The universal embedding of the near polygon G_n

Bart De Bruyn^∗

Department of Pure Mathematics and Computer Algebra Ghent University, Gent, Belgium

bdb@cage.ugent.be

Submitted: Oct 9, 2006; Accepted: May 16, 2007; Published: May 23, 2007 Mathematics Subject Classifications: 05B25, 51A45, 51A50, 51E12

Abstract

In [12], it was shown that the dual polar space DH(2n − 1, 4), n ≥ 2, has a sub near-2n-gon G_n with a large automorphism group. In this paper, we determine the absolutely universal embedding of this near polygon. We show that the generating and embedding ranks of G_n are equal to (_{2n} n ) . We also show that the absolutely universal embedding of G_n is the unique full polarized embedding of this near polygon.

1 Introduction

1.1 Definitions

A near polygon is a partial linear space S = (P, L, I), I ⊆ P × L, with the property that for every point p and every line L, there exists a unique point on L nearest to p. Here, distances are measured in the point or collinearity graph Γ of S. If d is the diameter of Γ, then the near polygon is called a near 2d-gon. A near 0-gon is just a point and a near 2-gon is a line. Near quadrangles are usually called generalized quadrangles (Payne and Thas [23]). Near polygons were introduced by Shult and Yanushka in [26]. For a discussion on the basic theory of near polygons, we refer to the recent book [13] of the author.

A near polygon is called dense if every line is incident with at least three points and if every two points at distance 2 from each other have at least two common neighbours. By Theorem 4 of Brouwer and Wilbrink [6], every two points of a dense near 2d-gon at distance δ ∈ {0, . . . , d} from each other are contained in a unique convex sub-2δ-gon. These convex sub-2δ-gons are called quads if δ = 2, hexes if δ = 3 and maxes if δ = d − 1.

∗Postdoctoral Fellow of the Research Foundation - Flanders (Belgium)

The existence of quads in a dense near polygon was already shown by Shult and Yanushka [26].

A proper convex subspace F of a dense near polygon S is called big in S if every point x of S not contained in F is collinear with a necessarily unique point of F . We will denote this point by π_F (x). If moreover every line of S is incident with precisely 3 points, then a reflection R_F about F can be defined which is an automorphism of S (see [13, Theorem 1.11]). If x ∈ F , then we define R_F (x) := x. If x ∉ F , then R_F (x) denotes the unique point of the line xπ_F (x) different from x and π_F (x).

With every polar space Π of rank n ≥ 2 there is associated a near 2n-gon Δ, which is called a dual polar space (see Shult and Yanushka [26]; Cameron [7]). The points and lines of Δ are the maximal and next-to-maximal singular subspaces of Π with reverse containment as incidence relation. If Π is the polar space associated with a nonsingular hermitian variety H(2n−1, q^2) in PG(2n−1, q^2), then the corresponding dual polar space is denoted by DH(2n − 1, q^2).

Let H(2n − 1, 4), n ≥ 2, denote the hermitian variety X^3_0 + X^3_1 + · · · + X^3_{2n−1} = 0 of PG(2n − 1, 4) (with respect to a given reference system). The number of nonzero coordinates (with respect to the same reference system) of a point p of PG(2n − 1, 4) is called the weight of p. The maximal and next-to-maximal subspaces of H(2n−1, 4) define a dual polar space DH(2n − 1, 4). Let G_n = (P, L, I) be the following substructure of DH(2n − 1, 4): (i) P is the set of all maximal subspaces of H(2n − 1, 4) which are generated by n points of weight 2 whose sum has weight 2n;

(ii) L is the set of all (n − 2)-dimensional subspaces of H(2n − 1, 4) containing at least n − 2 points of weight 2;

(iii) incidence is reverse containment.

By De Bruyn [12], see also De Bruyn [13, 6.3], G_n is a dense near 2n-gon with 3 points on each line and its above-defined embedding in DH(2n − 1, 4) is isometric, i.e. preserves distances. The generalized quadrangle G_2 is isomorphic to the classical generalized quadrangle Q(5, 2). A construction of the near hexagon G_3 was already given in Brouwer et al. [4]. The near 2n-gon G_n contains^{3n·(2n)!}_{2n·n!} points. For every permutation ϕ of {0, . . . , 2n − 1}, every automorphism θ of GF(4) and all λ_0, λ_1, . . . , λ_{2n−1} ∈ GF(4) \ {0}, the map (X_0, X_1, . . . , X_{2n−1}) → (λ_0(X_{ϕ(0)})^θ, λ_1(X_{ϕ(1)})^θ, . . . , λ_{2n−1}(X_{ϕ(2n−1)})^θ) induces an automorphism of G_n . If n ≥ 3, then every automorphism of G_n is obtained in this way, see Theorem 6.38 of De Bruyn [13]. This conclusion does not hold if n = 2. In that case, we have Aut(G_2 ) ∼= Aut(Q(5, 2)) ∼= P ΓU(4, 4).

If X is a non-empty set of points of a partial linear space S = (P, L, I), then ⟨X⟩_S denotes the smallest subspace of S containing the set X, i.e. ⟨X⟩_S is the intersection of all subspaces of S containing X. The minimal number gr(S) := min{|X| : X ⊆ P and ⟨X⟩_S = P} of points which are necessary to generate the whole point-set P is called the generating rank of S. A hyperplane of a partial linear space S is a proper subspace meeting every line (necessary in a unique point of the whole line). If S is a near polygon, then the set of points at non-maximal distance from a given point x is a hyperplane of S which is called the singular hyperplane with deepest point x.

Let S = (P, L, I) be a partial linear space. A full embedding e of S into a projective space Σ = PG(V ) is an injective mapping e from P to the set of points of Σ satisfying: (i) ⟨e(P )⟩_Σ = Σ, (ii) e(L) := {e(x) | x ∈ L} is a line of Σ for every line L of S. The dimensions dim(Σ) and dim(V ) = dim(Σ) + 1 are respectively called the projective dimension and the vector dimension of the embedding e. The maximal dimension er(S) of a vector space V for which S has a full embedding in PG(V ) is called the embedding rank of S. Off course, er(S) is only defined when S admits a full embedding, in which case it holds that er(S) ≤ gr(S). If e : S → Σ is a full embedding of S and if α is a hyperplane of Σ, then e^{−1}(e(P) ∩ α) is a hyperplane of S. We will say that such a hyperplane arises from the embedding e. If S is a near polygon and if all singular hyperplanes arise from the embedding e, then e is called a polarized embedding. The dual polar space DH(2n − 1, q^2) has a nice full polarized embedding into the projective space PG( (_{2n} n ) − 1, q), see Cooperstein [9] and De Bruyn [14]. We refer to this embedding as the Grassmann-embedding of DH(2n − 1, q^2). The Grassmann-embedding of DH(2n − 1, 4) induces a full polarized embedding of the near 2n-gon G_n . We refer to Section 2 for more details.

Two full embeddings e_1 : S → Σ_1 and e_2 : S → Σ_2 of S are called isomorphic (e_1 ∼= e_2) if there exists an isomorphism f : Σ_1 → Σ_2 such that e_2 = f ∘ e_1. If e : S → Σ is a full embedding of S and if U is a subspace of Σ satisfying (C1): ⟨U, e(p)⟩_Σ ≠ U for every point p of S, (C2): ⟨U, e(p_1)⟩_Σ ≠ ⟨U, e(p_2)⟩_Σ for any two distinct points p_1 and p_2 of S, then there exists a full embedding e/U of S into the quotient space Σ/U mapping each point p of S to ⟨U, e(p)⟩_Σ. If e_1 : S → Σ_1 and e_2 : S → Σ_2 are two full embeddings, then we say that e_1 ≥ e_2 if there exists a subspace U in Σ_1 satisfying (C1), (C2) and e_1/U ∼= e_2. If e : S → Σ is a full embedding of S, then by Ronan [24], there exists a unique (up to isomorphisms) full embedding ~e : S → ~Σ satisfying (i) ~e ≥ e, (ii) if e^′ ≥ e for some embedding e^′ of S, then ~e ≥ e^′. We say that ~e is universal relative to e. If ~e ∼= e for some full embedding e of S, then we say that e is relatively universal. A full embedding e of S is called absolutely universal if it is universal relative to any full embedding of S defined over the same division ring as e. Kasikova and Shult [20] gave sufficient conditions for a relatively universal embedding to be absolutely universal.

By Ronan [24], every fully embeddable geometry S = (P, L, I) with three points per line admits the absolutely universal embedding which is obtained in the following way. Let V be a vector space over the field F_2 with a basis whose vectors are indexed by the elements of P, e.g. B = {v_p | p ∈ P}. Let W denote the subspace of V generated by all vectors v_{p1} +v_{p2} +v_{p3} where {p_1, p_2, p_3} is a line of S. Then the map p ∈ P → {v_p +W, W } defines a full embedding of S into the projective space PG(V/W ) which is isomorphic to the absolutely universal embedding of S.

1.2 Main results

Although every embeddable point-line geometry with three points per line admits the absolutely universal embedding, it is very often nontrivial to determine the embedding rank of such a geometry or to decide whether a given embedding of such a geometry is absolutely universal. We refer to Cooperstein [11, page 27] for an overview of what is known about the generating and embedding ranks of point-line geometries with three points per line. Regarding absolutely universal embeddings of near polygons with three points per line, we mention the following important results from the literature:

(1) The universal embedding dimension of the dual polar space DW (2n − 1, 2), n ≥ 2, was determined by Li [21] and Blokhuis and Brouwer [3].

(2) The universal embedding dimension of the dual polar space DH(2n − 1, 4), n ≥ 2, was determined by Li [22].

(3) The universal embedding dimensions of the^3D_4(2)-generalized hexagon and the J_2 near octagon were determined by Frohardt and Smith [18].

(4) The universal embedding dimensions of the two generalized hexagons of order 2 were determined in Frohardt and Johnson [17]. For an alternative proof, see also Thas and Van Maldeghem [27].

(5) The universal embedding dimension of the U_4(3) near hexagon was determined by Yoshiara [28]. Alternative proofs were given by Bardoe [1] and De Bruyn [16].

(6) The universal embedding dimension of the near polygon H_n , n ≥ 2, on the 1-factors of the complete graph on 2n + 2 vertices was determined by Blokhuis and Brouwer [2].

In the present paper, we determine the absolutely universal embedding of the near polygon G_n , n ≥ 2. We prove the following in Section 2:

Theorem 1.1 The Grassmann-embedding of DH(2n − 1, 4), n ≥ 2, induces a full polarized embedding of G_n of vector dimension (_{2n} n ) . In Section 3, we prove the following:

Theorem 1.2 The dual polar space G_n , n ≥ 2, can be generated by (_{2n} n ) points.

Recall that er(G_n ) ≤ gr(G_n ). Now, er(G_n ) ≥ (_{2n} n ) by Theorem 1.1 and gr(G_n ) ≤ (_{2n} n ) by Theorem 1.2. Hence, we can say the following:

Corollary 1.3 (1) The generating and embedding ranks of G_n , n ≥ 2, are equal to (_{2n} n ) . (2) The full embedding of G_n , n ≥ 2, induced by the Grassmann-embedding of DH(2n− 1, 4) is isomorphic to the absolutely universal embedding of G_n .

Finally, in Section 4, we prove the following:

Theorem 1.4 The absolutely universal embedding of G_n , n ≥ 2, is the unique (up to isomorphisms) full polarized embedding of G_n .

Remarks. (1) In Corollary 1.3 (1), we mentioned that the generating and embedding ranks of G_n , n ≥ 2, are equal. This is a property which holds for almost all embeddable point-line geometries with three points per line for which these two ranks are known, see Cooperstein [11, page 27]. A counterexample provided by Heiss [19] shows however that this is not always the case.

(2) The fact that the absolutely universal embedding of G_3 has vector dimension 20 and that it is the unique full polarized embedding of G_3 was already mentioned in Brouwer et al. [4, Table p. 350].

(3) Although G_n , n ≥ 2, admits a unique full polarized embedding, its absolutely universal embedding is not the only full embedding of G_n if n ≥ 3. This follows from an easy counting argument. If e : G_n → Σ denotes the absolutely universal embedding of G_n , n ≥ 3, then the number of points of Σ which are on a line of the form e(x)e(y), where x and y are two distinct points of G_n is less than the number of points of Σ ∼= PG( (_{2n} n ) −1, 2).

If x^∗ is a point of Σ not on any of these lines, then also e/x^∗ is a full embedding of G_n .

2 A full polarized embedding of G_n

Let n ≥ 2, let V be a 2n-dimensional vector space over GF(4) and let B = {ē_1, ē_2, . . . , ē_{2n}} be a basis of V . Let H(2n − 1, 4) denote the hermitian variety of PG(V ) whose equation with respect to the basis B is given by X^3_1 + X^3_2 + . . . + X^3_{2n} = 0 . Let ⋀_n V denote the n-th exterior power of V . For every maximal subspace p = ⟨v̄_1, v̄_2, . . . , v̄_n⟩_V of H(2n − 1, 4), let ∧^n(p) denote the point ⟨v̄_1 ∧ v̄_2 ∧ · · · ∧ v̄_n⟩^{⋀n}_V of PG( ⋀_n V ). Notice that the point ∧^n(p) of PG( ⋀_n V ) is independent from the generating set {v̄_1, v̄_2, . . . , v̄_n} of p. By Cooperstein [9] and De Bruyn [14], the points ∧^n(p) are contained in a necessarily unique Baer subgeometry Σ of PG( ⋀_n V ) and ∧^n defines a full polarized embedding e of DH(2n−1, 4) into Σ. This embedding is called the Grassmannembedding of DH(2n − 1, 4).

Now, let G_n be isometrically embedded into the dual polar space DH(2n − 1, 4) as described in Section 1.1. Then the Grassmann-embedding e of DH(2n − 1, 4) induces a full embedding e^′ of G_n into a subspace Σ^′ of Σ.

Proposition 2.1 The embedding e^′ : G_n → Σ^′ is polarized.

Proof. Let x be an arbitrary point of G_n . Since the singular hyperplane of DH(2n−1, 4) with deepest point x arises from the Grassmann-embedding of DH(2n−1, 4), there exists a hyperplane α of Σ such that the following holds:

(i) if y is a point of DH(2n − 1, 4) at non-maximal distance from x, then e(y) ∈ α; (ii) if y is a point of DH(2n − 1, 4) opposite to x, then e(y) ∉ α.

In particular, (i) and (ii) hold for points y of G_n . Now, since the embedding of G_n into DH(2n − 1, 4) is isometric, α intersects Σ^′ in a hyperplane of Σ^′ and the singular hyperplane of G_n with deepest point x arises from the hyperplane α ∩ Σ^′ of Σ^′. ■

Lemma 2.2 Let μ_0 and μ_1 be two distinct elements of a field K and let m ≥ 1. Let A_m be the (2^m ×2^m)-matrix over the field K whose rows and columns are indexed lexicographically by the elements of {0, 1}^m. For all ϵ̄, δ̄ ∈ {0, 1}^m, the (ϵ̄, δ̄)-entry of the matrix A_m is equal to ∏_m i=1 μ^{δ(i)}_{ϵ(i)} , where ϵ(i) and δ(i) denote the i-th component of ϵ̄ and δ̄, respectively. Then A_m is nonsingular.

Proof. We will prove this by induction on m. Suppose first that m = 1. Then

det(A_1) = det [ 1 μ_0 1 μ_1 ] = μ_1 − μ_0 ≠ 0.

If m ≥ 2, then

A_m = [ A_{m−1} μ_0 · A_{m−1} A_{m−1} μ_1 · A_{m−1} ] = [ I_2m−1 O_2m−1 I_2m−1 I_2m−1 ] · [ A_{m−1} μ_0 · A_{m−1} O_2m−1 (μ_1 − μ_0) · A_{m−1} ] , where I_2m−1 is the (2^{m−1} × 2^{m−1})-identity matrix and O_2m−1 is the (2^{m−1} × 2^{m−1})-matrix with all entries equal to 0. Hence det(A_m) = (μ_1 − μ_0)^{2m−1} · [det(A_{m−1})]^2 is different from 0 by the induction hypothesis. ■

The following proposition completes the proof of Theorem 1.1.

Proposition 2.3 We have that Σ^′ = Σ.

Proof. It suffices to prove that for all i_1, . . . , i_n ∈ {1, . . . , 2n} with i_1 < i_2 < · · · < i_n, there exist points p_1, . . . , p_k of G_n such that ē_{i1} ∧ ē_{i2} ∧ · · · ∧ ē_{in} ∈ ⟨∧^n(p_1), ∧^n(p_2), . . . , ∧^n(p_k)⟩^{⋀n}_V . Let j_1, j_2, . . . , j_n ∈ {1, . . . , 2n} such that {i_1, i_2, . . . , i_n} ∪ {j_1, j_2, . . . , j_n} = {1, . . . , 2n}. Let μ_0 and μ_1 be two distinct elements of GF(4) \ {0} and let W denote the set of all 2^n vectors of the form ē_{k1} ∧ ē_{k2} ∧ · · · ∧ ē_{kn} , where k_l ∈ {i_l, j_l} for every l ∈ {1, . . . , n}. For every ϵ̄ ∈ {0, 1}^n, put

v̄(ϵ̄) := (ē_{i1} + μ_{ϵ(1)}ē_{j1} ) ∧ (ē_{i2} + μ_{ϵ(2)}ē_{j2} ) ∧ · · · ∧ (ē_{in} + μ_{ϵ(n)}ē_{jn} ) ∈ n⋀ V and p(ϵ̄) := ⟨ē_{i1} + μ_{ϵ(1)}ē_{j1} , ē_{i2} + μ_{ϵ(2)}ē_{j2} , . . . , ē_{in} + μ_{ϵ(n)}ē_{jn} ⟩_V .

Here, ϵ(i), i ∈ {1, . . . , n}, denotes the i-th component of ϵ̄. Notice that ⟨v̄(ϵ̄)⟩^{⋀n}_V = ∧^n(p(ϵ̄)). By Lemma 2.2, the matrix relating the 2^n vectors v̄(ϵ̄), ϵ̄ ∈ {0, 1}^n, with the 2^n vectors of W is nonsingular. It follows that W ⊆ ⟨∧^n(p(ϵ̄)) | ϵ̄ ∈ {0, 1}^n⟩^{⋀n}_V . In particular, we have that ē_{i1} ∧ ē_{i2} ∧ · · · ∧ ē_{in} ∈ ⟨∧^n(p(ϵ̄)) | ϵ̄ ∈ {0, 1}^n⟩^{⋀n}_V . This proves the proposition. ■

3 The generating rank of G_n

Let n ≥ 2, let V be a 2n-dimensional vector space over GF(4) and let B = {ē_1, ē_2, . . . , ē_{2n}} be a basis of V . Let H(2n − 1, 4), n ≥ 2, denote the hermitian variety of PG(V ) whose equation with respect to the basis B is given by X^3_1 + X^3_2 + . . . + X^3_{2n} = 0. Let DH(2n − 1, 4) denote the corresponding dual polar space and let G_n be the sub near 2n-gon of DH(2n − 1, 4) as defined in Section 1.1. So, the points of G_n are the maximal subspaces of H(2n − 1, 4) which are generated by n points of weight 2 whose sum has weight 2n.

The near polygon G_n has convex subspaces of different types. For the purposes of determining a generating set of G_n , we are only interested in those convex subspaces of G_n which are big in G_n . The maximal subspaces of H(2n − 1, 4) which are points of G_n and which contain a given point ⟨ē_i + μē_j ⟩_V of weight 2 define a big convex subspace of G_n which we will denote by M[ē_i + μē_j]. If n ≥ 3, then by De Bruyn [12, Lemma 12], every big convex subspace of G_n is obtained in this way and is isomorphic to G_{n−1} .

3.1 Two lemmas

Lemma 3.1 Let i_1, j_1, i_2, j_2 ∈ {1, . . . , 2n} and μ_1, μ_2 ∈ GF(4) \ {0} such that i_1 ≠ j_1, i_2 ≠ j_2 and ⟨ē_{i1} + μ_1ē_{j1} ⟩_V ≠ ⟨ē_{i2} + μ_2ē_{j2} ⟩_V . Then M_1 := M[ē_{i1} + μ_1ē_{j1} ] and M_2 := M[ē_{i2} + μ_2ē_{j2} ] are disjoint if and only if |{i_1, j_1} ∩ {i_2, j_2}| ≥ 1.

Suppose now that M_1 and M_2 are disjoint and put M_3 := R_{M1} (M_2). If (i_1, j_1) = (i_2, j_2), then M_3 = M[ē_{i1} + μ_3ē_{j1} ], where μ_3 is the unique element of GF(4) different from 0, μ_1 and μ_2. If i_1 = i_2 and j_1 ≠ j_2, then M_3 = M[ē_{j1} + μ^{−1}_1 μ_2ē_{j2} ].

Proof. Obviously, if |{i_1, j_1} ∩ {i_2, j_2}| = 1 or {i_1, j_1} = {i_2, j_2}, then M_1 ∩ M_2 = ∅, since ⟨ē_{i1} + μ_1ē_{j1} ⟩_V and ⟨ē_{i2} + μ_2ē_{j2} ⟩_V are not collinear on the hermitian variety H(2n − 1, 4). If {i_1, j_1} ∩ {i_2, j_2} = ∅, then let i_3, j_3, . . . , i_n, j_n such that {i_1, j_1, i_2, j_2, . . . , i_n, j_n} = {1, 2, . . . , 2n}. Then ⟨ē_{i1} + μ_1ē_{j1} , ē_{i2} + μ_2ē_{j2} , ē_{i3} + ē_{j3} , . . . , ē_{in} + ē_{jn} ⟩_V is a point of M_1 ∩ M_2. This proves the first part of the lemma.

Now, suppose (i_1, j_1) = (i_2, j_2). Let μ_3 be the unique element of GF(4) different from 0, μ_1 and μ_2. Let p_1 = ⟨ē_{i1} + μ_1ē_{j1} , v̄_2, . . . , v̄_n⟩_V be an arbitrary point of M[ē_{i1} + μ_1ē_{j1} ], where v̄_2, . . . , v̄_n are vectors of weight 2. (Recall that if a maximal isotropic subspace p belongs to G_n , then given any point x of weight 2 in p, there exists a set of n − 1 points of weight 2 which together with x generate p.) Then p_2 = ⟨ē_{i1} + μ_2ē_{j1} , v̄_2, . . . , v̄_n⟩_V is the unique point of M_2 collinear with p_1 and p_3 = ⟨ē_{i1} + μ_3ē_{j1} , v̄_2, . . . , v̄_n⟩_V is the third point of the line p_1p_2. It now readily follows that M_3 = M[ē_{i1} + μ_3ē_{j1} ].

Now, suppose i_1 = i_2 and j_1 ≠ j_2. Let p_1 = ⟨ē_{i1} + μ_1ē_{j1} , ē_{j2} + μ^′ē_{j3} , v̄_3, . . . , v̄_n⟩_V be an arbitrary point of M[ē_{i1} + μ_1ē_{j1} ], where v̄_3, . . . , v̄_n are vectors of weight 2. Then p_2 = ⟨ē_{i1} + μ_2ē_{j2} , μ_1ē_{j1} + μ^′μ_2ē_{j3} , v̄_3, . . . , v̄_n⟩_V is the unique point of M_2 collinear with p_1. The third point p_3 on the line p_1p_2 is equal to p_3 = ⟨ē_{i1} +μ^′μ_2ē_{j3} , μ_2ē_{j2} +μ_1ē_{j1} , v̄_3, . . . , v̄_n⟩_V . It now readily follows that M_3 = M[ē_{j1} + μ^{−1}_1 μ_2ē_{j2} ]. ■

Now, let ω denote an arbitrary element of GF(4) \ GF(2).

Lemma 3.2 The smallest subspace of G_n containing the maxes M[ē_1 + ē_2], M[ē_1 + ωē_2] and M[ē_i + ē_{i+1}], i ∈ {2, . . . , n}, coincides with the whole point set of G_n .

Proof. We will make use of the following fact:

(∗) If S is a subspace of G_n and if M_1 and M_2 are two disjoint big maxes contained in S, then also R_{M1} (M_2) is contained in S.

We will use (∗) with S the smallest subspace of G_n containing M[ē_1 + ē_2], M[ē_1 + ωē_2] and M[ē_i + ē_{i+1}], i ∈ {2, . . . , n}.

Step 1: If μ ∈ GF(4) \ {0}, then S contains M[μē_1 + ē_2]. Proof. Apply (∗) to the maxes M[ē_1 + ē_2] and M[ē_1 + ωē_2].

Step 2: For every μ ∈ GF(4) \ {0} and every i ∈ {2, . . . , n + 1}, M[μē_1 + ē_i] is contained in S.

Proof. By induction on i. The case i = 2 is precisely Step 1. Suppose now that M[μē_1 + ē_{i−1}] ⊆ S for a certain i ∈ {3, . . . , n + 1}. Then applying (∗) to M[μē_1 + ē_{i−1}] and M[ē_{i−1} + ē_i], we find that M[μē_1 + ē_i] ⊆ S.

Step 3: For all i, j ∈ {1, . . . , n + 1} with i ≠ j and all μ ∈ GF(4) \ {0}, M[ē_i + μē_j] ⊆ S. Proof. By Step 2 we may suppose that i ≠ 1 ≠ j. Then the claim follows by applying (∗) to M[ē_1 + ē_i] and M[ē_1 + μē_j ].

Step 4: Every point of G_n is contained in S.

Proof. Let p = ⟨ē_{i1} + μ_1ē_{j1} , ē_{i2} + μ_2ē_{j2} , . . . , ē_{in} + μ_nē_{jn} ⟩_V be an arbitrary point of G_n ({i_1, j_1, i_2, j_2, . . . , i_n, j_n} = {1, 2, . . . , 2n} and μ_1, μ_2, . . . , μ_n ∈ GF(4) \ {0}). Obviously, there exists at least one k ∈ {1, . . . , n} such that {i_k, j_k} ⊆ {1, . . . , n + 1}. Then p ∈ M[ē_{ik} + μ_kē_{jk} ] ⊆ S by Step 3. ■

3.2 A recursively defined series of numbers

For every n ∈ N \ {0, 1} and every j ∈ {0, . . . , n}, we will now define a number f(n, j).

For n = 2, we define f(2, 0) = f(2, 1) = f(2, 2) = 2. Suppose that for some n ≥ 2, we have defined f(n, j) for all j ∈ {0, . . . , n}. Then we define

λ(n) := n∑ j=0 f(n, j), f(n + 1, 0) := λ(n), f(n + 1, 1) := λ(n), f(n + 1, 2) := λ(n),

f(n + 1, k) := n∑ j=k−1 f(n, j) for every k ∈ {3, . . . , n + 1}.

The above array of numbers was defined by Cooperstein in [9]. He showed the following:

Lemma 3.3 ([9, Lemma 4.2]) Let n ≥ 2. Then f(n, 0) = ( 2n − 2 n − 1 ) , f(n, 1) = ( 2n − 2 n − 1 ) , f(n, j) = 2 · ( 2n − 1 − j n − j ) for every j ∈ {2, . . . , n}. 3.3 Construction of a generating set for the near polygon G_n

In this section, we are going to construct a generating set of size (_{2n} n ) for the near 2n-gon G_n , n ≥ 2. The technique we will use to achieve this goal is the one used by Cooperstein in [9] and [10]. As before, let ω denote an arbitrary element of GF(4) \ GF(2). Put

M_1 = M[ē_1 + ē_2], M_2 = M[ē_1 + ωē_2], M_i = M[ē_{i−1} + ē_i], i ∈ {3, . . . , n + 1}. Lemma 3.4 Put B_0 = ∅ and B_j = ⟨M_1, . . . , M_j ⟩_{G n} for every j ∈ {1, . . . , n + 1}. Then for every j ∈ {0, . . . , n}, there exists a set X of points in M_{j+1} satisfying: (i) |X| = f(n, j); (ii) ⟨(B_j ∩ M_{j+1}) ∪ X⟩_{G n} = M_{j+1}.

Proof. We will prove the lemma by induction on n.

Suppose n = 2 and j ∈ {0, 1, 2}. Then M_{j+1} is a line of the generalized quadrangle G_2 ∼= Q(5, 2). So there exists a set X of size f(2, j) = 2 such that ⟨X⟩_{G 2} = M_{j+1}. Hence, also ⟨(B_j ∩ M_{j+1}) ∪ X⟩_{G 2} = M_{j+1}.

Suppose that n ≥ 3 and that the lemma holds for smaller values of n. By the induction hypothesis and Lemma 3.2, every M_i, i ∈ {1, . . . , n + 1}, which is isomorphic to G_{n−1} can be generated by λ(n − 1) = ∑_{n−1} i=0 f(n − 1, i) points. As a consequence, the claim holds if j ∈ {0, 1, 2}. So, suppose j ≥ 3. The maximal subspaces of H(2n − 1, 4) which contain ⟨ē_j + ē_{j+1}⟩_V and n − 1 other points of weight 2 are precisely the points of M_{j+1}.

Let H(2n−3, 4) denote the hermitian variety X^3_1 +X^3_2 +· · ·+X^3_{j−1}+X^3_{j+2}+· · ·+X^3_{2n} = 0 in the subspace X_j = X_{j+1} = 0 of PG(2n − 1, 4). The subspaces of H(2n − 3, 4) which contain n − 1 points of weight 2 define a near polygon G_{n−1} . If α is such a subspace of H(2n−3, 4), then ⟨ē_j +ē_{j+1}, α⟩_V is a point of M_{j+1}. In this way, we obtain an isomorphism θ between G_{n−1} and M_{j+1}. Now, in G_{n−1} we can define the n maxes M^′[ē_1 + ē_2], M^′[ē_1 + ωē_2], M^′[ē_2 + ē_3], . . ., M^′[ē_{j−2} + ē_{j−1}], M^′[ē_{j−1} + ē_{j+2}], M^′[ē_{j+2} + ē_{j+3}], . . ., M^′[ē_{n+1} + ē_{n+2}] which we will denote by M^′_1, M^′_2, . . . , M^′_n. For every k ∈ {1, . . . , j −1}, M_k contains θ(M^′_k). Hence, B_j contains θ(⟨M^′_1, M^′_2, . . . , M^′_{j−1}⟩_{G n−1} ). Hence by Lemma 3.2 and the induction hypothesis, there exists a set X of size f(n − 1, j − 1) + · · · + f(n − 1, n − 1) = f(n, j) such that ⟨(B_j ∩ M_{j+1}) ∪ X⟩_{G n} = M_{j+1}. This proves the lemma. ■

The following corollary of Lemma 3.4 is precisely Theorem 1.2.

Corollary 3.5 The near polygon G_n can be generated by ∑_n j=0 f(n, j) = λ(n) = f(n + 1, 0) = (_{2n} n ) points.

Proof. By Lemmas 3.2 and 3.4. ■

4 Full polarized embeddings of G_n

Suppose S = (P, L, I) is a dense near polygon and let e : S → Σ be a full polarized embedding of S. For every point x of S, let H_x denote the singular hyperplane of S with deepest point x. By Brouwer and Wilbrink [6, p. 156] (see also Shult [25, Lemma 6.1]), H_x is a maximal subspace of S. This implies that the co-dimension of e^∗(x) := ⟨e(H_x)⟩_Σ in Σ is at most 1. Since e is polarized, e^∗(x) necessarily is a hyperplane of Σ. Now, put R_e := ⋂ x∈P e^∗(x). Then by De Bruyn [15], R_e satisfies the properties (C1) and (C2) of Section 1.1 and ē := e/R_e is a full polarized embedding of S. Also, if e^′ is a full polarized embedding of S such that e ≥ e^′, then e^′ ≥ ē.

If S admits the absolutely universal embedding ẽ with respect to a certain division ring K , then e ≥ ẽ for any full polarized embedding e of S with underlying division ring isomorphic to K . We then call ẽ the minimal full polarized K -embedding of S or shortly the minimal full polarized embedding of S if no confusion is possible. If all lines of S have precisely 3 points, then K ∼= GF(2), and the minimal full polarized embedding of S is also called the near polygon embedding, see Brouwer et al. [4, p. 350] or Brouwer and Shpectorov [5].

We will now calculate the minimal full polarized embedding of G_n , n ≥ 2. As before, let G_n be isometrically embedded into the dual polar space DH(2n − 1, 4). Let e : DH(2n − 1, 4) → Σ denote the Grassmann-embedding of DH(2n − 1, 4) and let e^′ denote the embedding of G_n induced by e. Then e^′ is isomorphic to the absolutely universal embedding of G_n by Corollary 1.3.

Let x_1, x_2, . . . , x(2n_n ) be points of G_n such that ⟨e(x_i) | 1 ≤ i ≤ (_{2n} n ) ⟩_Σ = Σ. Recall that for every point x of DH(2n − 1, 4), e^∗(x) is a hyperplane of Σ. Similarly, for every point x of G_n , e^{′∗}(x) is a hyperplane of Σ. Notice that if x is a point of G_n , then e^{′∗}(x) = e^∗(x). By Cardinali, De Bruyn and Pasini [8, Section 4.2], the map e^D : DH(2n − 1, 4) → Σ^∗, x → e^∗(x) defines a full polarized embedding of DH(2n − 1, 4) into the dual Σ^∗ of Σ and e^D ∼= e. It follows that ⋂ i∈{1,...,(^{2n}_n )} e ′∗(x_i) = ⋂ i∈{1,...,(^{2n}_n )} e ∗(x_i) = ∅. This implies that the minimal full polarized embedding of G_n is isomorphic to the absolutely universal embedding of G_n . So, there exists (up to isomorphisms) only one full polarized embedding of G_n .

References

[1] M. K. Bardoe. On the universal embedding of the near-hexagon for U_4(3). Geom.

Dedicata 56 (1995), 7–17.

[2] A. Blokhuis and A. E. Brouwer. The universal embedding dimension of the near polygon on the 1-factors of a complete graph. Des. Codes Cryptogr. 17 (1999), 299– 303.

[3] A. Blokhuis and A. E. Brouwer. The universal embedding dimension of the binary symplectic dual polar space. Discrete Math. 264 (2003), 3–11.

[4] A. E. Brouwer, A. M. Cohen, J. I. Hall and H. A. Wilbrink. Near polygons and Fischer spaces. Geom. Dedicata 49 (1994), 349–368.

[5] A. E. Brouwer and S. V. Shpectorov. Dimensions of embeddings of near polygons.

Unpublished manuscript.

[6] A. E. Brouwer and H. A. Wilbrink. The structure of near polygons with quads. Geom.

Dedicata 14 (1983), 145-176.

[7] P. J. Cameron. Dual polar spaces. Geom. Dedicata 12 (1982), 75–85. [8] I. Cardinali, B. De Bruyn and A. Pasini. Minimal full polarized embeddings of dual polar spaces. J. Algebraic Combin. 25 (2007), 7–23.

[9] B. N. Cooperstein. On the generation of dual polar spaces of unitary type over finite fields. European J. Combin. 18 (1997), 849–856.

[10] B. N. Cooperstein. On the generation of dual polar spaces of symplectic type over finite fields. J. Combin. Theory Ser. A. 83 (1998), 221–232.

[11] B. N. Cooperstein. On the generation of some embeddable GF(2)-geometries. J.

Algebraic Combin. 13 (2001), 15–28.

[12] B. De Bruyn. New near polygons from Hermitian varieties. Bull. Belg. Math. Soc.

Simon Stevin 10 (2003), 561–577.

[13] B. De Bruyn. Near polygons. Frontiers in Mathematics, Birkhäuser, Basel, 2006. [14] B. De Bruyn. On the Grassmann-embedding of the hermitian dual polar spaces.

preprint.

[15] B. De Bruyn. Dual embeddings of dense near polygons. Ars Combin., to appear. [16] B. De Bruyn. The generating rank of the U_4(3) near hexagon. Discrete Math., to appear.

[17] D. E. Frohardt and P. Johnson. Geometric hyperplanes in generalized hexagons of order (2, 2). Comm. Algebra 22 (1994), 773–797.

[18] D. E. Frohardt and S. D. Smith. Universal embeddings for the^3D_4(2)-hexagon and J_2 near-octagon. European J. Combin. 13 (1992), 455–472.

[19] S. Heiss. A note on embeddable F_2 -geometries. J. Combin. Theory Ser. A 92 (2000), 82–87.

[20] A. Kasikova and E. E. Shult. Absolute embeddings of point-line geometries. J. Algebra 238 (2001), 265–291.

[21] P. Li. On the universal embedding of the Sp_{2n}(2) dual polar space. J. Combin. Theory Ser. A 94 (2001), 100–117.

[22] P. Li. On the universal embedding of the U_{2n}(2) dual polar space. J. Combin. Theory Ser. A 98 (2002), 235–252.

[23] S. E. Payne and J. A. Thas. Finite Generalized Quadrangles. Research Notes in Mathematics 110. Pitman, Boston, 1984.

[24] M. A. Ronan. Embeddings and hyperplanes of discrete geometries. European J. Combin. 8 (1987), 179-185.

[25] E. E. Shult. On Veldkamp lines. Bull. Belg. Math. Soc. Simon Stevin 4 (1997), 299– 316.

[26] E. E. Shult and A. Yanushka. Near n-gons and line systems. Geom. Dedicata 9 (1980), 1–72.

[27] J. A. Thas and H. Van Maldeghem. Embeddings of small generalized polygons. Finite Fields Appl. 12 (2006), 565–594.

[28] S. Yoshiara. Embeddings of flag-transitive classical locally polar geometries of rank 3. Geom. Dedicata 43 (1992), 121–165.