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On the charateristic equation of Chebyshev
matrices!

Amelia Bucur, S.Alvarez-Ballesteros, J.L. Lopez-Bonilla

Abstract

We show that the characteristic equation of Chebyshev matrix
reveals the existence of ” Associated Polynomials of Chebyshev”, and

we give an explicit expression from them.

2000 Mathematical Subject Classification:15A18.

Key words: Chebyshev polynomials; characteristic equation.

Here we consider the first-kind Chebyshev polynomials T,,(z) given by
the recurrence relation [1 — 7](|z| < 1):

(1) To = 0, T1 =, Tk+1 == 2.7}Tk — Tk—h k= ]., 2, e

(2) Ty =1, T\ = =, Ty, =22 — 1, Ty = 42 — 3z,

T, = 8z* — 82% + 1, Ty = 162° — 202> + 5z, . . .,

which also can be generated as the determinant of Chebyshev matrices
T, (x)[6], in fact:
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1
(3) Ty(z) = DetTy(x) = Det |
- 1 2z
r 1 0
T3(x) = DetTs(w) =det [ 1 22 1
0 1 2=z
z 1 0 O
1 22 1 O
Ty(x) = DetTy(z) = det etc.
1() etTy(x) = de 0 1 or 1 etc
0 0 1 22

However, we do not know publications studying the characteristic equa-
tion (CE)[9-17] of T,,(x), by these reason this work is dedicated to analyze
the polynomial coefficients in the mentioned CE.

In the literature there are several methods[10,11,13] to obtain the CE
of a matrix, here we employ the algorithm of Leverrier-Takeno [9,12,14-17]

and the Maple symbolic program, therefore.

1 Characteristic Equation

L.A=-T1=0

2. )\2—3$)\—|—TQ:0
(4) 3.0 —5zAt 4+ (822 —2)A - T3 =0

4. XN —Ta A3 + (1822 — 3)A? — (2023 — 102)A+ Ty, =0

5. A0 — 9zt + (3222 — 4)\3 — (562 — 21x)A\? + (48—
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—3622 +3)A—T5 =0

6. A6 — 112\ + (5022 — 5)A% — (12023 — 362)A3 + (1602% — 9622 + 6)A2—
— (11225 — 1122 4+ 21z)A + Tg = 0

7. AT—132M6 4 (722% — 6)A° — (22023 — 552) A% + (40024 — 20022+ 10) A3 —
— (43225 — 3602° + 54x)A2 + (25628 — 3202* + 962% — DA — Ty =0

8. A — 1527 + (9822 — T)A\6 — (36423 — 78x)\° + (840x* — 36022+
+15)A* — (12322° — 88022 + 1102)A% + (11202 — 12002* + 30022 —
—10)A\? — (57627 — 8642° + 3602 — 36)\ + Ty = 0

etc.

Or in compact form:
(5) ST =0,T0 = 1, T = (—-1)"T,
m=0

thus, for example:

(6) Ty = =5z, Ty = 82% — 2,

T} = —92,T7 = 322> — 4, T2 = —563° + 21,
Ty = 482" — 362 + 3

etc.

Then it is clear that T (z) , m = 0,...,n is a polynomial in = of degree
m, and they may be named as "associated polynomials of Chebyshev”,
which are not explicitly in the literature and can be generated in terms of
Gauss hypergeometric function:

2n — 11—
1) T == T ) aR(em 2 —mn —m e+ o —— ),
m 2 2
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where m = 0,...,n; with (7) is immediate to reproduce the characteristic
equation (4).
As an additional case, from(5) and (7) for n = 10 we obtain the CE:

(8) A0 — 19207 + (16222 — 9)A® + (—8162° + 1362)\"+

+(26887" — 89627 + 28)A° + (—60482° + 33602° — 3152)\°+
+(94082° — 78402 +14702* —35) \*+(—99842 " +116487° —36402>+2602 ) \>+
+(69122% —107522° + 50402 — 7202 +15)\* + (—28162" + 563227 — 36962°+
+8802% — 552)\ + Ty = 0

in harmony with the corresponding expression given by the Maple pro-
gram.
Now we indicate some properties of our associated polynomials of Cheby-
shev:
a) All roots x; of T)"(x) = 0 are real and |z;| < 1, which can be verified
directly, employing the Matlab program, for each polynomial coefficient in
(4) and(8).
b) T (z) are generators for the well-known [5,6,8,12-20] four kinds of Cheby-

shev polynomials:

n+1 n+1 2n+1

) = S (S ) = T ( 1“’).

¢)T(x) are solution of differential equation:

2

d-y dy
1 1—a?)—2 —(2n—2 Dz—= +m(2n — =
(10) ( x)dx2 (2n — 2m + )xdx—i— (2n —m)y =0,

which for m = n coincides with the Chebyshev equations of the first-kind:

d*Tn dT'n 9
A2 —x%—i—n Tn:0,

(11) (1—2?)
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and for m = N,n = N + 1 we deduce the coresponding equation of the

second-kind:

d*Uy dUy
—_ 2 —_ g
(12) (1 —2a%) 7o 3z T + N(N +2)Uy = 0, etc.

The literature only mentions to Tn(x) as the determinant of Chebyshev
matrix, however, our work shows that this matrix has an important hidden
information which can be uncovered studying its characteristic equation,
revealing thus the existence of the associated polynomials of Chebyshev:
In other paper we will analyse more properties (recurrence, orthogona-

lity, interpolation, etc.) of this interesting 7" (z).
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