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We study the best constant involving the L> norm of the p-derivative solution of Wente’s
problem in R?P. We prove that this best constant is achieved by the choice of some func-
tion u. We give also explicitly the expression of this constant in the special case p = 2.

1. Introduction and statement of the results

The Wente problem arises in the study of constant mean curvature immersions (see [6]).
Let Q be a smooth and bounded domain in R2. Given u = (a,b) be function defined on
Q. Consider the following problem:

—-Ay =detVu=ay by, —ag,b, inQ,

¥y =0 onoQ, (1.1)
where x = (x1,x;) and a,, denote the partial derivative with respect to the variable x;, for
i=1,2. If Q = R?, we consider the limit condition lim|y—+ ¥(x) = 0, where |x| =1 =
(x? +x3)2. When u = (a,b) € H'(Q,R?), it is proven in [7] and [3] that v, the solution
of (1.1) is in L*(Q). In particular, this provides control of Vy in L?(Q)) and continuity of
y by simple arguments. We also have

Iylle + 1V ll2 < Co(Q)IVall2 VDIl (1.2)
Denote
Col(Q) = sup w,
vavbso 1Vall2lVbll2
vyl (1.3)
Ci(Q) = sup ¥z

vavbio I Val2l Vol

It is proved in [1, 5, 7] that Cs (Q2) = 1/27 and in [4] that C,(Q) = +/(3/167).
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Here, we are interested to study a generalization of problem (1.1) in higher dimen-
sions. More precisely, let p € N* and u € W!2P(R?P,R??). Consider the following prob-
lem:

(—A)Pp =detVu in[RzP,
lim ¢(x) =

[x]—+o0

(1.4)

It was proved in [2] that the solution ¢ of (1.4) is in L*(R??) and A¥2¢ is in L>?/K(R?P)
for 1 < k < p, with the following estimates:

glle +[[A¥2g]],,, < ClIVull3, (1.5)
where

1A% 0|,k if k is even,

1A 0||, = {||v k-12) (1.6)

)l ifkis odd.

Moreover, the best constant involving the L® norm was determined. Here, we will focus
our attention to the quantity ||A? 2¢ll,. We will introduce some notations, denote by B
the unit ball in R?, §?7 the unit sphere in R*?*! and 055+ = vol(§??). Denote ¥ the
function defined on (0,+0o0) by

2p+1

2p+1 P
_ 1 2 2\P _1 k ko p—k| 2k
‘I’(s)—sP<LR2P (sIVol* +|Vul?) ) =5 | 2 GVl Ivulr s

(1.7)
Then, there exists a unique a = a(V¢, Vu) € (0,+00) such that
Y(a)= inf Y¥(s) (1.8)
s€(0,+)
satisfying
p
> [@p+ Dk - pICK|[1V oK Vul?¥| 30k = 0. (1.9)
k=0
Finally, let
1472][3
Cp = sup ‘I“TP)((x) (1.10)

Our main result is the following theorem.
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THEOREM 1.1. There exists

1
C, = . (1.11)
T @pr1)2p) ey

Moreover, the best constant C,, is achieved by a family of one parameter of functions ¢ and i
given by

2 2./ cx

m’ u= 1+cr2’ (1.12)

P(x) =

where ¢ > 0 is some arbitrary positive constant.

We can give for example more explicit expression of the best constant in the case where
p=2.Letu e WH(R* R*) and ¢ is the solution of

A’ =detVu inRY

lim £(x) = 0. (1.13)
|x| =00
We get that
12 2 4 4 2 ’
S Ivall? (slIVENvall+ (91 VENvall + 161 vEIdIvali) )
¥ = 2 4 1723
4 (3l 7€ ull3+ (lIvENTulll} + 16171 ITuld) )
(1.14)

CoroLLARY 1.2. Let & be a solution of (1.13), then

121 3/4
nAa@(ﬂHVEHVuH@+(%HVfHVuHE+16nvamHVuM)

sup 5/4
1/2
V#OHVuﬁ(ﬂHVEHVuH@+(%HVEHVMHE+16HVHﬁHVuM) ) (1.15)

1/4
_1 (15
28\ 82 )

and the supremum is achieved by & and @ given by

E)=— b g = 2

12(1+cr?)’ (1.16)

where c is some arbitrary positive constant.
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2. Proof of results

First, we introduce some notations which we will use later. Let () be a bounded subset
of R” and let W : Q — R"*! be a regular function. Denote W = (w!,w?,...,w",w"*!) and
Wi =, wi=Lwt L wh wt) fori=1,...,n+ 1. Let V be the algebric volume of
the image of W in R"*! and denote by A the volume of the boundary of V. Then, we have

1
V=nHJQW-lexszx---xWxn, (2.1)
Azj | Wy, X Wy, X -+ - X Wy |, (2.2)
Q
where Wy, X Wy, X - - - X W, is some vector of R"*! given by
e wy e Wl
e Wy Wy n+1
Wy X Wy, X =+ X W, = = > (=1 'det(VW)e;.
. . e . =
€ntl WJrCll+l - W;:"l
(2.3)

Here (e;)1<i<n+1 is the canonic base of R"*!. We need the following Lemma.

LemMmA 2.1. Let W : Q — R"! defined as above. Suppose that there exist 1 < iy < n such
that w = 0 on 9Q, then

J w'det (VW) =(—1)”J widet (VW;), (2.4)
Q Q

forl<i<j<n.

2.1. Proof of Theorem 1.1. We will suppose that u € C*(R??,R??) n WH2P(R??,R?P).

The general case can be obtained by approximating u by regular functions. Then we de-
fine W in R27*! as follows:

W(x) = (u(x),t(x)), (2.5)

where ¢ is a reel parameter which will be chosen later. Using (2.4) the algebric volume
closed by the image of W in R?*! is

V= w?P det (VWapy )dx = tJ pdet Vudx = tJ (—A)? pdx. (2.6)
R2P R2P

R2P

Then we have

Vv =t||APg]]5. 2.7)
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Next, we will estimate A. We have by (2.2)

2 12
2
ASJ |“x1~|sz~"'|wxzp|dxzj | <|”xi| +t2(p>2€,') .
R2P R i1

As ([TL, a))V" < 1/n >, a;, we have

2p

1 2 ’ 1 P
- 2.2 _ 2,0 2
A< @p)? JRZP(E <|ux,| +t €0x,->> @p)r JRZP(IVuI +12|Vel?)".

i=1

(2.8)

(2.9)

Recall the isoperimetric inequality on a domains Q of R??*!. Denote by V = Vol(Q)

and A = Vol(0Q)), respectively, the volume of Q) and 0Q), then
(ZP + 1)2p02P+1 V2‘D < A2p+1.

By (2.7) and (2.9), we have

2p+1
2 211K p/2 4| 14P 1 2, 2 2\
(2P+1) PO’zp.HtPHAP ¢||2 S(Z}))I’M(Jﬂ@p(vu +t |V¢| > ) .

We conclude that

\I;(t2)1/2p'

1
1/2p

AP2g|)% <
I oll, 2p+ 1)(2p)(2p+1)/20-2p+1

Then we obtain

Cp <

1
1/(2p) *
(2p+1)(2p)2r2gy, F

Next, we will show that C, is achieved. We will consider a special case

u(x) = g(Ix))x,
where g : R — R is a regular function which will be chosen later. Since

d

1
detVu = W%

(r*Pg* (1)),

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

then, the solution ¢ of (1.4) is a radial function. Let y a general radial function on R??
and W(x) = (g(Ix|)x,ty(|x|)). After a computation, we can show easily that in this case

|le><le><---><szp|2

=g (n[g*(r) +2rg(r)g (r) +r’g(r) + £2x%(r)]

(2.16)
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and for 1 <i<2p,
2
Wi |? = g2(r) + [2rg(r)g (r) +r2g2(r) + 2 *(n)] . (2.17)

Next, we will suppose that y and g satisfy
2rg(r)g' (r) +r2g"*(r) +t2x"*(r) = 0. (2.18)

If we chose y as the solution ¢ of (1.4) when u = g(|x|)x, then by (2.16), (2.17) and under
the hypothesis (2.18), the inequality (2.9) becomes an equality. Let now

N o oo 24/c
i(x) =g(lx)x with g(r) = [5er2’ (2.19)
where ¢ > 0 is some positive constant. Then the solution ¢ of (1.4) is given by
_ 1 2
P(x) = Q) Taer (2.20)

Indeed, the expression of Akgo, forl<k<pis
22k+1(—1)kk!6k
2p)!(1+ ch)ZkJrl

k-1 k—1 k—1 k-1 k-1
X (H(p+l)+1_[(p—2 )k 2"JrZC]]_[(pH [](p-2- q)cfrzf)
1=0

1=0 j=1 I=j q=k—j

Akg(r) =

(2.21)

Remark that all the coefficients of r%/ for 2 < j < k in the expression of A*@ have the term
(p — k). Also, since

2

d

1—cr

S L dopap —pp
detvu_ZPrZP‘l dr(r g (r)) = 2%F¢ (Lt er) P70 (2.22)
so, we have
(-A)P$ =detViz on R, (2.23)

If we choose f = (2p)! and j(r) = ¢(r) — 1/(2p)!, we remark that ¢, y and § satisfy (2.18).
Since W = (i, £}) : R?? — $?P and that the isoperimetric inequality (2.10) becomes equal-
ity, then we have

1A72g]; _ 1
w(2)"% T 2p+1)(2p)Cr 200

1/(2p (2.24)

We conclude that @ = a(V @, Vir) defined by (1.8) in this case is just & = ((2p)!)2.
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2.2. Proof of Corollary 1.2. Following step by step the proof of Theorem 1.1, we have

A= IW Wy, X Wi, -+ W, | < 1—16(t4||v£||3+zt2|||vf||w|||§+ IVuli). (225
Choosing
£=q= 201V ully o (2.26)
31VENVullls + (91VENVullly + 161 VEIF I Vul)
and using the fact that
4l VEIta +3][IVENVul|a— 1 ulld =0, (2.27)
we have

5
S0 vull? (111 7€ vall+ (911 9€1vall + 161vE11Vulf) )
Y(a) =

123
s (3l vElwulll} + (Sl 7ETulll} + 161 V€11 Tulf) )
(2.28)

and then

/2y 3/4
||Ag||g(3|||vf||w|||§+ (ollIvENvullly + 161 VENI Vullf) ) L/ 15\
sup <—< )

; 12\ ¥4 = 28 \ 82
vut0 ||w||z(s|||v5||w|||§+(9IIIVE||WII|§+16HV£H3HWH2) )
(2.29)
By taking
_ 1 2./cx
S e R 2.30
§&) 12(1+cr?) (x) 1+cr? (2:30)
we find
) 20 % 3 x m?
||Vulli=fr
) 2 ) 2 . 2 1172
A2 = ——, Véli= s> Vellvallly = 5=~
18802 = 555 IVeli= sy I1VeIVall: FREXT

Finally (1.15) follows.
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