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EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS FOR
DISCRETE PROBLEMS WITH P-LAPLACIAN VIA
VARIATIONAL METHODS

YU TIAN, WEIGAO GE

ABSTRACT. Using critical point theory, we prove the existence of multiple
positive solutions for second-order discrete boundary-value problems with p-
Laplacian.

1. INTRODUCTION

In recent years, a great deal of work has been done in the study of the exis-
tence of multiple positive solutions for discrete boundary value problems describing
physical and biological phenomena. For the background and summary of results,
we refer the reader to the monograph by Agarwal et al [2], and for some recent con-
tributions to [II, [B]. Various fixed point theorems have been applied for obtaining
solutions, among them, Krasnosel’skii fixed point theorem, Leggett-Williams fixed
point theorem, fixed point theorem in cones; see [4} [l 8, [10] [13] and the references
therein.

There is also a trend to study difference equation using variational methods
which lead to many interesting results; see for example [3] [0} [0, [14]. Li [9] studied
the existence of solutions for the problem

Ap(k)Az(k —1)) + f(k, z(k)) = g(k) (L1)

z(0)=z(T+1)=0, ’
where f € C(R?,R), p,g € C(R,R). Using variational methods, the existence of at
least one non-trivial solution was obtained. Agarwal et al [3] show the existence of
multiple positive solutions for the discrete boundary-value problem

Azy(kil)‘i’f(l%y(k)) =0, ke [LT]a

(1.2)
y(0) =0=y(T +1),
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where [1,T] is the discrete interval {1,2,...,T}, Ay(k) = y(k+1) —y(k), f €
C([1,T] x [0,00),R) satisfies f(k,0) > 0, for all k € [1,T]. They applied critical
point theory under the following conditions:

(a) mingep, ) liminf, %Lu) > Ay, where \; is the smallest eigenvalue of

A?y(k—1)+ \y(k) =0, y € H;
(b) there is a positive constant M, independent of A, such that ||y|| # M for
every solution y > 0 of the equation

A2y(k — 1)+ Mf(k,y(k)) =0, yeH, Xe(0,1].

We remark that is not easy to verify Condition (b) in applications.

To the best of our knowledge, very few authors have studied the existence of
multiple positive solutions for discrete boundary value problem with a p-Laplacian
by using variational methods. As a result the goal of this paper is to fill the gap in
this area. It is well known that positive solutions are very important in applications.
Motivated by the above results, in this paper, we study the existence of multiple
positive solutions for the second-order discrete boundary-value problem (BVP)

A(Qy(Ay(k —1))) + f(k,y(k)) =0, ke[1,T],
y(0) =0=y(T + 1),

where T is a positive integer, [1,T] is the discrete interval {1,...,T} and Ay(k) =
y(k + 1) — y(k) is the forward difference operator, p > 1 ¢ ( ) == |y|P7%y, f €
C([1,T] x [0, +00),[0,4+00)), f(k,0) £ 0 for k € [1,T], = [, f(k,s)ds. For

a review of variational methods, we refer the reader to [11 12]
Our aim of this paper is to apply critical point theory to (1.3) and prove the
existence of two positive solutions. We impose some conditions on the nonlinearity

f that are different from those in [2] for p = 2, and are easy to verify.
In this article, we assume the following conditions:

(C1) there exist u > p, h € C([1,T] x [0,400),[0,+00)), I : [1,T] — (0, +00),
mingep, 1 1(k) > 0 such that

f(ky) = U(k)®@u(y) + h(k,y);
(C2) there exist functions ¢,d : [1,T] — [0, 400) such that

h(k,y) < (k) + d(k)@p(y).

2. RELATED LEMMAS

(1.3)

Here, and in the sequel, we denote
Y =WeP[0,T+1]={y:[0,T+1] - R:y(0) = y(T +1) = 0}

whihc is a T-dimensional Banach space with the norm
T+1

Il = (32 180tk 1) ol

Lemma 2.1. Let y* = max{4vy,0}, then the following five properties hold:

Q) y=y" -y~

(i) Hy+|| < lyll;

(i) y* )y~ (1) =0, (") (t)(y~)'(t) =0 for t € [0, T +1];
(iv) @,(x)y* = ly*[P, p(y)y™ = —ly~ 7.
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Lemma 2.2. Ify is a solution of the equation

A(®y(Ay(k — 1)) + f(k,y" (k) =0, yeY, (2.1)
then y > 0, y(k) Z 0, k € [0,T 4 1] and hence it is a solution of (1.3).
Proof. If y is a solution of (2.1)), then

0=> [A®,(Ay(k —1))) + f(k,y" (k)] y~ (k)
T
= &, (Ay(k - )|y Z‘P (Ay(k) Ay~ (k) + Y f(k,yt (k)y~ (k)
k=1

> =Py (y(1)y~ (1) + Z Ay~ (K)[?

T+1

D[P + Z Ay~ (k —1)]
(2.2)

so Ay~ (k) =0, k € [1,T] and y~ (1) = 0, which yield that y~ (k) =0,k € [1,T 4 1];
that is, y > 0. If y(k) = 0 for every k € [0,T + 1], the fact f(k,0) Z 0 for every
k € [1,T) gives a contradiction. O

Remark 2.3. By Lemma 2.2} to find positive solutions of (L.3) it suffices to obtain

solutions of (2.1)).

For y € Y, put
T+1
o) i= 3 Ayl = DP = Flh" (0) + f(0~ (0] (23)
k=1

Clearly, the functional ¢ is C! with
T+1

('), 2) =D [®p(Ay(k = 1)Az(k —1) — f(k,y ™ (k))2(k)] (2.4)

k=1
for every z € Y. So the solutions of (2.1 are precisely the critical points of the
functional ¢.

Lemma 2.4. Fory €Y, we have ||ylloc < (T +1)Y9|y|, where

[Ylloo = emax ly(4)|.

Proof. For y € Y, it follows from Holder’s inequality, that
k—1 T
ly(k)l = [y(0) + > Ay()] < > 1Ay(0)]
i=0 i=0

T 1/p
<@+ )Y Y 1Ay ) T = (T + )Yy,
i=0
which completes the proof. ([l

Lemma 2.5 ([I5, Theorem 38.A)). For the functional F': M C X — [—o00, 4]
with M # 0, min,epns F(u) = a has a solution when the following conditions hold:
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(i) X is a real reflexive Banach space;
(ii) M is bounded and weak sequentially closed; i.e., by definition, for each
sequence (u,) in M such that u, — u as n — 0o, we always have u € M;
(i) F is weak sequentially lower semi-continuous on M.

Lemma 2.6 ([6]). Let E be a Banach space and ¢ € C1(E, R) satisfy Palais-Smale
condition. Assume there exist xo,x1 € E, and a bounded open neighborhood Q2 of
o such that x1 & Q and

max{¢(zo), p(z1)} < xienafsz@(x)'
LetT'={h: h:[0,1] — E is continuous, h(0) = zo, h(1) = 1} and

= inf h(s)).
° )

Then ¢ is a critical value of ¢; that is, there erists x* € E such that ¢'(x*) = ©
and o(x*) = ¢, where ¢ > max{y(xo), ¢(x1)}.

Lemma 2.7. Suppose that (C1), (C2) hold. Furthermore, we assume
(C3) (T +1)P/ay Fld(k) < & —1.

Then the functional ¢ satisfies Palais-Smale condition; i.e., every sequence {y,} in
Y satisfying ©(yn) is bounded and ¢'(y,) — 0 has a convergent subsequence.

Proof. Since Y is a finite dimensional Banach space, we only need to show that
(yn) is a bounded sequence in Y.

For this, by Lemma (iv) and (2.4) we have

T+1
@ n)sum) = S [Bp(Ayalk — 1)y, (k= 1) — F(k,yt )y (0)]
k=1
T+1

<= Ay, (k= 1))P = —ly, |I*-
k=1

(2.5)

— Y,
Set w,, z

= o Dividing by ||y, || on the both sides of the above inequality, we

have
lyi P71 < = (&' (yn), w;) — 0 as n — .

Soy, —-0inY.
Now we show that (y,") is bounded. By (2.3) (2.4) we have

T+1

Bllgall? =yt 17 = mp(yn) = (' (wn)s i) = S uf (, 0)y; (k)
P k=1 (2.6)
T+1

+ 3 [k, y (B)) — f(k, it (k))yit (k)] -
k=1
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By (C1) (C2) Lemma [2.4] one has

T+1

> [uF (k,yt (k) — £k, it (k))y,, (k)]

-

< ekt (k) + d(k)|y;; (k)] (2.7)
k=

T+1 T+1

<(T 1/q\lyﬁllz + (T + 1Pyt |7 d(k)
k=1
Substituting (2.7]) into , in view of Lemma (ii), one has

T+1
(5= D)l 1P < pp(yn) — (& (wn)swid) + (T + DYy |3 ek
p k=1
T+1 (2.8)
+ (T + 1Py [P d(k)
k=1

Suppose that (y;) is unbounded. Passing to a subsequence, we may assume if
necessary, that ||y, || — oo as n — oco. Dividing the both sides of [2.8) by [|y,} |7,

denoting w; = Hyill we have
T+1
[ pp(yn) (& (yn), wif -
£y iolm) (W) o gpayyier 37 o)
p It [l prt
(2.9)
T+1
+ (T + 1PN " d(k).
k=1
Since ¢(yn) is bounded and ¢'(y,) — 0,y, — 01in Y, let n — oo, we have
T+1
P rc@vrpay dw)
p k=1
which contradicts to (C3). Therefore, (y,) is bounded in Y. O

3. MAIN RESULTS
Theorem 3.1. Suppose that (C1)—(C3) hold. Furthermore, we assume

(C4) (T+1)5 X5y blk) + (T+ )Y k) + (T + )P0 Y5, d(k) < 1.
Then (1.3) has two positive solutions xg,x

Proof. By Lemma [2.7] the functional ¢ satisfies Palais-Smale condition. Now we
shall show that there exists R > 0 such that the functional ¢ has a local minimum
x9 € B :={z € X :|z| < R}.

Let R = 1. First we claim that the functional ¢ has a minimum on Bg. Clearly
Bpr is a bounded and weak sequentially closed. Now we claim that ¢ has a minimum
2o € Br. We will show that © is weak sequentially lower semi-continuous on Bp.
For this, let

| T+ 1
Z [Ay(k =D, @*(y) =Y [=F(k,yt (k) + f(k,0)y~ (k)] ,

1

~
+

=~
Il
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then o(y) = ©'(y) + ©*(y). By ¥y, — y on Y we have (y,,) uniformly converges to
yin C([0,T + 1]). So ©? is weak sequentially continuous. Clearly ¢! is continuous,
which together with the convexity of ¢! we have ¢! is weak sequentially lower
semi-continuous. Therefore, ¢ is weak sequentially lower semi-continuous on Bg.
Besides, Y is a reflexive Banach space, Bg is a bounded and weak sequentially
closed, so our claim follows from Lemma

If yg € OBR and g is a local minimum of the functional ¢, then it is also a
minimizer of |sp,, so the gradient of ¢ at yo point is in the direction of the inward
normal to dBgr. Since yo € dBr = 0B is a local minimum of the functional ¢, p(y)
have a conditional minimum at the point yo about the condition ¢(y) = %(Hy”f’J —1).
By [6], there exists v € [0,00) such that

(¢'(y0),v) = =v{¥'(3o),v) forallveY.
That is,
A(‘I’p(Ayo(k 1))+ Af(k,yg (k) =0, €Y (3.1)
with A = —— € (0, 1], ||yo]| = R =1 holds.

1+’y
Multiplying yo(¢) on the both sides of equation in (3.1)), then summing on [1, 77,

we have

M=

[A(@y(Ayo(k = 1))) + Af(k,yg (k)] x yo(k)

k=1
T
= B, (Ayo(k — ey Z@ (Ago (k) Ago(k) + Y Af (k, yg (k))o (k)
k=1
T
= —%,(yo(1))yo(1) — Z |Ayo (k)P + Z Af (K, yg (k))yo (k)
k=1 k=1
T
< —llyoll” + D Af (ks yf (k))yo (k).
k=1
Then
T
lyoll” <> Af (k. yo(k))yo (k)
le
Z )lyo (k)1 + c(k)yo(k) + d(k)|yo (K)[”
B T T
< (T+1)7lyol|* D b(k) + (T + 1)o7 Y~ (k)
k=1 k=1
T
+ (T + )P/ yo|P D d(k)
k=1
Since ||yo|| = 1, we have

T

1< (T+ DM " b(k) + (T + 1)V e(k) + (T+ 1P/ d(k),

k=1 k=1 k=1
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which contradicts (C4). Therefore, for any A € (0,1], the solution of is
not on dBR. Therefore, yo € Br and hence it is a local minimizer of ¢, and
©(yo) < minyeopy ©(y).

Next we show that there exists y; with [|y1]] > R = 1 such that ¢(y1) <
mingesp, (y). Let €(k) =1 €Y. Then

T
p(e) < =D [F(k.X) — f(k,0))]
k=1
T ~H
1(E)A -
== I A ey — F(k, 0)A] (3.2)
= M
T T
LR - - _
<-> WA 3 [c(m +d(k)N + f(k, 0))\] .
=1 M k=1
Since p > p, we have limy | ©(A€) = —00. So there exists sufficiently large o

with [[Ag€|| > R such that p(Ag€) < mingesn, ©(v).
Lemma [2.6| now gives the critical value
= inf ma h(t

¢= inf max ¢(h(t)),
where T' = {h : h:[0,1] — E is continuous, h(0) = yo, h(1) = y1 }; that is, there
exists y* € Y such that ¢’'(y*) = 0. Therefore, yo,y* are two critical points of ¢,
and hence they are classical solutions of (2.1)). Lemma means Yo, y* are positive
solutions of problem ([1.3)). O

Corollary 3.2. Suppose that (C1) (C4) hold. Moreover we assume

(C2') there exists 0 < s < p, ¢ € L*([a,b],[0,+00)), d € C([a,b], [0, +00)) such
that
h(t,z) < c(t) + d(t)Ps(x).
Then has two positive solutions xg,x*.
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