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We prove the existence of an obstacle lying on the bottom of an infinite channel inducing
a surface on the upper bound of the fluid domain. This problem is the inverse of the
free-surface problem flow which has been studied by several authors. We use the implicit
function theorem to establish the existence of the solution of the problem.

1. Introduction

This paper considers the problem of the existence of an obstacle lying on the bottom
of a channel where the upper bound of the flow is known (see Figure 2.1). The flow is
bidimensional, stationary, and irrotational. The fluid is inviscid and incompressible. The
gravity is considered while the effects of the superficial tension are neglected. Several
authors have studied the direct problem (the free-surface problem). It consists of the
determination of the free-surface flow for a given obstacle lying on the bottom of the
channel. Our aim is to study the inverse of this problem. In [2], Felici has studied the
inverse problem in magneto hydrodynamic. The inverse problem is nonlinear just as the
direct problem; the nonlinearity is due to the Bernoulli condition at the upper bound and
the fact that the bottom is unknown.

The plan of this paper is as follows. In Section 2, we formulate the governing equations
of the problem in the dimensionless form. In Section 3, we introduce the stream function
in these equations. In Section 4, the problem is formulated as an equation for an operator
on which we apply the implicit function theorem. For this, theorems and propositions are
given. We achieve this work by a conclusion in Section 5.

2. The governing equations

We consider a steady two-dimensional flow of an ideal and incompressible fluid in a chan-
nel with a given upper bound created by an obstacle which is the principal unknown of
our problem. We denote by Q) the domain occupied by the fluid, where b is the equation
of the obstacle and y is the perturbation of the upper bound. We set

Q) = {(x,y) ER?| — 0 <x < +00, b(x) < y < yo+y(x)}, (2.1)
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where (x, y) is a coordinate system in which x and y are, respectively, the horizontal and
positive vertical directions, yy is the height of the unperturbed fluid. The function y is a
C%(R) function verifying limy|— y(x) = 0. We look for a function b in the same space as
y with the conditions 0 < b(x) < yo + y(x) and lim|y| . b(x) = 0.

The problem is formulated as follows. Given a function y: R — R, find a function
b:R — R and a vector field # (velocity of the fluid) such that the following hold.

Governing equations in Q.
divii=0 inQ}, (2.2)
curlii =0 in Q). (2.3)

Equation (2.2) expresses the incompressibility of the fluid, (2.3) is given by the irrota-
tionality of the flow.

Boundary conditions.

- -

u-v=0 fory=>b(x), (2.4)
u-v=0 fory=y+yx), (2.5)

where ¥ is the exterior normal to the boundary of Q). Equation (2.4) describes the im-
permeability of the flow at the bottom and (2.5) is a kinematic condition.

Conditions at infinity. We suppose that the flow is asymptotically uniform and horizon-
tally far upstream and downstream of the obstacle. We then write

‘l‘irqn u(x,y) = (u,0). (2.6)

Condition across the upper bound. The dynamic condition of continuity of the pressure
across the upper bound is given by

g\ﬁ|2+pgy=c, (2.7)
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where p is the density of the fluid, g is the downward acceleration due to the gravity, and
c is a constant.
This equation is called the Bernoulli equation.

Dimensionless equations. Dimensionless variables are defined by referring all lengths to
the quantity y, and all velocities to uy. We put

IZZ Mol; 5
x = yox™, (2.8)

y=yy".

The system (2.2)—(2.5) becomes

divu* =0 in QZi, (2.9)
curlu* =0 in QZ?:, (2.10)
u*-v=0 fory*=b*(x*), (2.11)
u*-v=0 fory*=1+y*(x*), (2.12)

where

*

Q). = {(x*,y%) € R} — 00 <x* < +00, b* (x*) < y* < 1+p* (x*)},

* (K 1 * * [k 1 * (2'13)
b*(x*) = —b(yox*),  y*(x) = —y(yox™).
Yo Yo
The conditions at infinity become
. 1

‘lllm u* (x*,y*) = (0> (2.14)
The Bernoulli equation takes the form

F? 2

7|u*| +1+y*(x%) =, (2.15)

where F = uo/, /gy, is called the Froude number of the flow.

3. Formulation of the problem in a stream function

In the following, we write all the variables without the symbol *. The irrotationality and
the incompressibility of the fluid lead us to define a harmonic stream function ¥ such that

i=| Y| (3.1)
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Equation (2.11) will be written as

¥
oy | (') _ 0
ov ]\
0x
and becomes
. A B L
b (x)ay + o =0 iny=b(x).
This is equivalent to
¥ .
5 =0 iny=b(x).
In the same way, (2.12) gives
oY

¥=0 iny=1+y(x).

We deduce that ¥ is constant in y = b(x) and y = 1+ y(x).

(3.2)

(3.3)

(3.4)

(3.5)

Thanks to the condition at infinity, we can evaluate the constant which appears in

(2.7), and the values of ¥ at the bound of QZ. In fact, at infinity we have

lim ¥(x,y) =y +k

x| 00

Since the function ¥ is a stream function, we can choose k = 0.

Hence

lim ¥(x,y) = y.

|x| =00

Replacing these limits in (2.15), we obtain

F2
—+l=c
> c

Moreover, we deduce from (3.7) that

Y=0 iny=>bx),
Y=1 iny=1+ypx).

(3.6)

(3.7)

(3.8)

(3.9)



R. Ait Yahia-Djouadietal. 163

Then the stream function ¥ verifies

AY =0 inQ), (3.10)
¥Y=0 iny=bx), (3.11)
Y=1 iny=1+yx), (3.12)
|llim Y(x,y) =y, (3.13)
F? F?
7|V‘If|2(x,1+y(x))+y(x) =5 iny=1+yx). (3.14)
Taking into account the condition (3.13), we can write
¥=y+y, (3.15)
where y is the perturbation of the stream function.
Equations (3.10)—(3.14) will be written as
Ay =0 inQ),
¥ (x,b(x)) = —b(x),
¥ (6, 1+p(x)) = —p(x),
. (3.16)
éfﬂ v(x,y) =0,
F? . _F
5 (|V1//| +2ay +1> +yp(x) = 5 iny=1+yp(x).
4, Determination of the obstacle
We put
F? 2 oy
T(by) = [|w| (x,1+y(x)) +2$(x,1+y(x))] (). (4.1)

The problem can be formulated as follows. Given a function y in a neighbourhood of
zero in a space which will be defined later, find a function b in the same space and also in
a neighbourhood of zero, such that

T(b,y) =0, (4.2)

with y verifying (3.16).

For b=y =0, y = 0 verifies (3.16). So T(0,0) = 0.

To solve T'(b,y) = 0, we use the implicit function theorem in the neighbourhood of
(b, )’) = (0:0)

Consider the change of variables

y—b(x) (4.3)
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We transform the domain Q) in the following infinite strip Q:
Q={(%y) ER?|—c0<X<+00,0<y<1}. (4.4)
We put y(x, y) = ¥/(X,y) then ¥ verifies

AF+PIT =0 inQ,
7 (%,0) =-b(X), XER, (4.5)
U(%1)=-y(X), XeR.

P is an operator defined by

2 82

0
Y _ o <
E)])h =da a%a)r\/' +a 8;2 +as a;) (4.6)
where
3 )’\;(b/ _ y/) _ b/
4 =2 l+y-b
2
a 1
_ (@) _ . 4.7
(%) ey (47
_1 r’ ~ rr rr 2 ’ ’ ’ ~ ’ !
as m[b +y(y" b )]+(1+y_b)2(y =) [V +5(y b))l
The gradient operator becomes
i _b/_y(yl_b/)i
&~ ox 1+y-0b)2 09y
Ty = ( X Y a) s (4.8)
1+y—boy
Equation (4.2) will be written as
o~ FPT e ni2e 2 a& ~ _
Y&+ | 1¥0d G + 1+y—ba_;(x’1)] ~o. (4.9)
We will consider y and b in the space
B>MR) = {v e C*M(R)| > supe™ | DEy(x)| < 00} (4.10)
0<k<2 X€R
and ¥ in the space
B>*(Q) = {v e C*MQ)| sup sup e D§Dlyv‘ < oo}, (4.11)
k+l<2 (%,5)€Q

where 0 <A < 1 and ¢ > 0. The choice of these spaces will appear evident later [1].
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Remark 4.1. (i) The space B/**(Q) defined by

B™MQ) = {v e C™MQ)| sup sup e

DEDLy| < oo} (4.12)
k+l<m (%ﬁ)eé

provided with the norm

IVIlmer = Z sup ec¥! D§Dl;v)
k+i=m (%7)€Q
| DEDLv(%,5) - DEDLv (¥, 7) (4.13)
+sup  sup 5 -y
e [(5-2)' (75 ]
is a Banach algebra.
(i) The space B"*(R) defined by
B™MR) = {v e C™MR)| > supe’™ | Drv(x)| < oo} (4.14)
0O<k<m *€R
provided with the norm
clx Dmv(x) _Dmv(x,)
[Vllmer= > supe™|Div|+ sup D% 5 | (4.15)
0<k<m X€R et |x—x"|

is also a Banach algebra.
Now we are able to state the main result of this section.

TueorReM 4.2. There exists ¢ > 0 such that for all A, 0 <A< 1, and all ¢, 0 < c < ¢, there
exists a neighbourhood V' of zero in B>*(R) such that problem (3.16) has a unique solution
v, where ¥/ belongs to B>*(Q) and there exists a mapping g : ¥ —B>*(R) of class 6! such
that b = g(y).

This theorem is equivalent to the next one.

THEOREM 4.3. There exist ¢ > 0, and an open ball B of radius ro centered at the origin of
B2*(R) x B2}(R), where ¢ €]0,¢, and 0 < A < 1, there exists a neighbourhood V', of zero
in B>*(R), there exists a mapping

g: 7, — B*(R) (4.16)

of class 6!, such that {¥ (b,y) € B, T(b,y) = 0} is equivalent to {y € Vb =gy}

Proof. In the next subsections, we will verify the hypothesis of the implicit function the-
orem. ]
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4.1. Differentiability of the operator T with respect to (b,y). To study the differentia-
bility of T with respect to b and y, we use the following results.

THEOREM 4.4. There exist ¢ >0 and A €]0,1[ such that for all ¢ €]0,¢[, there exists an
open ball B of radius ry > 0, centered at the origin in B>*(R) x B>*(R) such that whenever
(b,y) € B, the following statement holds.
The problem
Ay =0 inQ),
v(x1+yp(x) = —yx), xeR, (4.17)
W(xab(x)) = _b(X), X< IR:

has a unique solution v such that

(a) U, the transform of y by (4.3), is in B>*(Q);
(b) the mapping S: (b,y) — V' is continuously differentiable from B into B>*(Q).

To prove this theorem, we use the following proposition which has been proved in [1].
ProposiTION 4.5. Let the boundary value problem
Av=>b; inQ,
v(%,1) =b(X), XeR, (4.18)
v(x,0) =b3(X), XER,
where (by,by,b3) € B (Q) x B>*(R) x B>}(R), then there exists ¢ > 0 such that whenever

0 < ¢ < G, problem (4.18) has a unique solution v € B>(Q). Furthermore, the solution map
(b1,b,b3) — v is a topological isomorphism between the corresponding spaces.

Proof of Theorem 4.4. (a) We want to prove that

sty : B2 (Q) — B (Q) x BM(R) x BY(R) = W,

v— (Av+PLv,v(-,0),v(-,1)) (4.19)
is an isomorphism. For this we prove by Proposition 4.5 that the operator
A =AY :v— (Av,v(+,0),v(+,1)) (4.20)
is an isomorphism and that
||t = Al 521 ) ) < ko (4.21)

where k > 0. Then the operator &QZ is also an isomorphism from B>*(Q) to % for small b
and y. For more details, see [1] where the proof is complete.

(b) To prove that S: (b,y) — ¥ is continuously differentiable from an open ball % of
radius o > 0 centered at the origin of B>*(R) x B>*(R), we write S as follows:

S(b,y) = (S20S1(b,y))F(b,y) =, (4.22)
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where

S1:%B(0,r0) — £(B2*(Q),%Y),
(byy) — sy,
S, : Isom (B>*(Q),%) — Isom (¥,B>*(Q)), (4.23)
L— LY,
F(byy) = (0,-b(R),~y(X)) = st} € V.

The differentiability of ¥ is given by the differentiability of Sy, S,, and F(b,y), and
these results have been proved in [1]. O

THEOREM 4.6. Under the hypothesis of Theorem 4.4, the operator T is continuously Fréchet
differentiable on %RB.

Proof. With the new variables X, ¥, the operator T'(b,y) takes the form

2 o
1+y—bady

2 ~
T(b,y) =y(%)+%[|w,y&|2(%,1)+ (%,1)], (4.24)

which gives

T(b,y) = y(% i allN/(Nl Y 8¢N1)2 ! 21 2
(»)’)—Yx)Jr? a—x:)—ma—y(% +m a—y(xa)

1+y—bady
2 2
e i | oY 2 W
=y(x)+ 5 {[a%(x,l)+)L1(b,y)ay(x,1)} +A3(b,y) a)N/(x,l)
ov .,
+2A2<b,y>a—‘§(x,1>}
(4.25)
with
My = —— My = — (4.26)
10,y) = (1+y—b)2, 200,y _1+y—b .

We have shown that ¥ is continuously differentiable with respect to b and y. Moreover,
it is evident that A;(b,y) and A,(b,y) are continuously differentiable with respect to b
and y. We deduce that T'(b,y) is continuously Fréchet differentiable with respect to b
and y. O
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4.2. Expression of (dT/9b)(0,0). In the last subsection, we have seen that ¥ is the solu-
tion of the problem

), XER, (4.27)
)

Note that ?(¢ = 0in Q and |p—y—o = 0in Q. Let h € B2}(R). We put y = 0 in the system
above, we derive with respect to b in the direction h, and we evaluate the derivative at
b = 0. We put

oy
Wh = alg lb=y=0 -h. (4.28)

We obtain

d ~ .
Aw+Piw+ — % (P9) p—oVib=y=0-h =0 inQ,

w(%1) =0 XeR, (4.29)
w(%,0) = —-h(X) XeR,

and there follows Theorem 4.7.

TaEOREM 4.7. Let h € B>} (R). Then w = wy, is the unique solution of the problem

Aw =0 1inQ,
w(X,1) =0 XeR, (4.30)
w(Z0) = -h(X) XeR.

For the proof of this theorem, we use Proposition 4.5.
Now we can evaluate (dT/0b)(0,0). We have

2
oy 1 (oY 2
T(b,0) = {[ < (- 1)] W(yy(',l)) 10 (-, 1)}. (4.31)

We derive with respect to b in the direction h at b = 0. Taking into account the fact that

Vlb=y-0 = 0in Q, we obtain
ou
(a—‘yf(-,m_y_o) -h}

90
(a_lli/("l)by0> ' h}

\%%

oT I
ab(O,O)-h—F«{

:Fz{

(4.32)

Sl gl
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Keeping the same notation as in Theorem 4.7, we denote wy, = (9y/0b)(-,1) lo=y=0 -h.
Then we can write

oT
ob

ow,

=7 (0,0) - h = any

(4.33)

4.3. Inversibility of (07/0b)(0,0). We recall that the operator (97/9b)(0,0) is defined by

B**(R) — BM(R),

4.34
- 8wh ( D, ( )
where wy, verifies the problem
Aw=0 1inQ,
w(X,1) =0, XeR, (4.35)

w(Z0) = —h(%), ¥eR.

We show here the injectivity of the operator(dT/0b)(0,0).
Let h; and h, be given in B>*(R) such that

oT oT
5 =-(0,0)h; = 5 =-(0,0)h,. (4.36)
It is equivalent to write
F2 9% _ g2 W (4.37)
9y 9y
where wy, is the solution of the problem
Aw=0 inQ,
w(x,1) =0, XeR,i=1,2, (4.38)
w(x,0) = —hi(x), XeR.
We put
W= Wy, — Wp,. (4.39)
Then w verifies
Aw=0 1inQ,
W(%,O) =h2—h1, xe R,
w(x,1) =0, XeR, (4.40)

GEN=0 ¥er
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This problem has a solution if and only if h, — h; = 0, and this solution is w = 0
(Holmgren theorem, e.g., [3]).

Then we have h; = h, and the operator (9T/0b)(0,0) is injective from B>*(R) to
BLMM(R).

Unfortunately, we cannot prove the surjectivity of this operator from B>*(R) to
BLM(R). Nevertheless, we have the surjectivity from B>4(R) on its image by (9T/9b)(0,0)
denoted by $. We do not know how to characterize $; then it will be interesting to exhibit
an explicit subspace K of .#, which will be consistent enough. Let K = [—a,+a] C R. We
consider the subspace ¥ of the function g € B>*(R) which can be extended to the com-
plex space as an analytic function { — g({) such that, for every integer m € N, there is a
constant ¢, such that for all { = £ + iz,

18@)] < cn(1+1¢1) " exp (27al]). (4.41)
We want to prove that 3 C $, that is, for each g € ¥, there exists h € B>*(R) such that

(0T/0b)(0,0) -h=g.
We search for w € B24(Q) such that

Aw=0 1inQ,
w(X,1) =0, X€ER, (4.42)
ow

a—;(x,l) =g, XeR.

For g € J, we have w € ¥’; applying the Fourier transformation to the last problem,
we find

P,
BTN/Z —f W,
w(&, 1) =0, (4.43)

ow ~
a—;(f, 1) =g(&).
This implies that

sh§{(y-1)
F

From Paley-Wiener theorem, we have ¢ € €*(R) and suppg C K.
Let 6 € D(R), with 6 = 1 in a neighbourhood of K. Because suppg C K, one can write

w(&,y) =g() (4.44)

sh§(y—1)

w(,y) =g ——F— :g(g)e(g)w

£
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where
N(z,y) = @<0(E)W) (z,9). (4.46)

It is easy to verify that w € B>*(Q). While putting w|,_o = h, one has the result, that is,
h € B>}(R) and so K C $. We have then proved the inversibility of the operator (9T/0b)
(0,0) from B>*(R) to B>*(R).

5. Conclusion

In this work, we have shown that for a given upper bound y = y, + y(x) where y is in
the space B>*(R), there exists a bottom y = b(x) in the same space, which has created
the perturbation y(x) at the upper bound. This result is local in a neighbourhood of
(b,y) = (0,0) for all Froude numbers F > 0.
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