s is colored with 0, (d) for all 1 ≤ s ≤ n, if w_s ≤ max{w_0, . . . , w_{s−1}}, then w_s is colored with a color from {0, . . . , j − 1}, (e) for all 1 ≤ s ≤ n, if w_s = 0 then w_s is colored with a color from {0, . . . , i − 1}, (f) max{w_0, . . . , w_n} = k. We can express the colored word w_0w^{e1}_1 w^{e2}_2 · · · w^{en}_n as a pair of words (w_0w_1 · · · w_n; e_1 · · · e_n). The elements of RG^{i,j}_{n,k} will be referred to as colored restricted growth functions.

We have the following. Theorem 18. For all 0 ≤ i ≤ j, S^{i,j}_{n,k}(1, 1) = |RG^{i,j}_{n,k}| = |CP^{i,j}_{n,k}|. Proof. The second equation follows from the bijection w : CP^{i,j}_{n,k} → RG^{i,j}_{n,k} described above. To prove the first equation we shall construct a simple bijection ϕ : RG^{i,j}_{n,k} → N^j_{n−k}(B_{i,j,n}). Let (w, e) ∈ RG^{i,j}_{n,k}. Starting from column 1 of B_{i,j,n} we place rooks from left to right; so that in column s, we place a rook in the i+w_sj −e_s available (i.e., not j-attacked) cell from the bottom. If no such cell is available then we leave column s empty. It is easy to see that this will happen if and only if w_s > max{w_0, . . . , w_{s−1}}. Hence ϕ is well-defined. It is also straight forward to check that ϕ is bijective. ■ We can use the correspondence ϕ to define a weight function U^{i,j}_{p,q} such that for each γ ∈ RG^{i,j}_{n,k}, we have U^{i,j}_{p,q}(γ) = W^{i,j}_{p,q,Bi,j,n} (ϕ(γ)). This weight function turns out to have a nice description in terms of natural statistics on colored restricted growth functions. For each (w, e) ∈ RG^{i,j}_{n,k} define MAX (w, e) = {s ∈ [n] : w_s > max{w_0, . . . , w_{s−1}}} max(w, e) = |MAX (w, e)| Σmax(w, e) = n∑ s=1 sχ(s ∈ MAX (w, e))

inv(w, e) = j ∑ 1≤s<t≤n χ(w_s > w_t & s ∈ MAX (w, e)) + n∑ s=1 e_s

We remark that if we set (i, j) = (0, 1), then inv becomes one of the statistics on restricted growth functions introduced by Milne [21].

Define D^{i,j}_{n,k}(p, q) = ∑ γ∈RG^{i,j}_{n,k} p^{Σmax(γ)}q^{inv(γ)}.

Theorem 19. For each γ ∈ RG^{i,j}_{n,k}, we have W^{i,j}_{p,q,Bi,j,n} (ϕ(γ)) = p^{(n−k)(i−1)+j(nk−}(^{k2})^) p^{−jΣmax(γ)} ( q p )^{inv(γ)}. Consequently, S^{i,j}_{n,k}(p, q) = p^{(n−k)(i−1)+j(nk−}(^{k2})^) D^{i,j}_{n,k} ( 1 p^j , q p ) . (138) and D^{i,j}_{n,k}(p, q) = p^{(n−k)(i−1)j +nk−}(^{k2}) S^{i,j}_{n,k} ( 1 p^{1j} , q p^{1j} ) . (139)

Proof. For a rook placement P , recall that α(P ) is defined to be the number of cells that lie directly above some rook and are not j attacked by any rook on the left and β(P ) is defined to be the number of cells that lie directly below some rook and are not j attacked by any rook on the left.

Let γ = (w, e). First we compute α(ϕ(γ)). We observe that for each s = 1, . . . , n, column s of ϕ(γ) has i + jm_s(γ) cells that are not j-attacked by any rooks on the left, where m_s(γ) = max{w_1, . . . , w_{s−1}}. This implies that the number of cells α_s above a rook in column s that are not j-attacked by a rook to the left is

i + jm_s(γ) − (i + jw_s − e_s) = j(m_s(γ) − w_s) + e_s = j|{t < s : w_t > w_s & t ∈ MAX (γ)}| + e_s. By summing over all s for which column s has a rook, we get α(ϕ(γ)) = inv(γ). Next we compute β(ϕ(γ)). The number of non-j-attacked cells below a rook in column s is i + jm_s(γ) − α_s − 1. By summing over all s for which column s has a rook, we get β(ϕ(γ)) = (n − k)(i − 1) − inv(γ) + j k∑ r=1 (t_{r+1} − t_r − 1)r, (140)

where {t_1 < t_2 < · · · < t_k} = MAX (γ) and t_{k+1} = n + 1. We have k∑ r=1 (t_{r+1} − t_r − 1)r = k+1∑ r=2 t_r(r − 1) − k∑ r=1 t_rr − ( k + 1 2 )

= (n + 1)k − k∑ r=1 t_r − ( k + 1 2 )

= nk − ( k 2 ) − Σmax(γ).

By substituting this into (140), we get β(ϕ(γ)) = (n − k)(i − 1) − inv(γ) + j(nk − ( k 2 ) − Σmax(γ)). It follows that p^{β(ϕ(γ))}q^{α(ϕ(γ))} = p^{(n−k)(i−1)+j(nk−}(^{k2})^{−Σmax(γ))}( q p )^{inv(γ)}, from which the result follows. ■

The following consequence of (139) and (32) also follows directly from the combinatorial definiton of D^{i,j}_{n,k}(p, q).

Theorem 20. For 0 ≤ k ≤ n, D^{i,j}_{n,k}(p, q) = p^nD^{i,j}_{n−1,k−1}(p, q) + [i + jk]_qD^{i,j}_{n−1,k}(p, q). (141) Next we consider two closely related combinatorial interpretations for c^{i,j}_{n,k}(1, 1). Recall that the wreath product of the cyclic group Z_j and the symmetric group S_n, Z_j§S_n, consists of colored permutations (σ, e) where σ ∈ S_n and e is an n-tuple of elements from Z_j. If e = e_1e_2 · · · e_n, then we say letter s in σ is colored with e_s for all s.

Let CYC^{i,j}_{n,k} denote the set of colored permutations (σ, e) ∈ Z_j§S_n such that

(I) the largest element in any cycle of σ is colored with a color from {0, . . . , i},

(II) there are exactly k-cycles of σ whose largest element is colored with 0.

There is a classical bijection on permutations called Foata’s first fundamental transformation which takes permutations with k cycles to permutations with k left-to-right maxima, where σ(t) is called a left-to-right maxima of σ ∈ S_n if σ(t) > σ(1), . . . , σ(t − 1). The permutation σ maps to the permutation f(σ) obtained by first listing the cycles of σ in increasing order of largest element, then writing each cycle with largest element first, and then dropping the parenthesis. Foata’s first fundamental transformation generalizes to Z_j§S_n in the obvious way by coloring each letter of f(σ) with the same color that was used in σ, that is, (σ, e) maps to (f(σ), e). Clearly, the image of CYC^{i,j}_{n,k} under this bijection is the set LRM^{i,j}_{n,k} of all colored permutations (σ, e) ∈ Z_j§S_n such that

(i) if σ(t) > σ(1), . . . , σ(t − 1), then σ(t) is colored with a color from {0, . . . , i},

(ii) k = |{t ∈ [n] : σ(t) > σ(1), . . . , σ(t − 1) & σ(t) has color 0}|.

Recall from Remark 17, that the Whitney numbers of the second kind for the Dowling lattice count colored restricted growth funtions. Colored permutations are also related to Dowling lattices. The signless Whitney numbers of the first kind for geometric lattices (or more generally Cohen-Macaulay posets) are the dimensions of Whitney homology of the poset. A basis for the Whitney homology of the Dowling lattice Q_n(Z_j) consisting of cycles that are naturally indexed by elements of LRM^{1,j}_{n,k} was constructed by Gottlieb and Wachs [13]. Hence, they gave a combinatorial interpretation of the signless Whitney numbers of the first kind for Q_n(Z_j) as |LRM^{1,j}_{n,k}|. Below we give a p, q-analogue of this interpretation.

We start with the following.

Theorem 21. For all 0 ≤ i ≤ j, c^{i,j}_{n,k}(1, 1) = |LRM^{i,j}_{n,k}| = |CYC^{i,j}_{n,k}|. Proof. The second equation follows from the bijection described above. To prove the first equation we shall construct a bijection θ : LRM^{i,j}_{n−k} → F_{n−k}(B_{i,j,n}). Let (σ, e) ∈ LRM^{i,j}_{n−k}. Define lb_t(σ) := |{s < t : σ(s) > σ(t)}|. We construct θ(σ, e) as follows. For each t = 1, . . . , n, place a rook in the r_tth cell of column t reading from top to bottom, where r_t = lb_t(σ) + e_tt − (e_t − i)χ(e_t > i). It is easy to check that θ is a well-defined bijection by listing the values of r_t. First note that lb_t takes on each value between 0 and t − 1 exactly once for each e_t ≤ i and lb_t takes on each value between 1 and t − 1 exactly once for each e_t > i. We list the values of r_t in increasing order first for e_t = 0, next for e_t = 1, and so on, ending with e_t = j − 1. This produces the list 0, 1, . . . , j(t − 1) + i. Note that column t is empty (i.e. r_t = 0) if and only if t ∈ MAX (σ, e) and e_t = 0. Hence θ is a well-defined bijection. ■ Once again we can use the correspondence to define a weight function u^{i,j}_{p,q} such that for each (σ, e) ∈ LRM^{i,j}_{n,k}, we have u^{i,j}_{p,q}(π) = w^{i,j}_{p,q,Bi,j,n} (θ^{i,j}_{n,k}(π)). As before the weight function has a nice description in terms of natural statistics on elements of the wreath product Z_j§S_n.

For (σ, e) ∈ Z_j§S_n and i ≤ j, define MAX (σ, e) = {t ∈ [n] : σ(t) > σ(1), . . . , σ(t − 1) & e_t = 0} max(σ, e) = |MAX (σ, e)| Σmax(σ, e) = n∑ t=1 t χ(t ∈ MAX (σ, e))

inv(σ, e) = ∑ 1≤s<t≤n χ(σ(s) > σ(t)) + n∑ t=1 e_tt − (e_t − i)χ(e_t > i). Define d^{i,j}_{n,k}(p, q) = ∑ γ∈LRM^{i,j}_{n,k} p^{Σmax(γ)}q^{inv(γ)}.

Theorem 22. For each γ ∈ LRM^{i,j}_{n,k}, we have w^{i,j}_{p,q,Bi,j,n} (θ(γ)) = p^{i(n−k)+j(}(^{n2})^{+k)}q^{k−n}p^{−jΣmax(γ)}( q p )^{inv(γ)}. Consequently, c^{i,j}_{n,k}(p, q) = p^{i(n−k)+j(}(^{n2})^{+k)} q^{k−n} d_{n,k} ( 1 p^j , q p ) . (142) and d^{i,j}_{n,k}(p, q) = p^{(i−1)(n−k)/j+}(^{n2})^{+k} q^{n−k} c_{n,k} ( 1 p^{1j} , q p^{1j} ) . (143)

Proof. For a rook placement P , recall that a(P ) is defined to be the number of cells that lie directly above some rook and b(P ) is defined to be the number of cells that lie directly below some rook.

First we compute a(θ(γ)). Let γ = (σ, e). First note that in the rook placement θ(γ), the number of cells above a rook in column t is r_t − 1. Note also that n∑ t=1 r_t = inv(γ). Hence by summing over all columns that contain a rook, we get a(θ(γ)) = inv(γ) − (n − k). Next we compute b(θ(γ)). The number of cells below a rook in column t is j(t − 1) + i − r_t.

Summing over all columns that contain a rook, we get b(θ(γ)) = ∑ t /∈MAX (γ) j(t − 1) + i − inv(γ)

= i(n − k) + n∑ t=1 j(t − 1) − ∑ t∈MAX (γ) j(t − 1) − inv(γ)

= i(n − k) + j ( n 2 ) + jk − jΣmax(γ) − inv(γ). It follows that p^{b(θ(γ))}q^{a(θ(γ))} = p^{i(n−k)+j}(^{n2})^{+jk−jΣmax(γ)}q^{k−n}( q p )^{inv(γ)}, from which the result follows. ■

When j = 1, 2, the wreath product groups Z_j§S_n are the symmetric group and the hyperoctahedral group, respectively. These groups when viewed as Coxeter groups have a natural length function. For the symmetric group, the Coxeter length is just the usual inversion statistic ∑ 1≤s<t≤n χ(σ(s) > σ(t)). This is precisely what inv reduces to when (i, j) = (0, 1). For the

hyperoctahedral group the Coxeter length is described as follows (cf. [24]): l(σ, e) = ∑ 1≤s<t≤n χ(σ(s) > σ(t) & e_t = 0) + ∑ 1≤s<t≤n χ(σ(s) < σ(t) & e_t = 1)

+ n∑ t=1 e_tt Clearly, our inv statistic does not reduce to length when (i, j) = (1, 2). However, we can modify our definition of inv to obtain a statistic on Z_j§S_n which does generalize the length function of both the hyperoctahedral group and the symmetric group. The important thing is that all the results (and proofs) of this paper pertaining to inv hold for the modified inv.

First define,

r^′_t = lb_t(σ) if e_t = 0 (t − 1) − lb_t(σ) + e_tt if e_t = 1, 2, . . . , i (t − 1) − lb_t(σ) + e_tt − e_t + i + 1 if e_t = i + 1, i + 2, . . . , j − 1 .

Next define the bijection θ^′ : LRM^{i,j}_{n−k} → F_{n−k}(B_{i,j,n}) exactly as θ, but with r^′ instead of r. Now define inv^′(σ, e) = ∑ 1≤s<t≤n χ(σ(s) > σ(t) & e_t = 0) + ∑ 1≤s<t≤n χ(σ(s) < σ(t) & e_t ≠ 0)

+ n∑ t=1 e_tt − (e_t − i − 1)χ(e_t > i) Clearly when (i, j) = (0, 1) and (1, 2), inv^′ reduces to the Coxeter length function for the symmetric group and the hyperoctahedral group. If we replace r, θ and inv with r^′, θ^′ and inv^′, respectively, all results and proofs pertaining to these notions go through unchanged. Consequently, d^{i,j}_{n,k}(p, q) = ∑ γ∈LRM^{i,j}_{n,k} p^{Σmax(γ)}q^{inv′(γ)}. We chose our original definitions for the sake of simplicity.

The following consequence of (143) and (30) can also be proved directly from the combinatorial definition of d^{i,j}_{n,k}(p, q). Theorem 23. For 0 ≤ k ≤ n, d^{i,j}_{n,k}(p, q) = p^nd^{i,j}_{n−1,k−1}(p, q) + q[i + j(n − 1)]_qd^{i,j}_{n−1,k}(p, q). (144) Theorem 24. For fixed i ≤ j, the matrices ||(−1)^{n−k}d^{i,j}_{n,k}(p, q)|| and ||q^{n−k}p^{−n(k+1)}D^{i,j}_{n,k}(p, q)|| are inverses of each other.

Proof. Note that since the matrices ||(−1)^{n−k}c^{i,j}_{n,k}(p, q)|| and ||S^{i,j}_{n,k}(p, q)|| are inverses of each other, we have for any 0 ≤ k ≤ n, n∑ l=k p^{−n(l+1)}q^{n−l}D^{i,j}_{n,l}(p, q)(−1)^{l−k}d^{i,j}_{l,k}(p, q)

= n∑ l=k p^{−n(l+1)}q^{n−l}p^{(n−l)(i−1)/j+nl−}(^{l2}) S^{i,j}_{n,l} ( 1 p^{1j} , q p^{1j} ) ×

(−1)^{l−k}p^{(i−1)(l−k)/j+}(^{l2})^{+k} q^{l−k} c^{i,j}_{l,k} ( 1 p^{1j} , q p^{1j} )

= ( q p )^{n−k}p^{(n−k)(i−1)/j} n∑ l=k S^{i,j}_{n,l} ( 1 p^{1j} , q p^{1j} ) (−1)^{l−k}c^{i,j}_{l,k} ( 1 p^{1j} , q p^{1j} )

= ( q p^2 )^{n−k}p^{(n−k)(i−1)/j} χ(n = k) which verifies that the matrices ||p^{−n(k+1)}q^{n−k}D^{i,j}_{n,k}(p, q)|| and ||(−1)^{n−k}d^{i,j}_{n,k}(p, q)|| are inverses of each other. ■ Remark 25. It is known that the matrix formed by the Whitney numbers of the first kind of the Dowling lattice is the inverse of the matrix formed by Whitney numbers of the second kind (see [25, Exercises 3.50 and 3.51]). Hence Theorem 24 provides a p, q-analogue of this result.

Define S^{i,j}_n to be the set of all colored permutations (σ, e) ∈ Z_j§S_n such that if σ(t) > σ(1), . . . , σ(t − 1), then σ(t) is colored with a color from {0, . . . , i}. In other words S^{i,j}_n is the union of the LRM^{i,j}_{n,k} over all k. Theorem 26. For i ≤ j ∑ γ∈S^{i,j}_n q^{inv(γ)} ∏ t∈MAX (σ) x_t = (x_1+q[i]_q)(x_2+q[i+j]_q)(x_3+q[i+2j]_q) · · · (x_n+q[i+(n−1)j]_q). (145)

Proof. To prove (145), let R_n = {0, . . . , i} × {0, . . . , i + j} × · · · × {0, . . . , i + j(n − 1)} and define a bijection r : S^{i,j}_n → R_n by r(γ) = (r_1, . . . , r_n) where r_t is as in the proof of Theorem 21 . Recall that inv(γ) = n∑ t=1 r_t MAX (γ) = {t : r_t = 0}. Thus ∑ σ∈S^{i,j}_n q^{inv(γ)} ∏ t∈MAX (γ) x_t = ∑ (r_1,...,r_n)∈R_n q^{r1+...+rn} ∏ t: r_t=0 x_t

= n∏ t=1 (x_t + i+j(t−1) ∑ r_t=1 q^{rt} )

= n∏ t=1 (x_t + q[i + j(t − 1)]_q). ■ Setting x_t = xp^t in (145), we obtain the following.

Corollary 27. n∑ k=0 d^{i,j}_{n,k}(p, q)x^k = (px + q[i]_q)(p^2x + q[i + j]_q)(p^3x + q[i + 2j]_q) · · · (p^nx + q[i + (n − 1)j]_q ).

By inverting we obtain, Corollary 28. n∑ k=0 q^{n−k}p^{−n(k+1)}D^{i,j}_{n,k}(p, q) k∏ t=1 (p^tx − q[i + (t − 1)j]_q) = x^n.

6 Final Remarks

We note that it is a natural question to ask whether there are combinatorial interpretations of our (p, q)-analogues of the generalized Stirling numbers s^{i,p,q}_{n,k} (α, β, r), S^{i,p,q}_{n,k} (α, β, r), s̃^{i,p,q}_{n,k} (α, β, r), and S̃^{i,p,q}_{n,k} (α, β, r) for other vaules of α, β and r. In a forthcoming paper with K. Briggs [8], we show that when α, β and r are non-negative integers, then we can give such combinatorial interpretations in terms of pairs of rook placements on two boards B and B^′. Our model allows rooks in a given board to cancel cells not only on its own board but also on its companion board.

We should also note that in the special case when i = 0 and j = 1, Briggs and Remmel [6] showed that there is a (p, q)-analogue of the hit polynomial corresponding to the rook number r̃^1_{n−k,B}(p, q). That is, given a board B contained in the n × n board B_n, we define the p, q-hit polynomial of B, denoted H_B(x, p, q), as follows: H_B(x, p, q) = n∑ k=0 h_{k,n}(B, p, q)x^k

= n∑ k=0 r̃^1_{k,B}(P, q)[n − k]_{p,q}!p(^{k+12} )^{+k(n−k)} n∏ l=n−k+1 (x − q^lp^{n−l}). Briggs and Remmel [6] showed that when B = B(a_1, . . . , a_n) is a Ferrers board, i.e. 0 ≤ a_1 ≤ . . . ≤ a_n ≤ n, then h_{k,n}(B, p, q) is polynomial in p and q with non-negative integer coefficients. Moreover, Briggs [4, 5] has shown that if H_{k,n}(B) is the set of all placements P in N^1_N (B_n) such that P has exactly k rooks in B, then there are statistics α_B (P) and β_B (P) such that h_{k,n}(B, p, q) = ∑ P∈H_{k,n}(B) p^{αB (P)}q^{βB (P)}.

We should also note that Briggs and Remmel [6] showed that there is another connection between permutation statistics and our (p, q)-rook placements of type II. That is, they proved the following (p, q)-analogue of a formula of Frobenius: n∑ k=0 S̃^{0,1}_{n,k}(p, q)[k]_{p,q}!p(^{n−k+1}2 )^{+k(n−k)}xk ∏_k i=0(1 − xq^ip^{n−i}) = ∑ σ∈S_n q maj(σ)pcomaj(σ)xdes(σ)+1 ∏_n i=0(1 − xq^ip^{n−i}) (146)

where for any permutation σ = σ_1 . . . σ_n ∈ S_n, Des(σ) = {i : σ_i > σ_{i+1}}, Rise(σ) = {i : σ_i < σ_{i+1}}, des(σ) = |Des(σ)|, maj(σ) = ∑ i∈Des(σ) i, and comaj(σ) = ∑ i∈Rise(σ) i.

Certain special cases of the rook numbers r̃^2_{k,B}(1, q) also have shown up in another rook theory model due to Haglund and Remmel [16] where the rook placements naturally correspond to partial perfect matchings in the complete graph K_{2n}. Haglund and Remmel also develop a combinatorial theory of hit polynomials in that model. Finally, certain special cases of the more general (p, q) rook numbers r̃^j_{k,B}(1, q) show up in yet another rook theory model due to Briggs and Remmel [4, 7] where the rook placements naturally correspond to elements of the wreath product of the cyclic group Z_k and the symmetric group S_n, Z_k§S_n. Again there is a natural combinatorial theory of hit polynomials in their model. We do not know, however, how to develop a natural theory of hit polynomials for either the type I or the type II (p, q)-rook numbers in the rook theory model presented in this paper.

References

[1] G.E. Andrews, The Theory of Partitions, Encyclopedia of Mathematics and it Applications, vol. 2, (1976), Addison-Wesley, Reading, Mass. 255 pps.

[2] M. Benoumhani, On Whitney numbers of Dowling lattices, J. Discrete Math., 159 (1996), 13-33.

[3] M. Benoumhani, On some numbers related to Whitney numbers of Dowling lattices, Advances in Applied Math., 19 (1997), 106-116.

[4] K. Briggs, Q-analogues and (p, q)-analogues of rook numbers and hit numbers and their extensions, Ph.D. thesis, University of California, San Diego (2003).

[5] K. Briggs, A combinatorial interpretation of the p, q-hit numbers, preprint.

[6] K. Briggs and J. B. Remmel, A (p, q)-analogue of a formula of Frobenius, Electronic J.

Comb, 10(1) (2003), R9.

[7] K. Briggs and J. B. Remmel, m-Rook numbers and a generalization of a formula of Frobenius to C_k ≀ S_n, preprint.

[8] K. Briggs and J. B. Remmel, A rook theory model for the p, q-analogues of Hsu and Shuiue’s Generalized Stirling Numbers, in preparation.

[9] M. Dworkin, An interpretation for Garsia and Remmel’s q-hit numbers, J. Combin. Theory Ser. A 81 (1996), 149-175.

[10] D. Foata and M. Schutzenberger, “Theorie geometrique des polynomes Euleriens,” Lecture Notes in Mathematics, Vol. 138, Springer-Verlag, Berlin, 1970.

[11] A. M. Garsia and J. B. Remmel, Q-Counting Rook Configurations and a Formula of Frobenius, J. Combin. Theory Ser. A 41 (1986), 246-275.

[12] J. R. Goldman, J. T. Joichi, and D. E. White, Rook Theory I. Rook equivalence of Ferrers boards, Proc. Amer. Math Soc. 52 (1975), 485-492.

[13] E. Gottlieb and M.L. Wachs, Cohomology of Dowling lattices and Lie (super)algebras, Advances in Applied Math. 24 (2000), 301–336.

[14] H. G. Gould, The q-Stirling numbers of the first and second kinds, Duke Math. J. 28 (1961), 281-289.

[15] J. Haglund, q-Rook Polynomials and Matrices over Finite Fields, Advances in Applied Mathematics 20 (1998), 450-487.

[16] J. Haglund and J. B. Remmel, Rook theory for perfect matchings, Advances in Applied Mathematics 27 (2001), 438-481.

[17] L.C. Hsu and P. J-S Shiue, A unified approach to generalized Stirling numbers, Advances in Applied Mathematics 20 (1998), 366-384.

[18] A. de Médicis and P. Leroux, A unified combinatorial approach for q-(and p, q-)Stirling numbers, J. Statist. Plann. Inference 34 (1993), 89-105.

[19] A. de Médicis and P. Leroux, Generalized Stirling Numbers, Convolution Formulae and p, q-analogues, Can. J. Math. 47 (1995), 474-499.

[20] S. C. Milne, A q-analog of restricted growth functions, Dobinski’s equality, and Charlier polynomials, Trans. AMS 245 (1978), 89-118.

[21] S. C. Milne, Restricted growth functions, rank row matchings of partition lattices, and q-Stirling numbers, Adv. in Math. 43 (1982), 173-196.

[22] I. Kaplansky and J. Riordan, The problem of rooks and its applications, Duke Math.

J. 13 (1946), 259-268.

[23] B.E. Sagan, Log concave sequence of symmetric functions and analogs of the Jacobi-Trudi determinants, Amer. Math. Soc. Trans. 329 (1992), 795-811.

[24] R. Stanley, Weyl groups, the hard Lefschetz theorem, and the Sperner property, SIAM J. Alg. Disc. Math. 1 (1980).

[25] R. Stanley, Enumerative Combinatorics, Vol. I (1986), Wadsworth & Brooks/Cole, Monterey, CA.

[26] M. Wachs and D. White, p, q-Stirling numbers and set partition statistics, J. Combin.

Theory Ser. A 56 (1991), 27-46.

[27] M. Wachs, σ-Resticted growth functions and p, q-Stirling numbers, J. Combin. Theory Ser. A 68 (1994), 470-480.

[28] D. White, Interpolating Set Partition Statistics, J. Combin. Theory Ser. A 68 (1994), 262-295.