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We apply some continuous selection theorems to establish coincidence theorems
for a family of multimaps under various conditions. Then we apply these coin-
cidence theorems to study the equilibrium problem with m families of players
and 2m families of constraints on strategy sets. We establish the existence theo-
rems of equilibria of this problem and existence theorem of equilibria of abstract
economics with two families of players.

1. Introduction

For multimaps F: X — Y and S: Y — X, a point (x, y) € X X Y is called a coin-
cidence point of F and Sif y € F(x) and x € S(y). In 1937, Neumann [19] and in
1966 Fan [8] established the well-known coincidence theorems. In 1984, Brow-
der [4] combined Kakutani-Fan fixed-point theorem and Fan-Browder fixed-
point theorem to obtain a coincidence theorem. So many authors gave some
coincidence theorems and applied them in various fields as equilibrium prob-
lem, minimax theorem, quasi-variational inequalities, game theory, mathemat-
ical economics, and so on, see [1, 5, 6,9, 11, 18] and references therein. In 1991,
Horvath [10, Theorem 3.2] obtained a continuous selection theorem. In [21,
Theorem 1], Wu and Shen established another continuous selection theorem.

Let I and ] be any index sets. For each i € I and j € ], let X; and Y; be
nonemptysetsand Hj : X = [[;,e; X; < Y; T;: Y = ]_[jEI Y; —o X; be multimaps.
A point (%, ) € X X Y, where X = (X;);c; and y = ()_’f)je] is called a coincidence
point of two families of multimaps, if y; € H;(%) and X; € T;(y) for each i € I
and j € J. In this paper, we apply the continuous selection theorem of Horvath
[10] and the fixed-point theorem of Park [17] to derive the coincidence theo-
rems for two families of multimaps. Our coincidence theorems for two families
of multimaps include Fan-Browder fixed-point theorem [3] and Browder coin-
cidence theorem [4] as special cases.
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We will employ our results on coincidence theorems for two families of mul-
timaps to consider the equilibrium problem with m families of players and 2m
families of constraints on the strategy sets introduced by Lin et al. [14]. We con-
sider the following problem: let I be any index set and for each k € I, let Ji be
a finite index set, Xk, denote the strategy set of jth player in kth family, Yy =
[Tjep Xk Y = [ker Yio Y* = [iepips Yoo and Y = Y¥ X Yy Let Fy, : Xi, X Y5 —o
R% be the payoff of the jth player in the kth family, let Ay, : Y* — X; be the con-
straint which restricts the strategy of the jth player in the kth family to the subset
Ak, (Y*) of X; ; when all players in other families have chosen their strategies x;;,
i€l i#k,and j € J;, and let By : Yx —o Y be the constraint which restricts the
strategies of all the families except kth family to the subset Bi(Yy) of Y* when
all the players in the k family have chosen their strategies yx = (xx;) ey k € I.
Our problem is to find a strategies combination ¥ = (Jk)ker € [Ixe; Yk = Y,
i = (tx)ker €Y, Jx = (X)) jeji> Jk € Ak(75), #* € Bi(jx), and 2, € Fy, (&, #¥)
such that

Ik
2, — 2k, & —intRY, (1.1)

for all zi, € Fy, (xx,, %), xx, € Ax, (%), and for all k € I and j € Ji. In the Nash
equilibrium problem, the strategy of each player is subject to no constraint. In
the Debreu equilibrium problem, the strategy of each player is subject to a con-
straint which is a function of the strategies of the other players. For the special
case of our problem, if each of the families contain one player, we find that the
strategy of each player is subject a constraint which is a function of strategies
of the other players, and for each k € I, where I is the index set of players, the
strategies combination of the players other than the kth player is a function of
strategy of kth player. Therefore, our problem is different from the Nash equilib-
rium problem and their generalizations. As we note from Remark 4.8, for each
k €1, if Ji = {k} be a singleton set, then the above problem reduces to the prob-
lem which is different from the Debreu social equilibrium problem [6] and the
Nash equilibrium problem [19]. Lin et al. [14] demonstrate the following ex-
ample of this kind of equilibrium problem in our real life. Let I = {1,2,...,m}
denote the index set of the companies. For each k € I, let Jx = {1,2,...,nx} de-
note the index set of factories in the kth company, Fy; denote the payoff function
of the jth factory in the kth company. We assume that the products between the
factories in the same company are different, and the financial systems and man-
agement systems are independent between the factories in the same company,
while some collections of products are the same and some collections of prod-
ucts are different between different factories in different companies. Therefore,
the strategy of the jth factory in the kth company depends on the strategies of
all factories in different companies. The payoff function Fy, of the jth factory in
the kth company depends on its strategy and the strategies of factories in other
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companies. We also assume that for each k € I, the strategies of the k company
influence the strategies of all other companies. With this strategies combination,
each factory can choose a collection of products, and from these collection of
products, there exists a product that minimizes the loss of each factory. In this
type of abstract economic problem with two families of players, the strategy and
the preference correspondence of each player in family A depend on the strate-
gies combination of all players in family B, but does not depend on the strategies
combination of the players in family A. The same situation occurs to each player
of family B. The abstract economic problem studied in the literature, the strategy
and preference correspondence of each player depend on the strategies combi-
nation of all the players. Therefore, the abstract economic problem, we studied
in this paper, is different from the abstract economic studied in the literature.
In some economic model with two companies (say A and B), the strategy of
each factory of company A depend on the strategies combination of factories in
company B. The same case occurs in company B. We can use this example to
explain the abstract economic problem we study in this paper. We also apply the
coincidence theorems for a family of multimaps to consider the abstract eco-
nomic problem with two families of players. In this paper, we want to establish
the existence theorems of equilibria of constrained equilibrium problems with
m families of players and 2m families of constraints and existence theorem of
equilibria of abstract economic with two families of players.

2. Preliminaries

In order to establish our main results, we first give some concepts and notations.

Throughout this paper, all topological spaces are assumed to be Hausdorff.
Let A be a nonempty subset of topological vector space (t.v.s.) X, we denote by
intA the interior of A, by A the closure of A in X, by coA the convex hull of
A, and by coA the closed convex hull of A. Let X, Y, and Z be nonempty sets.
A multimap (or map) T : X — Y is a function from X into the power set of Y
and T~ : Y —o X is defined by x € T~ (y) ifand only if y € T(x). Let BC Y, we
define T~(B) = {x € X : T(x) N B # @}. Given two multimaps F : X —o Y and
G:Y —o Z, the composite GF : X —o Z is defined by GF(x) = G(F(x)) for all
xeX.

Let X and Y be two topological spaces, a multimap T : X —o Y is said to be
compact if there exists a compact subset K C Y such that T(X) C K; to be closed
if its graph Gr(T) = {(x,y) | x € X, y € T(x)} is closed in X X Y; to have lo-
cal intersection property if, for each x € X with T(x) # &, there exists an open
neighborhood N(x) of x such that (N,cn(y) T(2) # @5 to be upper semicontin-
uous (u.s.c.) if T~ (A) is closed in X for each closed subset A of Y; to be lower
semicontinuous (l.s.c.) if T~(G) is open in X for each open subset G of Y, and
to be continuous if it is both u.s.c. and Ls.c.

A topological space is said to be acyclic if all of its reduced Cech homology
groups vanish. In particular, any convex set is acyclic.
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Definition 2.1 (see [15]). Let X be a nonempty convex subset of a t.v.s. E. A
multimap G: X — R is said to be R -quasiconvex if, for any o € R, the set

{x € X : thereis a y € G(x) such that a — y > 0} (2.1)

is convex.

Definition 2.2 (see [15]). Let Z be a real t.v.s. with a convex solid cone C and A
be a nonempty subset of Z. A point y € A is called a weak vector minimal point
of A if, forany y € A, y — & —intC. Moreover, the set of weak vector minimal
points of A is denoted by wMinc A.

LEmMMA 2.3. Let I be any index set and {E;}ic1 be a family of locally convex t.v.s.
For each i € 1, let X; be a nonempty convex subset of E;, F;, H; such that X :=
[Tic1 Xi — X; be multimaps satisfying the following conditions:
(i) for each x € X, coF;(x) C Hi(x);

(i) X = U{intF; (x;) : x; € Xi};

(iii) Hj is compact.
Then there exists a point X = (X;)ier € X such that x € H(x) := [[;c; Hi(X); that is,
Xi € Hi(x) for each i€ I.

Proof. Lemma 2.3 follows immediately from [12, Proposition 1] and [21, Theo-
rem 2]. O

3. Coincidence theorems for families of multivalued maps

TuEOREM 3.1. LetI and ] be any index sets, and let {U;}ic; and {V} jc; be families
of locally convex t.v.s. For each i € I and j € ], let X; and Y; be nonempty convex
subsets, each in U; and Vj, respectively. Let Fj, Hj : X := [[;e; Xi — Y5 S;, Ti:
Y :=[]je Yj —o X; be multimaps satisfying the following conditions:

(i) for each x € X, coF;(x) C Hj(x);

(i) X = UlintF;"(y;) 1 y; € YL

(iii) for each y € Y, coSi(y) C Ti(y);

(iv) Y = U{intSi™ (%) 1 x; € Xi};

(v) T is compact.
Then there exist X = (X;)ier € X and y = (¥;)jey € Y such that y; € Hj(x) and
X € Ti(y) foreachicIand j €].

Proof. Since for each i € I, T; is compact, there exists a compact subset D; C X;
such that T;(Y) C D; for each i € I. Let D = [[;c; D; and K = coD, it follows
from [7, Lemma 1] that K is a nonempty paracompact convex subset in X. For
each i € I, let K; be the ith projection of K. By assumption (iii), S;, Ti: Y —o K;
and coS;(y) C Ti(y) for each y € Y. By (i), for each x € K, coF; [k (x) C Hj [
(x). By (ii), K = U{intKFj_(yj) tYi € Yj}.

By [12, Proposition 1] and [21, Theorem 1], H; |k (x) has a continuous selec-
tion, that is, for each j € J, there exists a continuous function f; : K — Y; such
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that f;(x) € Hj(x) for all x € K. Let f : K — Y be defined by f(x) = Hjejfj(x)
and P;, W;: K — K; be defined by W;(x) = Si(f(x)) and Pi(x) = T;(f(x)) for
all x € K. It is easy to see that W;™ (x;) = f~1(Si™ (x;)) for all x; € K; and for all
i € I. By assumption (iii), for all i € I and for all x € X, co W;(x) = coSi(f(x)) C
Ti(f(x)) = Pi(x). Since S;(Y) C Ti(Y) C K;, it follows from assumption (iv) and
the continuity of f that

K= f_l(Y) = f_l[U {intSf (xi) L Xi EX,‘}:I
= f*l[U {intS;™ (x;) 1 x; € Kl}]

c U{int f71(Si (x)) x5 € Ki} (3'1)
=U{intW;™ (x) : 5 € Ki} CK.
Hence,
K =J{intW (x) 1 € Ki}. (3.2)

Then by Lemma 2.3, there exists a point X = (X;)ic; € K C X such that %; €
Pi(x) = Ti(f(x)) for each i € I. Let y = (y;)jej € Y such that y = f(X), then,
foreachie€ I and j €], y; = fj(¥) € Hj(%) and %; € Ti(y). The proof is com-
plete. O

COROLLARY 3.2 [22, Theorem 8]. In Theorem 3.1, if the condition (v) is replaced
by (v'), then the conclusion is still true, where (v') X; is compact.

Proof. Since X; is compact, T; is compact and the conclusion of Corollary 3.2
follows from Theorem 3.1. O

Remark 3.3. Theorem 3.1 improves [15, Theorem 8].

Tueorem 3.4. Let I and ] be any index sets, let {U;}ier and {V}jc; be families
of locally convex t.v.s. For eachi € I and j € ], let X; and Y; be nonempty convex
subsets of U; and V|, respectively, and let D; be a nonempty compact metrizable
subset of Y;. Foreachi €T and j €], let Sj,T;: X :=[];e;Xi = Dj; F, H;: Y :=
[1je) Yj —o Xi be multimaps satisfying the following conditions:

(i) for each x € X, coS;(x) C T;(x) and S;(x) # O;

(i) SjisLs.c;

(iii) for each y € Y, coF;(y) C Hi(y);

(iv) Y = UlintF; (x) : xi € Xi};

(v) H; is compact.
Then there exist X = (X;)icr € X and j = (y;)jej € D := ]_[je,D]- such that y; €
T;(x) and %; € Hi(y) foreachi€ I and j € ].

Proof. Since for each i € I, H; is compact, there exists a compact subset C; C X;
such that H;(Y) C C; for each i € I. Let C = [[;; C; and D := [];¢; Dj, then
coC and K = coD are nonempty paracompact convex subsets each in X and Y,
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respectively by [7, Lemma 1]. By assumptions (i), (ii), and following the same
argument as in the proof of [20, Theorem 1], there exists an u.s.c. multimap P; :
coC — D; with nonempty compact convex values such that P;(x) C T;(x) for
all x € coC. Define P: coC — D by P(x) = ]_[jEIPj(x) for all x € coC. Then it
follows from [8, Lemma 3] that P is an u.s.c. multimap with nonempty compact
convex values.

By [12, Proposition 1] and [21, Theorem 1], for each i € I, H; |k (y) has a
continuous selection f; : K — C; such that fi(y) € Hi(y) for all y € K. Let f:
K — C be defined by f(y) = [lier fi(y) for all y € K, and let W : K — D be
defined by W(y) =P |c (f(y)) for all y € K. It is easy to see that W is an u.s.c.
multimap with nonempty closed convex values. Then, by [17, Theorem 7], there
exists y € Dsuchthat y € W(y) =P |c (f(9)). Letx € Csuch thatx = f(y) and
y € Plc(X), thenforeachiclIand j €], y; € Pj(k) C Ti(x) and &; = fi(y) €
Hi(y). 0

TaEOREM 3.5. Let I and ] be any index sets. For each i € I and j € ], let X; and
Y; be nonempty convex subsets in locally convex t.v.s. U; and Vj, respectively, let D;
be a nonempty compact metrizable subset of Y, and let C; be a nonempty compact
metrizable subset of X;. Foreachi € I.and j € ], let Sj, Tj: X := [[;c; Xi — Dj; F;,
H;:Y :=[]e; Yj —o Ci be multimaps satisfying the following conditions:
(i) for each x € X, coS;j(x) C Tj(x) and S;(x) # O;

(i) Sj is Ls.c.;

(iii) for each y € Y, coF;(y) C Hi(y) and Fi(y) #+ @;

(iv) F;is Ls.c.
Then there exist X = (X;)ic; € coC := co[[;c;Ci and y = (yj)jej € coD :=
co HjE]Dj such that j; € T;(x) and %; € Hi(y) foreachi€ I and j € ].

Proof. Following the same argument as in the proof of [20, Theorem 1], for
each i € I and j € J, there are two u.s.c. multimaps P;: coC — D; and Q; :
coD —o C; with nonempty closed convex values such that P;(x) C T;(x) for all
x € coC,and Q;(y) C Hi(y) forall y € coD. Define P: coC— D, Q:coD — C
by P(x) = []e; Pj(x) for all x € coC, and Q(y) = [;; Qi(y) forall y € coD. By
[8, Lemma 3], P and Q both are u.s.c. multimaps with nonempty closed con-
vex values. Let W :coC X coD — C x D be defined by W(x, y) = (Q(y), P(x))
for (x,y) € (coC) X (coD). It is easy to see that W is an u.s.c. multimap with
nonempty closed convex values. Therefore, by [17, Theorem 7], there exist ¥ =
(%i)ier € coC and y = (j;)je € coD such that (%, j) € W(%, ). Then for each
iel andj eJ, )_/j S Pj(J_C) C Tj(J_C) and x; € Ql()_/) C H,()_/) O
Remark 3.6. In Theorem 3.1, we do not assume that {X;} and {Y;} are metriz-

able foreachicIand j €.

THEOREM 3.7. Let I and ] be finite index sets, let {U;}icr be a family of t.v.s., and
let {V;}jecj be a family of locally convex t.v.s. For each i € I and j € ], let X; be a
nonempty convex subset of U, let Y; be a nonempty compact convex subset of V,
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and let Fj: X := [[i; Xi —o Yj and let G; : Y := [[;¢; Y; —o X; be two multimaps
satisfying the following conditions:

(i) F; is an w.s.c. multimap with nonempty closed acyclic values;
(i) Y = U{intG; (x;) : x; € X;} and Gi(y) is convex forall y € Y.

Then there exist X = (Xi)ic; € X and y = (yj)jey € Y such that y; € Fi(x) and
Xi € Gi(y) foreachicIandje].

Proof. By [12, Proposition 1] and [21, Theorem 1], G; has a continuous selection
gi 'Y — X; such that gi(y) € Gi(y) forall y € Y. Let g: Y — X be defined by
g(y) = Ilie1&i(y) forall y € Y, then g is also continuous. Define P; : Y — Y; and
P:Y — Y by Pj(y) = Fj(g(y)), and P(y) = [[;¢; Pj(y) for all y € Y, then P; :
Y —o Y; is an u.s.c. multimap with nonempty closed acyclic values. By Kunneth
formula (see [16] and [8, Lemma 3]), P: Y —o Y is also an u.s.c. multimap with
nonempty closed acyclic values. Therefore, by [17, Theorem 7], there exists y €
Y such that y € P(y) =[], P;(y) = I1e; Fj(g()). Let X = g(y) such that j; €
Fi(%), then x; = gi(¥) € Gi(y) and y; € Fj(x) foralli€ I and j €]. O

Remark 3.8. (i) In particular, if I = J is a singleton, X =Y, E=V, and F = Ix,
the identity mapping on X in the above theorem, then we can obtain well-known
Browder fixed-point theorem [3].

(ii) If I =] is a singleton, F is an u.s.c. multimap with nonempty closed con-
vex values, G(y) is nonempty forall y € Y, and G~ (x) is open for all x € X, then
Theorem 3.7 reduces to Browder coincidence theorem [4].

TuEOREM 3.9. Let I and ] be finite index sets, {U;}ie; and {V;} jey be families of
locally convex t.v.s. For eachi € I and j € ], let X; be a nonempty convex metrizable
compact subsets of U; and let Y; be a nonempty compact convex subsets of V;. For
eachiclandje ], letF;: X :=[[;;Xi— Yjand G;:Y := Hje] Y; —o X; be two
multimaps satisfying the following conditions:

(i) Fj is an w.s.c. multimap with nonempty closed acyclic values;
(i) G; is a Ls.c. multimap with nonempty closed convex values.

Then there exist X = (Xi)ic; € X and y = (yj)jej € Y such that y; € Fi(x) and
Xi € Gi(y) foreachicIandj€].

Proof. Since Y; is compact for each j € J, Y = [];¢; Y} is compact. By assump-
tion (ii) and following the same argument as in the proof of [20, Theorem 1],
for each i € I, there exists an u.s.c. multimap ¢, : Y —o X; with nonempty closed
convex values such that ¢;(y) C Gi(y) forall y € Y. Let ¢ : Y — X defined by
o(y) =TIlicr@i(y) forall y € Y, then ¢ is u.s.c. with nonempty convex compact
values. Define a multimap F: X —o Y by F(x) = []¢; Fj(x) for all x € X, then
F:X — Y is also an u.s.c. multimap with nonempty closed acyclic values.
Define a multimap W : X XY — X X Y by W(x, y) = (¢(y), F(x)) forall x €
X and for all y € Y. It is easy to see that W is a compact u.s.c. multimap with
nonempty closed acyclic values. It follows from [17, Theorem 7] that there exists
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(%, y) € X X Y such that x € ¢(p) and y € F(x). Therefore, X; € G;(¥) and y; €
Fj(x) foreachi€Iand j€]. O

Remark 3.10. In Theorem 3.5, if F; is an u.s.c. multimap with nonempty closed
convex values for each j € J, then J may be any index set.

Let I be any index set and, for each i € I, let {U;}cr be a family of locally
convex t.v.s. For each i € I, let X; be a nonempty convex subset in t.v.s. E; for
eachie€ . Let X = [[;c; X, X' = [] e+ X; and we write X = X’ x X;. For each
x € X, x; € X; denotes the ith coordinate and x' € X' the projection of x onto X',
and we also write x = (x%, x;).

THEOREM 3.11. Let I be a finite index set and let {U;}ie; be a family of locally
convex t.v.s. For each i € I, let X; be a nonempty compact convex subset of U; and
let F; : X' —o X; and G; : X; —o X' be multimaps satisfying the following conditions:

(1) F; is an w.s.c. multimap with nonempty closed acyclic values;
(i) X; = U{intx, G; (x*) : x' € X'} and G;(x;) is convex for all x; € X;.

Then there exist x = (Xi)ier € X and o = (i1;)ic; € X such that x; € Fi(ii') and
i € Gi(x;) foralli € I

Proof. Since X; = U{inty, G; (x') : x' € X'}, by [12, Proposition 1] and [21, The-
orem 1], G; has a continuous selection g; : X; — X'.

Define multimaps P; : X —o Xjand P : X —o X by Pi(x) = F;(gi(x;)) and P(x) =
[Ticr Pi(x) for all x = (x;)ier € X, then P; is an u.s.c. multimap with nonempty
closed acyclic values for all i € I. Therefore, P : X —o X is also an u.s.c. multimap
with nonempty closed acyclic values. Since X is a nonempty compact convex
subset in a locally convex t.v.s. E = [[;c; E;, it follows from [17, Theorem 7] that
there exists X = (X;)ic; € X such that x € P(x) = [[;e; Pi(x) = [];er Fi(gi(%:)),
that is, for all i € I, %; € Fi(gi(%:)). For all i € I, let @' = g;(%;), then @' € X'.
Hence, it' = g;(%;) € Gi(%;) and %; € F;(i*) for alli € 1. O

Remarks 3.12. (i) In Theorem 3.11, if F; is an u.s.c. multimap with nonempty
closed convex values for each i € I, then I may be any index set.

(ii) The proofs and conditions between Theorem 3.7 and Theorem 3.11 are
somewhat different.

4. Applications of coincidence theorem for families of multimaps
to equilibrium problems

In this section, we establish the existence theorem of equilibrium problem with
m families of players and 2m families of constraints on strategy sets which has
been introduced by Lin et al. [14].

Let I be a finite index set and for each k € I and j € Ji, let Xk;> Yk, Yk Y,
Fy;, and Ay, be the same as in introduction. For each k € I and j € Ji, let Wy, €

k.
]Rf\{O} and Wy = Hjefk Wy,. For each k € T, let Ay : Y* — Yy be defined by
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Ar(y%) = TTjes Ak, (%) where yx = (xk,)jej, € Yk and y* = (y1)ierizx € Y*. Let
SWe 1 Yy x YX —o R be defined by

S™e(yk y*) = D Wi, - Fi, (xi0 ¥%)
S
(4.1)
= <{u:u = Z Wy, - zk;, for zx; € Fy, (xkj,yk)}.
JjEJk

For each k € I, let MWk : YK —o Y} be defined by

MWYe(yk) = {yk € Ac(y*) :inf Wk (yi, y¥) = inf ™ (Ak (yF), y*) 1,

M(y) = [ [M"(55). (4.2)
kel

Throughout the paper, we will use the above mentioned notations, unless
otherwise specified.

Tueorem 4.1. For each k € I and j € Ji, let X, be a nonempty compact convex
subset of a locally convex t.v.s. Ey; satisfying the following conditions:

(i) the multimap SW* is continuous with compact values;
(ii) Ag, : Y* —o Xy, is a continuous multimap with nonempty closed convex val-
ues;
(iii) for all y* € Y*, MWk(y*) is an acyclic set; and
V) for each k € I, let By : Yy —o Y* be a multimap with convex values and
Y = Ulinty, By (%) : y* € Y}
Then there exist y = (yi)ker € Y, Jx = ()‘ckj)je]k, i=(p)rer €Y, x € Ar(ik),
ik e Bi(yx), and zx; € Fy, (xx;, %) such that

Iy
Zk; — 2k, ¢ —intRf, (4.3)

for all zy; € Fy, (xk,, i k), Xk, € Ay, (it andforallkel j €k

Proof. By assumptions (i), (ii), (iii), and following the same argument as in the
proof of [13, Theorem 3.2], we show that MWk : YK —o Y} is an u.s.c. multimap
with nonempty compact acyclic values. Since By (yx) is convex for each k € I,
¥k € Y, and Yy = Ulinty, Bk’l(yk) : yk € Y*}, it follows from Theorem 3.11
that there exist (fix)ker € Y and (yx)ker € Y such that y; € MWe(5%) and @ €
Bi(jx) forall k € I. Therefore, for each k € I, j € Ay(*), and min SV (4, ilk) =
minSYk (A (@), %) < minSWk(py, i¥) for all px € Ax(ii¥). Let i = () jes €
A (@%). Following the same argument as in the proof of [13, Theorem 3.1], then
we show Theorem 4.1. |

Remark 4.2. Tt is easy to see that the conclusion of Theorem 4.1 remains true if
condition (iii) is replaced by
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(i) for each k € I and for each fixed y* € Y, the multimap uy —o SWk(ug, y*)
is R -quasiconvex.

As a simple consequence of Theorem 4.1, we give a simple proof of the fol-
lowing corollaries.

CoroLLARY 4.3 ([14]). Foreach k € I and j € J, let Xk, be a nonempty compact
convex subset of a locally convex t.v.s. Ey,, let Ay, : Y* —o Xy, be a multimap with
nonempty convex values such that for each xi, € X, A,;jl (xx,) is open in Y* and
Akj is an w.s.c. multimap. For each k € I, let By : Yy —o Y* be a multimap with
convex values satisfying the following conditions:

(i) Yx = Ulinty, B{'(5%) : y* € YK,
(ii) SWk : Y X Y*¥ — R is a continuous multimap with compact values;
(iii) for any y* € Y*, uy —o SWk(uy, y*) is R, -quasiconvex.
Then there exist j = (Jx)ker € Y, it = (i)ker € Y, Jx € Ax(@), 7k = (Xx,)jejeo
ik e By (yx), and zx, € Fy, (xx;, %) such that

I
2, — 2k, & —intRY, (4.4)

for all zy, € Fy, (xkj,itk), Xk, € Akj(itk) and forallk € I, j € J.

Proof. Since A,;}_l (xk;) is open in Y* for each xk; € Xk;» Ag; is a Ls.c. multimap. It
is easy to see that Ay, is also a Ls.c. multimap. By assumption, Ay, is an u.s.c. mul-
timap. Therefore, Ay, is a continuous multimap with nonempty convex closed
values. Let Ax = [[ ¢, Ax;- Applying assumption (iii) and following the same ar-
gument as in [13, Theorem 3.3], it is easy to see that H"+(y¥) is an convex set
for all y* € Y¥, where

HY (%) = {yx € Ac (%) 2 inf SV (yi, y¥) = inf SWe (A (5%), y) ). (4.5)

By Theorem 4.1, there exist y = (Jx Jker € Y, 1= (il )xer € Y with j = ()'ckj)je]k
€ Ak(ﬂk), and @* € Bi(jx), Zx; € ij (J_Ck}., I:lk) such that

I.
Zk; — Zk; ¢ —intRf’ (4.6)

for all zx; € Fy; (xx;» k), Xk, € Akj(ak) andforallk €1, j € Ji. O

COROLLARY 4.4. Foreachk € I and j € i, let Xi; be a nonempty compact convex
subset of a locally convex t.v.s. Ex, satisfying the following conditions:

(i) SWk is a continuous multimap with compact values;
(ii) for each j € Jx, Ak, : Y¥ —o Xy, is a continuous multimap with nonempty
closed convex values;
(iii) for all y* € YK, MWk(y¥) is an acyclic set.
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Then there exist y = (yi)ker € Y, it = (ix)ker € Y, Jk = (&) jej, € Ax(i*), and
Zk, € Fy, (Xx,, u¥) such that

I.
Zk; — Zk; ¢ —intRf, (4.7)

for all z, € Fy, (xx,, %), x, € Ay, (#¥) and for all k € I, j € Ji.

Proof. For each k € I, let By : Yy —o Y* be defined by Bi(yx) = Y*, then all the
conditions of Theorem 4.1 are satisfied. Therefore, there exist y = (yx)ker € Y,
it = (ix)ker € Y, ik = (%) jej, € Ar(@*), #* € Bi(yx), and z, € Fy, (%, ii*) such
that

I.
Zk; — 2k ¢ —intRf, (4.8)

for all zy; € Fy, (xx;, k), Xk, € Akj(ﬂk) and forallk €I, j € Ji. O

TueoREM 4.5. For each k € I and j € J, let Xy, be a nonempty compact convex
subset of a locally convex t.v.s. Ey; satisfying the following conditions:

(i) Fy, is a continuous multimap with nonempty closed values;
(ii) Ak, : Y* —o Xy is a continuous multimap with nonempty closed values;
(iii) forallyk e Yk {xi; € Akj(yk) :ij(xkj,yk) N wMin Fy, (A, (yk),yk) + O}
is an acyclic set;
(iv) for each k € I, By : Yy —o Y* is a multimap with convex values and Yy =
U{inty, B,:l(yk):yk e Yk},

Then there exist y = (yk)ker € Y, it = (ke € Y, Jk = (Xk,)jej € A(@k), ik e
By (yx), and zx, € Fy, (xx;, %) such that

I.
2, — 2, & —intRY, (4.9)

for all zy; € Fy, (x;, k), Xk, € Akj(ilk) and forallk €1, j € Ji.

Proof. Define a multimap M, : Yk —o X, by Mkj(yk) = {x; € Ay, (yk) : By (xk;,
J) ﬂwMianj(Akj(yk),yk) + @} for all yk € Yk and foreach keI and j € Ji.
Since Fy; is a continuous multimap and Xj; is compact for each k € I and j €
Ji» it follows from [2, Proposition 3, page 42] that Fy; is a compact continuous
multimap with closed values. By [2, Proposition 2, page 41], My, is a closed
compact u.s.c. multimap for each k € I and j € Jx. Moreover, for each k € I and
J € Jk» Mk, is an u.s.c. multimap with compact acyclic values. Define a multimap
My : YF — Yy by My(yF) = ]_[jE]kMkj(yk) for all y* € Y* and for each k € I.
Then M is also an u.s.c. multimap with compact acyclic values for each k € I.
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By Theorem 3.11, there exist (@ix)ke; € Y and (¥k)ker € Y such that y €
M (k) and ik € Bi(jx) forallk € I. Let i = (J_ij )jg]k e M (k) = HjE]k Mkj(ﬂk),
then X;, € Mk}.(ak) for each k € I and j € J. This implies, there exists 2, €
Fy, ()_ij,ﬂk) such that

Ik
2, — Z, & —intRy, (4.10)

for all zk; € Fy, (xk]., k), Xk, € Akj(ﬂk) and forallk €1, j € Ji. O

Applying Theorem 4.5 and following the same argument as in the proof of
Corollary 4.3, we have the following corollary.

COROLLARY 4.6. Foreach k € I and j € Ji, let Xi; be a nonempty compact convex
subset of a locally convex t.v.s. Ex, satisfying the following conditions:

(i) Fx, is a continuous multimap with nonempty closed values;
(ii) Ay, : Y* —o Xi, is a multimap with nonempty convex values such that for
each xi; € Xg;, A,:j1 (xk;) is open in Y* and Akj is an w.s.c. multimap;
k = vk ky . k ; ky ok
(iii) forally e Y {xk; € Ak, (p%) « Fy, (xx,, y°) N wMin Fy, (Ag; (%), y*) # D}
is an acyclic set; and
(iv) for each k € I, let By : Yy —o Y* be a multimap with convex values and
Yy = U{inty, B{'(y%) : y¥ € YF}.
Then there exist y = (ji)ker € Y, it = (ks € Y, Jik = (%) jey, € Ax(@h), i €
B (jx), and zx, € Fy, (%, il*) such that

Ik
2k, — 2, & —intRY, (4.11)

for all zy, € Fy, (xkj,itk), Xk, € Akj(itk) and forallk € I, j € Jx.

CoROLLARY 4.7. Let I be a finite index set. For each k € I, let X be a nonempty
compact convex subset of a locally convex t.v.s. and let fi : X — R be a continuous
function, and for each x* € X*, the function xx — fi(xx, x¥) is quasiconvex. Then
there exist X = (X )ker € X and y = (¥ )ker € X,

fe (o 75) = fi(& 7)., (4.12)

for all xy € Xy and for all k € 1.

Proof. For each k € I, J is a singleton. By assumption, {xx € X : fi(xk, ¥k =
Min fi (Xk, y¥)} is a convex set. The conclusion of Corollary 4.7 follows from
Corollary 4.6 by taking Ay (x*) = Xy and By (x;) = X* for all k € I. O

Remark 4.8. (i) The index I in Corollary 4.7 can be any index set.
(ii) The conclusion between Corollary 4.7 and Nash equilibrium theorem
[16] is somewhat different.
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5. Abstract economics with two families of players

In this section, we consider the following abstract economics with two families
of players.

Let I and J be any index sets and let {U;};c; and {V;};e; be families of lo-
cally convex t.v.s. For each i € I and j € ], let X; and Y; be nonempty con-
vex subsets each in U; and V;, respectively. Two families of abstract economy
I'= (X,',Ai,Bi,Pi, Yj, Cj,Dj, Qj), where A,’,B,‘ Y = l_[je] Y]‘ —o Xi, and Cj,Dj .
X:=[lie; Xi —o Y are constraint correspondences, P; : Y —o X; and Qj: X —Y;
are preference correspondences. An equilibrium for I is to find X = (X;)ier € X
and y = (yj)jej € Y such that for each i € I and j € ], X; € Bi(y), y; € Dj(x),
A,()_/) N P,'()_/) =, and C]()_C) N Q]()_C) =Q.

With the above notation, we have the following theorem.

Tueorem 5.1. LetT = (X, A;, B, P;, Y}, Cj, Dj, Qj)icr,jej be two families of abstract
economics satisfying the following conditions:

(i) foreachie I and y € Y, co(A;i(y)) C Bi(y) and A;i(y) is nonempty;

(ii) for each j € J and x € X, co(C;(x)) C Dj(x) and C;(x) is nonempty;

(iii) foreachi € I, Y = Uy ex, inty[{(coP;)~ (x;) U (Y \ Hy)} N A7 (x;)], where
Hi={yeY:Ai(y)nPi(y) # O}k

(iv) foreachje],quy]eY] intx[{(coQ;)"(y;))U(X\ M)} N C;(yj)], where
M;={xeX:Cj(x) N Qj(x) # D};

(v) foreachi€l, je] andeachx = (xi)ic1 €X, y=(yj)jes € Y, xi & co(Pi(y)),
and y; & coQ;(x);

(vi) D;j is compact.

Then there exist X = (Xi)ic; € X and y = (y;)je; € Y such that X; € Bi(y), y; €
Dj(x), Ai(y) N Pi(y) = @, and C;j(x) N Qj(x) = D forallic T and j €].

Proof. ForeachieIand j € ], we define multivalued maps S;, T; : Y —o X; by

coPi(y) nAi(y), foryeH,
Si(y) =

Ai(y), forye Y\ H,
(5.1)
Ti(y) = coPi(y)nBi(y), foryeH,
ST By, forye Y\ H,
and F;,G;: X — Y; by
c0Qi(x)NCi(x), forxe M,
F](x) _ J ] J
Cj(x), forxe X\ M;,
(5.2)

Gy(x) = ©0Q;(x) N Dj(x), forxe M;
Dj(x), forx € X \ M;.
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Thenforeachiel,je],xe X,y €Y, coSi(y) < Ti(y), Si(y) is nonempty, and
coFj(x) < Gj(x), Fj(x) is nonempty.
Foreachiel, je],x € X,and y € Y, it is easy to see that

Si (xi) = [{(coPi) (x;) U (Y \Hi)} nA; (x:) (5.3)
and F (y;) = [{(coQ;)~(y;) U (X \ M;)}] n Cj (y;). From (iii),

Y = | inty [{(coPi)” (x;) U (Y\H)} nA; (x)] = | inty S (x1).  (5.4)

xi€X; X E€X;

From (iv),

X={J intx[{(c0Q)) (5;) U (X\X)}NCj (y)]= U intxFj (5)).
/VjEYj )/jEYj
(5.5)

Then all conditions of Theorem 3.1 are satisfied. It follows from Theorem 3.1,
there exist X = (X;)ic; € X and j = (J;)je7 € Y such that x; € Ti(y) and j; €
G](J_C) for all i € I and ] e]. BY (v), we have x; € B,()_/), }_/] € DJ()_C), A,()_/) N
Pi(j/):®,and Cj(J_C)ﬂQ]'()_C)IQ. U
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