The number of 0-1-2 increasing trees as two different evaluations of the Tutte polynomial of a complete graph

C. Merino^∗

Instituto de Matemáticas, Universidad Nacional Autónoma de México, Circuito Exterior, C.U. Coyoacán 04510, México D.F.

merino@matem.unam.mx

Submitted: Nov 21, 2007; Accepted: Jul 11, 2008; Published: Jul 21, 2008 Mathematics Subject Classifications: 05A19

Abstract If T_n(x, y) is the Tutte polynomial of the complete graph K_n, we have the equality T_{n+1}(1, 0) = T_n(2, 0). This has an almost trivial proof with the right combinatorial interpretation of T_n(1, 0) and T_n(2, 0). We present an algebraic proof of a result with the same flavour as the latter: T_{n+2}(1, −1) = T_n(2, −1), where T_n(1, −1) has the combinatorial interpretation of being the number of 0–1–2 increasing trees on n vertices.

1 Introduction

Given a graph G = (V, E), we define the rank function of G, r : P(E) → Z as r(A) = |V | − k(A) for A ⊆ E, where k(A) is the number of connected components in the graph (V, A). The 2-variable graph polynomial T (G; x, y), known as the Tutte polynomial of G, is defined as T (G; x, y) = ∑ A⊆E (x − 1)^{r(E)−r(A)}(y − 1)^{|A|−r(A)}. (1) The Tutte polynomial of G has many interesting combinatorial interpretations when evaluated on different points (x, y) and along several algebraic curves. One that is particularly interesting is along the line x = 1 which can be interpreted as the generating function of critical configuration of the sandpile model, see [8], or as the generating function of the G-parking functions, see [9]. When the graph G is the complete graph on n vertices, K_n, the latter is the classical generating function of parking functions or the inversion enumerator of labelled trees on n vertices, see [10].

In the following section we prove the main theorem of the paper:

∗Supported by Conacyt of México.

Theorem 1. T (K_n; 2, −1) = T (K_{n+2}; 1, −1).

The last section shows how this result is related to the number of 0-1-2 increasing trees on n vertices.

2 T (K_n; 2, −1) and T (K_{n+2}; 1, −1)

Let us assume that the vertices of K_n are labelled 1, 2, . . . , n. For a spanning tree A of K_n, an inversion in A is a pair of vertices labelled i,j such that i > j and i is on the unique path from 1 to j in A. Let invA be the number of inversions in A. The inversion enumerator J_n(y) is then defined as the generating function of spanning trees arranged by number of inversions, that is,

J_n(y) = ∑ A y^{invA} ,

where the sum is taken over all spanning trees of K_n. Now, from [10], we obtain the exponential generating function of the inversion enumerators, ∑ n≥0 J_{n+1}(y)(y − 1)^n t^n n! = ∑ n≥0 y(^{n+12} )^{tn}_{n!} ∑ n≥0 y(^{n2})^{tn}_{n!}

. (2)

Note that our notation differs from [10], as Stanley uses I_n(y) for J_{n+1}(y).

Let T_n(x, y) be the Tutte polynomial of K_n. Welsh in [11] gives the following exponential generating function for T_n(x, y)

1 + (x − 1) ∑ n≥1 (y − 1)^nT_n(x, y) t^n n! = ( ∑ n≥0 y(^{n2}) t^n n! )_{(x−1)(y−1)} (3) With these two general results it is easy to prove the following:

Theorem 2. For n ≥ 0, J_{n+2}(−1) = T_n(2, −1).

Proof. By taking y = −1 in Equation (2) we get ∑ n≥0 J_{n+1}(−1)(−2)^n t^n n! = ∑ n≥0 (−1)(^{n+12} )^{tn}_{n!} ∑ n≥0 (−1)(^{n2})^{tn}_{n!} = F (t) H(t) .

Clearly, F (t) = H^′(t), where H^′(t) is the derivative of H(t). Then, by integrating both sides of the previous expression and multiplying through by -2 we arrive at the equality ∑ n≥1 J_n(−1)(−2)^n t^n n! = (−2) ln |H(t)|.

The function H(t) is the exponential generating function of the sequence 1, 1, -1, -1, 1, 1, -1, -1,. . ., so H(t) = cos(t) + sin(t). Substituting this value on the above identity we obtain ∑ n≥1 J_n(−1)(−2)^n t^n n! = (−2) ln | cos(t) + sin(t)|. (4)

Now, by differentiating twice both sides of equation (4) we conclude that ∑ n≥0 J_{n+2}(−1)(−2)^n t^n n! = 1 (cos(t) + sin(t))^2

. (5)

Taking x = 2 and y = −1 in Equation (3), we get the following identities

1 + ∑ n≥1 (−2)^nT_n(2, −1) t^n n! = ( ∑ n≥0 (−1)(^{n2}) t^n n! )_{−2} = 1 (cos(t) + sin(t))^2

. (6)

Therefore, from Equations (5) and (6), 1 + ∑ n≥1 T_n(2, −1)

(−2)^nt^n n! = ∑ n≥0 J_{n+2}(−1)

(−2)^nt^n n! .

As T_0(2, −1) = 1, we obtain the result by equating the corresponding coefficients.

It is known that T_n(1, y) = J_n(y), see [7]. Thus, Theorem 1 follows by the previous result.

A permutation σ ∈ S_n is an up-down permutation if σ(1) < σ(2) > σ(3) < . . .. Let a_n be the number of up-down permutation in S_n for n ≥ 1 and set a_0 = 1. The sequence a_n has a nice exponential generating function, namely ∑ n≥0 a_n t^n n! = tan(t) + sec(t) .

The result is originally from [1] but a proof may also be found in [7]. The fact that the value J_{n+1}(−1) equals a_n is mentioned in [6] but a proof of this together with other evaluations of J_n(x) is given in [7]. As a corollary we obtain

Corollary 3. For n ≥ 0, T_n(2, −1) = a_{n+1} and ∑ n≥0 T_n(2, −1) t^n n! = sec(t)(tan(t) + sec(t)).

3 The Tutte polynomial and increasing trees

A spanning tree in K_n with root at 1 is said to be increasing whenever its vertices increase along the paths away from the root. A 0–1–2 increasing tree is an increasing tree where all the vertices have at most 2 edges going out. A remarkable result stated in [4] and proved in [5] (see also a bijective proof in [3]) is that a_n equals the number of 0–1–2 increasing trees on n vertices. By using Corollary 3 we get

Corollary 4. T_n(2, −1) equals the number of 0–1–2 increasing trees on n + 1 vertices.

Thus, the number of 0–1–2 increasing trees on n vertices corresponds two different evaluations of the Tutte polynomial of a complete graph, that is T_{n−1}(2, −1) and T_{n+1}(1, −1).

A similar situation occur for the number of permutations on n letters. The quantity T (G; 2, 0) equals the number of acyclic orientations of G while T (G; 1, 0) equals the number of acyclic orientations of G with a unique predefined source, see [2]. If we use this combinatorial interpretation with K_n, clearly we get that T_{n+1}(1, 0) = T_n(2, 0). In fact, it is easy to find the exact values, T_n(2, 0) = n! and T_n(1, 0) = n − 1!. That is, the number of permutations on n letters occurs as two different evaluations of the Tutte polynomial of a complete graph, T_n(2, 0) and T_{n+1}(1, 0).

Increasing spanning trees correspond to spanning trees with no inversions. Thus, J_n(0) = T_n(1, 0) equals the number of increasing trees in K_n. By deleting the vertex 1 in K_{n+1} we get a bijection between increasing trees in K_{n+1} and increasing spanning forests in K_n. Here a forest is increasing if it is increasing in each component. Therefore, we get the interpretation of T_n(2, 0) as the number of increasing spanning forests in K_n.

Using the same technique we get a bijection between 0–1–2 increasing trees on n + 1 vertices and 0–1–2 increasing forests on n vertices with at most 2 components. Thus we get Corollary 5. T_n(2, −1) equals the number of 0–1–2 increasing forests on n vertices with at most 2 components.

There are several combinatorial interpretations for evaluations of T (G; x, y) when x, y ≥ 0, and even when x, y ≤ 0 probably because of the relationship of the Tutte polynomial with the partition function of the Potts model of statistical mechanics. But the situation is quite different when y < 0 < x or x < 0 < y. I would like to think that Corollary 5 is just the tip of the iceberg and that more combinatorial interpretations for T (G; x, y) in these regions exist.

References

[1] André, D.: Dévelopements de sec x et de tang x. C. R. Acad. Sc. Paris, 88, 965–967, 1879.

[2] Brylawski, T. and Oxley, J.: The Tutte Polynomial and its Applications. In: White, N. (ed) Matroid Applications. Cambridge University Press, Cambridge, 123–225, 1992.

[3] Donaghey, R.: Alternating permutations and binary increasing trees. J. Combinatorial Theory Ser. A, 18, 141–148, 1975.

[4] Foata, D.: Groupes de réarrangements et nombres d’Euler. C. R. Acad. Sci. Paris Sr. A-B, 275, A1147–A1150, 1972.

[5] Foata, D. and Strehl, V.: Rearrangements of the symmetric group and enumerative properties of the tangent and secant numbers. Math. Z., 137, 257–264, 1974.

[6] Goulden, I. P. and Jackson, D. M.: Combinatorial Enumeration. Wiley, Chichester 1983.

[7] Kuznetsov, A. G., Pak, I. M. and Postnikov, A. E.: Increasing trees and alternating permutations. (Russian) Uspekhi Mat. Nauk, 49, 79–110, 1994; translation in Russian Math. Surveys, 49, 79–114, 1994.

[8] Merino, C.: Chip-firing and the Tutte polynomial. Annals of Combinatorics, 1, 253– 259, 1997.

[9] Plautz J. and Calderer, R.: G-parking functions and the Tutte polynomial. Preprint. [10] Stanley, R. P.: Hyperplane arrangements, parking functions and tree inversions. In:

Sagan, B. and Stanley, R. (eds) Mathematical Essays in Honor of Gian-Carlo Rota. Birkhäuser, Boston, Basel, 359–375, 1998.

[11] D. J. A. Welsh, Counting colourings and flows in random graphs. In: Miklós, D., Sos, V. T. and Szönyi, T. (eds) Combinatorics, Paul Erdős is Eighty. Janos Bolyai Math. Soc., Budapest, 491–505, 1996.