AN EXISTENCE RESULT FOR A SEMIPOSITONE PROBLEM
WITH A SIGN CHANGING WEIGHT
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We establish an existence result on positive solution for a class of reaction-diffusion equa-
tion with semipositone structure. In particular, our results apply to the diffusive logistic
equation with a class of sign changing weight and constant yield harvesting. We establish
the result via the method of subsuper solutions.
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1. Introduction

In this paper we discuss the existence of positive classical solutions (u € C>*(Q)) of the
boundary value problem

Ay — _ P\ —
Au )L(g(x)l[/[uil uP)] —ch(x)), x€Q, (1)

0, xe€0dQ,

where p >0, ¢ >0, and A >0 are parameters and Q is an open bounded region with
boundary 9Q in class C? in R” for n > 1. Here g : Q — R is a C* function while h: Q —
R is a nonnegative C* function with ||kl = 1. When p = 1, (1.1) arises in population
dynamics where 1/A is the diffusion coefficient and ch(x) represents the constant yield
harvesting. In this case (p = 1), when g(x) is a positive constant, various results have
been established in [4]. Here we focus on sign changing weight functions g.

To precisely define our classes of weight functions, we first let A; > 0 be the principal
eigenvalue and ¢ >0 with [|¢llo = 1 the corresponding eigenfunction of —A with the
Dirichlet boundary conditions. It is well known that d¢/0% < 0 on 0Q2 where # is the unit
outward normal. Hence there exists § >0, ¢ > 0, and m > 0 such that

IV@I? —Ai¢* >m on Qs, (1.2)
=0 onQ-Qs, (1.3)

where Qs := {x € Q| d(x,0Q) < §}.
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2 A semipositone problem with a sign changing weight
In this paper we assume that the weight g takes negative values in Qs but requires g to

be strictly positive in ) — Q. Define y := ming_q, g(x), ¢ := ming, g(x), and we assume
that

my 1 1/p
lul < 1 <—p+1> ) (1.4)

Further let 0 < x; < x; < y/2A; be the positive roots of g(x) = —u (see Figure 1.1), where
20 1P p+1
(x):=x[1——x] (—)Zm (1.5)
1 Y p

Then we establish the following.

THEOREM 1.1. Suppose (1.4) holds, 1/x, < A < 1/x and ¢ < ¢o(A), where

) 1 \Y’r2m 20\ VP up pya? oM, 1P /p
a=min | (135) 1 (-3) el e K ol B

(1.6)

Then (1.1) has at least one positive solution u such that ||ull. < 1.

Note that when ¢ >0, (1.1) is a semipositone problem and it is well known in the
literature that the study of positive solutions is mathematically challenging (see [2—4]).
Here we also include the additional challenge of dealing with a sign changing weight
function g.

Finally, we also deduce a result for the case when g(x) > 0 on Qs. In particular we
prove the following.

CoroLLARY 1.2. Ifg(x) = 0 on Qs and ¢ = 0, then for any A > 2A,/y (1.1) has a positive
solution.

We establish our results by the method of subsuper solutions. By a subsolution we
mean a function w € C?(Q) such that

—Aw < A(g(x)[w(l —=wP)] —ch(x)), xe€Q,

(1.7)
w=<0, x€0dQ,
and by a supersolution a function v € C*(Q) such that
—szl(g(x)[v(l—v")]—ch(x)), x€EQ, s)
1.8

>0, xe€dQ.

Then it is well known (see [1, 5]) that if there exists a subsolution w and a supersolution
v such that w < v, then there exists a solution # € C2(Q) such that w < u < v.
We will prove Theorem 1.1 in Section 2 and Corollary 1.2 in Section 3.
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Figure 1.1
2. Proof of Theorem 1.1
Proof. Let w = ko¢?, where
1 1/p 21 1/p
ko = (—) [1— —1] . (2.1)
p+1 Ay

We will prove that w is a subsolution. Now

—Aw ==V - V(ko¢p?) = =V - (2kopV$) = —2ko(V$ - Vd +pA¢) = 2ko(Li¢” — [V§I?).
(2.2)

First we consider the case when x € Q. Since the maximum of s(1 —sP) is p/(p +
1)P+V/P we have

Mg [w(1 - wP)] - ch(x)) ZA(M[W] —c). (2.3)
Since
1 \""r2m 2\P up 7 2kem up
c<¢) = (F) [T(l_ﬁ) +(p+1):| = +(p+1)(p+l)/p, (2.4)
combining (2.3)-(2.4) and using (1.2)-(2.2), we have
p
A(‘M[W] — C) > —Aw. (25)

Hence

—Aw < (g(x)[w(1 =wP)] —ch(x)) on Qs. (2.6)
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Next consider the case when x € Q — Q. By the definition of y, we have

Mg(x)[w(1 —wP)] —ch(x))
= Mylko¢? (1= k§¢*2)] = c) = A(y[ko¢? (1 —k§)] —c)

1 (p+1)/p .
ZA(Y[koﬁbz(l—kg)]—M[l—i;] 02) since ¢ < ¢
= (ko= k)= 2 1= 3 Jtag?)  wsing (1.3), 2
2A
:/\yk0¢2{1—k€— (pil)[l_)liyl]} 2.7)

= Ayko¢* {1 -k — pki} by (2.1)
= Ayko* {1 [p+1]k§}

_ o[ 2

— Aykog {1 [1 M]} by (2.1)

= Zkoll([)z > Zk()[/h(pz - |V¢|2]
=—Aw using (2.2).

Hence
—Aw < (g(x)[w(1 = wP)] = ch(x)) on Q- Q. (2.8)

From (2.6) and (2.8) we have
—Aw < (g(x)[w(1=wP)] —ch(x)) on Q. (2.9)

Thus w = ko¢? is a subsolution of (1.1).
Next it is easy to see that v = 1 is a supersolution of (1.1) and v > w on Q. Thus we
have a positive solution u such that [|u||« < 1. O

3. Proof of Corollary 1.2

Proof. Since g(x) > 0 and ¢ = 0, on Qs, A(g(x)[w(1 —wP)]) = 0. But —Aw < —2kom and
is negative; hence, on Q;, we have

—Aw < g(x)[w(l-=wP)] on Qs, (3.1)
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and on Q — Qs, we have
Ag(o) [w(1—wP)]
= Ay[ko¢? (1 = ko ¢%)] = Ay[kog® (1 - k§)]

z/lyko(pz[l - L[l - %1“ by (2.1)

p+1
kog” [pAy +2A] (3.2)
p+1 ’
2
;fof [20i(p+1)] sincelz%l
= 211 kop?

> 2k0[)t1¢)2 — |V(/)|2] = —

Hence we have

—Aw < g(x)[w(l=wP)] onQ—Qs. (3.3)

Using (3.1)—(3.3) we have that w = ko¢? is a subsolution. Again we note thatv=1lisa

supersolution. Hence the result holds. O
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