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We consider eigenvalues of elliptic boundary value problems, written in variational form,
when the leading coefficients are perturbed by terms which are small in some integral
sense. We obtain asymptotic formulae. The main specific of these formulae is that the
leading term is different from that in the corresponding formulae when the perturbation
is small in L*-norm.
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1. Introduction

Here we consider eigenvalues of boundary value problems for elliptic partial differen-
tial equations in variational form with measurable coefficients. The main goal is to de-
scribe asymptotics of eigenvalues under small perturbations of coefficients. A specific of
the problem is that we suppose that perturbations are small only in some integral sense.
Such class of perturbations is quite natural in applications. For example, if coefficients
take different values on different parts of the domain and we will study what happened
if boundaries between these parts are changed slightly, then we have smallness of the
perturbations in L9-norm with g < oo but not in L*-norm and we cannot apply in this
situation well-known classical results of perturbation theory, see Kato [5], [4, Chapter 8].
Moreover, it appears that even the main term in the asymptotic formula for an eigenvalue
is different from the classical one. In order to explain the difference, let us consider the
following eigenvalue problem for a symmetric matrix:

M +B C u u
CERATORT

where I is the unit matrix, B, A, and D are symmetric matrices. The matrices B, D, and C
are considered as small perturbation matrices. Then, as is well known, an approximation
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2 Asymptotics of eigenvalues

to an eigenvalue y located near A is given by A + v, where v is an eigenvalue to the matrix
B. Another possibility is to write (1.1) as two equations and then solve the second one
with respect to v and insert this in the first equation. We obtain the eigenvalue problem
(MI+B—=C(A+D — u)"'C*)u = pu with respect to g, which nonlinearly depends on p.
Now, as an approximation to the eigenvalue y located near A, we can take A +v', where v/
is an eigenvalue of

B-C(A+D-))"'C*. (1.2)

Usually v — 7' gives a higher-order approximation to the eigenvalue y. But, it appears that
in the class of problems under consideration, » and v — »" may have the same order.

In Section 2, we present an abstract version of our asymptotic result. We consider two
closed, positively definite forms a and b in a Hilbert space H with domains H, and H,
with Hj, densely imbedded in H,. The main assumptions on the forms a and b are H, is
compactly imbedded into H, all eigenvectors corresponding to a belong to Hy, and that
coa(u,u) < b(u,u) for all u € Hy. Then under a certain smallness assumption on b — a,
see (2.9), we obtain the asymptotic formula (2.18) for all eigenvalues of the form b which
are located near a fixed eigenvalue A,, of the form a. The asymptotic parameters in this
asymptotic formula are numbers p,, and o,, defined by (2.16) and (2.17). We obtain also
an asymptotic formula for corresponding eigenvectors.

In Section 3, we present our main application of the above asymptotic formula. We
consider an elliptic quadratic form

alu,v) = Z L} (Aa/;(x)y}xu,afjﬁdx (1.3)

la|=[B|=m

defined on (I;Vm’z(Q))d, where Q is a bounded domain in R". The only assumptions on
the coefficients Asg and the domain Q) are the ellipticity condition (3.1) and that the
eigenfunctions corresponding to these forms belong to (W™1(Q))4 with some g > 2.
Certainly, the last assumption is true for g = 2. If m = d = 1 and Q is sufficiently smooth,
then, as it follows from [1, 2] (for n = 2) and from [9] (for arbitrary n), the eigenfunctions
belong always to W4(Q) with a certain q > 2 depending only on the ellipticity constants.
Other cases of validity of the above property for operators with discontinuous coefficients
are discussed in Remarks 3.1 and 3.2. Parallel to (1.3), we consider the form

buv)= > J(Baﬁ(x)aﬁu,afjv>dx. (1.4)
Jal=IBl=m

The main assumptions on the form b are the ellipticity condition (3.3) and the smallness
of the constant

(9-2)/q
%=( > lBaﬁ<x>—Aaﬁ(x>|q/‘q‘2)dx) : (1.5)
lal=1Bl=m "

Under these conditions, we show that the asymptotic formula (3.16) is valid for eigenval-
ues of the form b located near a fixed eigenvalue A,, of the form a.
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We also consider the case when the coefficients B,s are bounded. Under some natural
assumption on solutions to the problem b(u,v) = (f,v), we simplify the general asymp-
totic formula for eigenvalues. At the end of Section 3, we give an example demonstrating
that the leading term in the formulae (2.18) and (3.16), which differs from the classical
one for L*-perturbations, is proper for such class of problems.

2. An abstract version of asymptotic formula for eigenvalues

Let H be a Hilbert space with the inner product (-, -) and the norm || - || and let a(-, -) be
a sesquilinear, positive definite, closed form with the domain H,, which is supposed to be
dense and compactly imbedded in H. Consider the eigenvalue problem

a(u,v) =AMu,v) VveH, (2.1)

and denote by 0 < A; <A, < - - - the eigenvalues of problem (2.1). Clearly, they have finite
multiplicities and A; — oo as j — co. We denote by Xj, X5,... corresponding eigenspaces
and set J; = dim X;.

Consider also a sesquilinear, positive definite, closed form b(-,-) with domain H, C
H,. We suppose that linear combinations of vectors from X; belong to H, and are dense
there and that there exists a positive constant ¢y such that

coa(u,u) < b(u,u) Yu€ H,. (2.2)
Our main concern is the following spectral problem:
b(U,v) =u(U,v) VveH,. (2.3)

Clearly, the spectrum of this problem consists of isolated eigenvalues of finite multiplicity.
Let us fix an index m. Our goal is to describe eigenvalues of problem (2.3) located in a
neighborhood of A,,.

We choose N such that N = m and

Am+1 < CoAN+1 (2.4)
and introduce spaces
N
An=>X; (2.5)
=1

and Yy which are equal to the closure in Hj, of all linear combinations of vectors from
Xj, j = N + 1. Clearly, Hy is the direct sum of Xy and Yy.

We supply the Hilbert spaces H, and Hj, with the innner products (-,-), = a(-,-)
and (-,-)p = b(+,-), respectively, and the corresponding norms are denoted by || - ||, and
II - llp. Since Hy is a direct sum of the finite dimensional space Xy and the infinite dimen-
sional space ¥y, we can introduce an equivalent norm

HWHN=||W1||a+||W2||b, w=wi+wy, W]E%N, WzEOyN. (26)
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ProposiTiON 2.1. Let

p(u,v) =b(u,v) —a(u,v) foru,v € Hy. (2.7)
Put
_ . /lm _)Lm—l Am+1 _/\m
en = mm{am et A+ 2o }’ (28)
If

[p(u,v)| <ellullallviy VYue®y, veH, (2.9)

with € < &, then the interval ((1+&)Am—1,(1 — 2€)Au41) contains exactly ], eigenvalues of
the spectral problem (2.3). Moreover, these eigenvalues lie in the interval [Ay,(1 — €),Am(1+
e)]. If m = 1, then one should put in the above formulae Ay = 0.

Proof. (i) First, we show that
b(u,u) = (1 —2¢)|lull? (2.10)

forall u e¥,,. We write u as u =V + W, where V € zi-\]:mﬂ Xj and W € Yy. Since
b(u,u) =b(W, W) +b(V,V)+2Rp(V, W), it follows from (2.9) and from the definition
(2.6) that
b(u,u) = (W5 + IIVIIZ=ellVII2 =2l VI W,
> (1= )W +(1—28) | V]2

This together with (2.2) and (2.4) gives
b(u,u) = (1= &)codn 1 WP+ (1= 26) At I VII2 = (1= 28)Aen llull?, (2.11)
which gives (2.10) provided € < &), where

Arn +)Lm+1

(1= 280)Aps1 = (2.12)

This implies that the interval (0, (1 — 2¢)A,41) contains at most J; + - - - + J,, eigenvalues
of problem (2.3).
(ii) Let u € X,,,. Then

b(u,u) = Allull® + p(u,u) (2.13)
and by (2.9),
|b(u,u) = A llull®| < Aellull?, (2.14)

which implies that the interval [A,,(1 —€),A,,(1 +€)] contains at least J,,, eigenvalues of
problem (2.3).
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(iii) Finally, let u € X; + - - - + X;51. Then
b(u,u) < Ao llull® +ellull2 < (1+ &) Ao llull?, (2.15)

which shows that the interval (0, (1 +¢)A,,—1) contains at least J; + - - - + J,,,—1 eigenvalues
of problem (2.3). Now the required assertions follow from (i)—(iii).

In order to describe more explicitly the asymptoics of the eigenvalues of problem (2.3)
located near A,,, we introduce the numbers p,, and g, as follows. Let Y}, be the closure in
Hj, of all linear combinations of vectors from Xj with k # m. Then p,, and o, are defined
as the best constants in the inequalities

| p(w,v)| < pmllullalivile Yu,v € X, (2.16)
| p(u,w)| <omllullallwlly  Vu€ Xy, we Y (2.17)
Clearly, p,, < € and 0y, < &, where ¢ is the constant in (2.9). O

THEOREM 2.2. Let (2.9) be satisfied with € < &,,. Then the following assertions are valid.

(i) There exists a positive constant ¢ depending only on the form such that the inter-
val (A — c(pm + 02),Am + c(pm + 02)) contains exactly J,, eigenvalues pyj, j = 1,...,Jm, of
problem (2.3). Moreover,

pimj = A+ Vmj + O (05, (pm +03)), (2.18)
where { v, }?’;1 are eigenvalues of the sesquilinear form
Xn 2V — p(V,V)+p(W,(V),V), (2.19)
where Wy, = Wi, (V) € Yy, is the solution of the equation
b(Wp,w) = Ay (Wy,w) = —p(V,w) Vw € Y. (2.20)
This solution satisfies the estimate
[Winlly < comllVlla. (2.21)
(ii) Let the numbers Vi1, ..., Vmj,, be different and

| Vinj = Yk | = h(pm+0p)0m (pm+0y,) forj+k (2.22)
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with h(s) — oo as s — 0, then the corresponding eigenvectors to yy,; are given by

Winj = Opj+ Wpj+ Rujs (2.23)
where ®@,,; is the eigenvector of the sesquilinear form (2.20) corresponding to the eigenvalue

Vmj normed by ||®yjllg = 1 and Wy, € Yy, solves (2.20) with V = ®,;. The remainder
Ryj satisfies

1
IRl = e oy Fomlpnt o2 ) e

Proof. We represent a solution to problem (2.3) in the form
U=V+W withVeX,, WeY, (2.25)
and split (2.3) into two equations

alV,v)+ p(V,v)+ p(W,v) =u(V,v) VveXy, (2.26)
b(W,w) —u(W,w) =—-p(V,w) VYweY,. (2.27)

(1) Let us show that the equation
b(W,w) —u(W,w) = f(w) VYweY, (2.28)

has a unique solution W € Y,,, where f is an antilinear, bounded functional on Y,,,
provided p is sufficiently close to A, Let X" = X; + - - - +Xp—1 + X;u + - - - + Xn. Then Y,,,
is the direct sum of X’ and MYy and we can represent W as W; + W, with W; € X’ and
W, € Y. Now, (2.28) is equivalent to

a(WlaWI)_H(Wl,W1)+p(W1+W2,W1)=f(W1) VW1€X,, (229)
b(Wa,wy) — (Wa,wa) + p(Wi,wy) = f(wa)  Vw, € Yy. (2.30)

Consider first the equation
b(Wa,wy) —u(Wa,ws) = F(wz)  Vw, € Yy, (2.31)

where F is an antilinear functional on Y. We suppose that |[F(w,)| < Fpllwa|lp. By (2.2)
and (2.4),

b(wy, ws) —‘u||wz||2 > b(wy,wy) — %a(wz,wz) > (1 ¢ )b(wz,wz). (2.32)
N+1 m+1

Assuming that g < (A, + A11)/2, we get

(1 - %)b(m,m). (2.33)

Do | —

b(wy,w2) —pllwal|” =
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Therefore, (2.31) is uniquely solvable, taking w, = W5 in (2.31) and using (2.33), we
obtain

2/1m+l
Woll, < ————Fb. 2.34
W2, T A o (2.34)
Furthermore, consider the equation
a(Wi,wi) —u(Wi,wi) =h(w)) Vw eX’, (2.35)

where h is an antilinear functional on X’ with the norm h,, thatis, |h(wy)| < h,|lw1 ], for
all w; € X'. Clearly, this problem is uniquely solvable for A,,—; <y < A11 and

/\mfl /lm+1 )
, ha.
—Am-1 A1 — U

By (2.6) and (2.9), the perturbations p(W; + W5, w;) and p(W;,w,) in (2.29) and (2.30)
admit the estimates

W], < max (M (2.36)

(Wit Wa,w) [ < e([[Will, +[[Wall)liwille [p(Wawa) | < el|[Will,lwallp-
(2.37)

Having in mind estimates (2.34) and (2.36) for problems (2.31) and (2.35), which repre-
sent the leading terms in (2.29) and (2.30), we see that there exists a constant & depending
only on A,,_1, A,y and A1 such that if e < g and

= = %min (st = Ay A = A1), (2.38)

then the system (2.29), (2.30) has a unique solution (W;, W,), which is subject to the
estimate

IWllx = [[Will, +[[Wall, < c(fat fo)s (2.39)

where | f(w1)| < fallwill, for all wi € X" and | f(w2)| < follw2llp for all wy € Yy. Here ¢
is a positive constant depending only on A1, A, and A,,41.
(2) Let us turn to (2.27). By (2.17),

lp(Vowi) | < omllVIla|lwill,, | p(Vow2) | < omllVIla| w2l (2.40)

for w; € X" and for w, € Yy, respectively. Therefore, problem (2.27) has a unique solu-
tion and using (2.39), we obtain

Wiy < conll Vlla. (2.41)

So, we can consider W = W(V) as a linear bounded operator from X,, into Y,,. Assuming
IV, =1, taking v = V in (2.26), and using (2.41) together with (2.16) and (2.17), we
arrive at

'1——‘ <c(pm+02). (2.42)
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In order to derive an asymptotic representation for y, we proceed as follows. We represent
the solution W of (2.27) as W,,, + W,., where W,, satisfies (2.20) and

b(Wyw) —u(We,w) = (= Apm) (Wi, w)  Vw E Y (2.43)

Similar to (2.41), we get (2.21). Therefore, W,, = W,,(V) is a linear, bounded oper-
ator from X,, to Y. Moreover, taking in (2.20) w = W,,, we conclude that the form
pP(W,,(V), V) is real valued on X,,. Using (2.42) together with (2.21), we obtain

IWelly < c(pm+ 2 [ Wally < cm(pm+02) 1V .. (2.44)
Now (2.26) can be written as
A =) (Von) + p(V,0) + p(Wiv) = —p(Wp,v) Vv € X, (2.45)
By (2.44) and (2.17),
| p(Wo(V),v) | < cop(pm+0p) 1V IIalIV]la. (2.46)

Since the sesquilinear form p(V,v) + p(W,,(V),v) corresponds to a selfadjoint operator
on X,,, there exists an ON-basis ®,,1,..., Dy, in X, with respect to the inner product
(-,-), such that

P(@unjy @onke) + p (Wi (), Qi) = 85vj  for j # k. (2.47)
Therefore, the eigenvalues yyj, j = 1,...,Jm, satisfy (2.18).

(3) Let us prove (ii). Let y,,j be an eigenvalue of (2.3) satisfying (2.18) and let ¥,,; be
a corresponding eigenfunction subject to [|'¥,,j1| = 1. We represent it as

i D + Wm mk) + Wr(q)mk)): (2.48)

where W,,, W,, and ®,,; are defined in (2). We will suppose that the coefficient c; is a
positive number or zero. Taking in (2.45) V = Zi";l ckDmks 4 = Ymj> and v = Oy, we
obtain

(/lm+vmk_ﬂmj)ck:_p(wr(v)’q)mk)) k: 1)---1]m> (249)
where v, is given by (2.47). From (2.22) and (2.46), it follows that

1 .
Ck = O(m) for k # J- (2.50)

Since [|W,;ll = 1, we get that

1
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Using these relations for the coefficients together with estimates (2.21) and (2.44), we
derive from (2.48) representation (2.23) and estimate (2.24). The proof is complete. [

Remark 2.3. Let us make some comments on the asymptotic formula (2.18). The main
ingredient here is the finite dimensional matrix (2.19), which is built through solving
problem (2.20) with a known invertible operator and right-hand sides. Thus, the con-
struction of the matrix (2.19) involves only solving a finite number of well-defined prob-
lems with known coefficients and right-hand sides and the eigenvalues of this symmetric
matrix deliver the main asymptotic term in (2.18). The class of perturbations covered
by Theorem 2.2 is quite large and one cannot expect an explicit asymptotic form for the
leading term as we have in usual asymptotic formulae for perturbations of an individual
eigenvalue. But if a class of perturbations is more restrictive, then one can use various
asymptotic methods for solving asymptotically problem (2.20) and constructing asymp-
totically matrix (2.19), which will lead to more explicit asymptotic representation for yi,,;.

3. Perturbations of elliptic problems with discontinuous coefficients

(1) Unbounded perturbations. Let Q be a bounded domain in R”, n > 2. Let also m and
d be positive integers and let H = (L?(Q))“. We consider the sesquilinear form (1.3) on
H, = (W""Z(Q))d, where Ayg are bounded, measurable d X d-matrices on Q and (-, -)
is the standard inner product in CV. We suppose that Aup = K;;a, and that there exist
constants C; and C,, 0 < C; < C,, such that

G Z |£oc|2S Z (Aaﬁ(x)fﬁ)fa)deCZ Z |£tx|2 (3.1)

la|=m la|=1Bl=m la|=m

for all complex numbers &, and for all x € Q. By this assumption, the form a(u,v) defines
an equivalent inner product on H,. Consider the eigenvalues of the problem

a(u,v) =AMu,v) VveH,. (3.2)

We suppose that Q satisfies the following condition: the embedding operator from H,
into L,(Q) is compact. This guarantees that the spectrum of problem (3.2) consists of
isolated eigenvalues of finite multiplicities with the only limit point at infinity. Let us
denote by 0 < A; <A, < - - - eigenvalues of the problem (3.2) and by J the multiplicity
of A, and by Xj the eigenspace corresponding to Ax. We assume that all eigenfunctions
belong to (I;Vm’q(Q))d with some 2 < g < 0.

Remark 3.1. Certainly, if Q) is smooth and the coefficients A,g are smooth in Q, then
eigenfunctions are smooth also and we can take g = c. For second-order scalar ellip-
tic operators with discontinuous coefficients, it is known that eigenfunctions belong to
Wh2+e(()) with a certain € > 0, see [1, 2, 9]. From [10], see also [3, 6, 11], it follows that
the same is true for higher-order systems, provided the boundary has some smoothness.
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We introduce also the form (1.4), where Byg are measurable d X d-matrices on () and
Bug = Bpa. We assume that

C S &P s S (By(x)Es&) (3.3)

lal=m lal=|fl=m

for all complex numbers &, and for all x € Q. We will consider the form b as a small
perturbation of a in the following sense. Let

1/s
Ks = ( 2. J | Bag(x) — Aqp(x) Isdx) (3.4)
lal=1Bl=m" <
ifse[1,0)and
ko =esssupy > | Bap(x) — Agp(x) . (3.5)
lal=|Bl=m

Then we assume that the quantity
7 = Kq/(q-2) (3.6)

is small.
The form b(U, U) is well defined on all elements from (C’ (Q))¢ and we denote by H,,

the closure of these elements in the norm (b(U, U)) 1/2. Clearly, H, C H, and all elements
from > X belong to Hp. In parallel to (3.2), we consider also the following eigenvalue
problem:

b(U,v) =u(U,v) VveH,. (3.7)

Since the embedding operator from H, into (L,(Q))? is also compact, the spectrum of
this problem consists of isolated eigenvalues of finite multiplicities with the only limit
point at infinity.

By (3.1) and (3.3),

coa(u,u) < b(u,u) VYueH, (3.8)

with ¢y = C1/C,. Our goal is to describe the eigenvalues of problem (3.7) situated near
Am. We chose N according to (2.4) and put

p(uv) =buv)—a(wv)= > JQ ((Bag(x) —Aaﬁ)agu,afc‘v)dx. (3.9)

lal=|Bl=m

Since for almost every x € Q,

Z ((Bocﬁ(x) _Aocﬁ)gonfﬁ)

lal=|Bl=m

1/2
sch”z(x)lfll( > ((Baﬁ(x>+Aaﬁ)Emfﬁ>> ,

lal=|Bl=m

(3.10)
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where
h(x)= > |Bap(x) — Ag(x)], (3.11)
lal=|Bl=m
we have that
1/p
| p(u,v) | SC%I/Z( > JQ |afgu|"dx) (b(v,v)) " (3.12)
la|=m

for all u € Xy and v € Hy, where  is introduced by (3.6). This implies that

| p(u,v) | < CIN, @) lullallvil (3.13)
for all u € Xy and v € Yy. If u,v € Xy, then using u,v € (W™1(Q))4, we obtain

| p(,v)| < CN,@)sellullallVla. (3.14)

Since we have assumed that the number «, is small enough, it follows from Proposition

2.1 that there are exactly J,, eigenvalues {y,, j}?”:] of problem (3.7) in a neighborhood of
Am. By (3.13) and (3.14), the numbers p,, and 0,, in (2.16) and (2.17) admit the estimate

pm+ 0% < co. (3.15)
Now, we are in a position to apply Theorem 2.2. By this theorem,
Umj = A +Vmj+00G2),  j=10)m (3.16)

where v,,; are eigenvalues of the form (2.19).

(2) Bounded perturbations. Let us consider the same b under the additional assumption

G S &l s S ByE&) <C > &% (3.17)

la|=m |a=|Bl=m la|=m

Here and in (3.1), C; and C; are fixed constants. In this case, H, = H, = (W’”’Z(Q))d and
the corresponding norms are equivalent. The main assumption now is the following. Let
u € H, be the solution of the equation

b(u,v)=(f,v) VveH, (3.18)

where f € (W™2(Q))?. Then there exists g > 2 depending only on the ellipticity con-
stants C; and C, such that u € (W™4(Q))4 and

leell wmagayye < cll fll wma(qy)a. (3.19)

Remark 3.2. To establish such property for operators with discontinuous coefficients,
one can use the following abstract interpolation result. Let T': (Xo,X;) — (Yo,Y7) be a



12 Asymptotics of eigenvalues

bounded linear operator acting on two Banach pairs. Let also [Xo,X1]s and [Yo,Y1]s,
6 € (0,1), be interpolation spaces. If

T: [XOaXI]e -_— [Yo,Y]]g (320)

is invertible for some 6 = 6, € (0,1), then there exists € >0 depending on the norms
of T and the inversion to (3.20) for 6 = 6, and on 6, such that the operator (3.20) is
invertible for all 8 € [6) — ¢,60y + €]. This theorem is due to Shneiberg [10], various gen-
eralizations can be found in [3, 6, 11] (see also references therein). Using this result, one
can obtain that the solution of the problem (3.18) even with f € (W~"4(Q))? belongs
to (W™4(Q)))? with a certain g > 2 depending on the ellipticity constants C; and C;, pro-
vided the boundary 9Q) has some smoothness, in order to apply interpolation results for
WP -spaces.

Certainly, the above regularity property should be valid for the form a because it also
satisfies the estimates (3.1). Clearly, all eigenfuctions of (3.2) belong to (W™4(Q))% and
we can apply previous result on asymptotics of eigenvalues of (3.7). But in this case, we
can construct a simpler approximation to W,,, = W,,,(V). Indeed, we represent it as

W, = Pwy, + s (3.21)

where P is the orthogonal projector in H, onto Y,, with respect to the inner product
a(-,-), wy, satisfies

b(Wm,w) = —p(V,w) VYweH, (3.22)
and r,, € Y,, is a solution of
b(rm,w) = A (s w) = Ay (Pwpsw) VW € Y. (3.23)

We can extend this relation for all w € H, but then we should add an additional term
(®,w) witha ® € X,,,,

b(rmsw) = A (ris W) = A (Pwpyw) + (O, w)  Vw € H,,. (3.24)

Taking in the last relation w = ® and using orthogonality of @ to Y,, with respect to the
inner products (-,-) and a(-,-), we obtain H(DH%LZ(QW = p(rm, ®). By (3.19) applied to
equation a(®,v) = A,,(®,v), we conclude that ® € (W™4(Q))4 and

|l wmayyi < CIl®@lla = CALZ D (12 (0)e- (3.25)
Moreover,
| p (1, @) | < Coe ||| ymaryya | Pl (wmaayas (3.26)

where ¢ is given by (3.6). Therefore,

1@ r20i < el ||| maqyya- (3.27)
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Applying this estimate together with (3.19) to (3.24) and using smallness of >, we obtain

||rm||(WWz(Q))d SC(Hrm||a+||meu). (3.28)

Using estimate (2.39) for the solution of (2.28), we get

!l < cllwmll g2 (3.29)
Therefore,
il (wmacayye < cllwml - (3.30)
From (3.22), we derive
[Wimll, < C3"2 V|4, (3.31)

which together with (3.30) leads to
7l maae < C3e2 1V . (3.32)
Since estimate (3.26) with @ replaced by V is valid for p(#,,, V'), we have
[ p(r, V) | < G22IV (3.33)
Thus the formula (3.16) in this case can be written as
Ui =/1m+v;,,j+0(%3/2), (3.34)
where v, ; are eigenvalues of the form
Xn 2V — p(V,V)+p(wu(V),V), (3.35)

where w,, solves (3.22).

We note that in order to get an asymptotic approximation of v;, i it suffices to obtain
an asymptotic representation for solution wy, to problem (3.22). For this goal, one can
use various asymptotic methods, see, for example, [7, 8].

(3) Example. The eigenproblem for finding v,; contains two terms, see (3.35). In the
following example, we show that contribution of these terms to v,,; may have the same
order and in general, one cannot neglect one of them. Let Q) be an interval (0,1) in R and

auv) = JOIA(t)u’(t)V’(t)dt, (3.36)

where A is a measurable function on (0, 1), ap < A(t) < a;, with some positive constants
ap and a;. Let also

b(u,v) = JIB(t)u’(t)V'(t)dt, (3.37)
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where B is a measurable function such that B(t) > A(t). One can check that in this case,
estimate (3.19) is valid with m = 1 and g = co. Therefore,

_ J] |(B—A)1)|dt (3.38)
0

is supposed to be small. Let A be the first eigenvalue of (3.2). This eigenvalue is positive
and simple and the corresponding eigenfunction ® is positive (up to a constant factor)
in Q. We suppose that [|®||12(0,1) = 1. Equation (3.22) for the function w takes the form

4 (B Swn) = 4 (B- a0 S o) (3.39)

for 0 < t<1and w(0) = w(1) = 0. The solution of (3.39) is

_ ("B(1) - A(T) B
wi) = | A s QJ e (3.40)
where
B(T) A(T)
Q= o B (r)dr (J —dr) ) (3.41)

Therefore, formula (3.34) takes the form

1
h—)= L (B(1) — A(1))0(r)dr
(3.42)

¥ jl B ~A®) (3(r) - A0)02(x) - Q' (1)) dr + O (52).

0 B(1)

Assuming, for example, that B(t) — A(r) = 1 fora< t<a+¢and B(r) — A(r) = 0 oth-
erwise, where a € (0,1) is a fixed number and ¢ is a small positive number, we see that
» ~ ¢ and the second term in the right-hand side of (3.42) can be written as

Nq)/z(a)LaHB(lr) (J B(T )_1<J J >—dT’ (343)

which shows that the first and the second terms in the right-hand side of (3.42) have the
same order &.

This example shows also that the form b in the left-hand side of (2.20) or (3.22) cannot
be replaced by the form a in general case.

Acknowledgment

The author was supported by the Swedish Research Council (VR).



Vladimir Kozlov 15

References

(1]

B. V. Boyarskii, Homeomorphic solutions of Beltrami systems, Doklady Akademii Nauk SSSR 102
(1955), 661-664 (Russian).

, On solutions of a linear elliptic system of differential equations in the plane, Doklady
Akademii Nauk SSSR 102 (1955), 871-874 (Russian).

W. Cao and Y. Sagher, Stability of Fredholm properties on interpolation scales, Arkiv for Matematik
28 (1990), no. 2, 249-258.

T. Kato, On the convergence of the perturbation method, Journal of the Faculty of Science. Uni-
versity of Tokyo. Section I. 6 (1951), 145-226.

, Perturbation Theory for Linear Operators, Springer, New York, 1984.

N. Krugljak and M. Milman, A distance between orbits that controls commutator estimates and
invertibility of operators, Advances in Mathematics 182 (2004), no. 1, 78-123.

V. Maz’ya, S. Nazarov, and B. Plamenevskij, Asymptotic Theory of Elliptic Boundary Value Prob-
lems in Singularly Perturbed Domains. Vol. I, Operator Theory: Advances and Applications, vol.
111, Birkhéuser, Basel, 2000.

, Asymptotic Theory of Elliptic Boundary Value Problems in Singularly Perturbed Domains.
Vol. II, Operator Theory: Advances and Applications, vol. 112, Birkhduser, Basel, 2000.

N. G. Meyers, An LP-estimate for the gradient of solutions of second order elliptic divergence equa-
tions, Annali della Scuola Normale Superiore di Pisa, Serie III 17 (1963), 189-206.

L. Ya. Shneiberg, On the solvability of linear equations in interpolation families of Banach spaces,
Soviet Mathematics Doklady 14 (1973), 1328-1331.

M. Zafran, Spectral properties and interpolation of operators, Journal of Functional Analysis 80
(1988), 383-397.

Vladimir Kozlov: Department of Mathematics, Linkoping University, 58183 Linkoping, Sweden
E-mail address: vlkoz@mai.liu.se


mailto:vlkoz@mai.liu.se

