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We introduce a new norm and a new K-functional K, (f;t),,,. Using this K-functional, direct

and inverse approximation theorems for the Baskakov operators with the Jacobi-type weight are
obtained in this paper.

1. Introduction and Main Results

Let f be a function defined on the interval [0,00). The operators V,(f;x) are defined as
follows:

Vi(fix) = gf(g)vn,k(x), (1.1)
where

ok () = n+k-1 . ek
i (X) = . x(1+ x) , (1.2)

which were introduced by Baskakov in 1957 [1]. Becker [2] and Ditzian [3] had studied these
operators and obtained direct and converse theorems. In [4, 5] Totik gave a result: if f €
Cp[0,+0),0 < a < 1, then [|V,,(f;x) - f(x)||,, = O(n®) if and only if x*(1 + x)“lAfl(f;x)| <
kh**, where h > 0 and k is a positive constant. We may formulate the following question: do
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the Baskakov operators have similar property in the case of weighted approximation with the
Jacobi weights? It is well known that the weighted approximation is not a simple extension,
because the Baskakov operators are unbounded for the usual weighted norm ||f||,, = [l f]] ..
Xun and Zhou [6] introduced the norm

1 fll. = lzofll, +1£(0)], f€Cs[0,00) (1.3)

and have discussed the rate of convergence for the Baskakov operators with the Jacobi
weights and obtained

w)|[Va(f;x) - f(0)] = O(n") & K(f;t),, = O(t%), (14)

where w(x) = x%(1 + x)_b, 0<a<1l,b>0 0<a<1,and Cg[0,0) is the set of bounded
continuous functions on [0, o).

In this paper, we introduce a new norm and a new K-functional, using the K-functional,
and we get direct and inverse approximation theorems for the Baskakov operators with the
Jacobi-type weight.

First, we introduce some useful definitions and notations.

Definition 1.1. Let Cp[0, o) denote the set of bounded continuous functions on the interval
[0, 00), and let

Capr = {f | f € Cy[0,00),9** Y f € Cy[0,0)},

(1.5)
Cg,b,)L ={f 1 f€Capa f(0)=0},
where ¢(x) = 1/x(1 +x), w(x) = x*(1 + x)_b, x€[0,00), 0<a<i<1,andb >0.
Moreover, the K-functional is given by
. - 2(1-0) (£ _ 2(2-4)
Ko (0w = {0 -0 oo, ) e
where D = {g| g€ C), |, & € ACu[0,), [¢**Vg"|,, < oo}
We are now in a position to state our main results.
Theorem 1.2. If f € C. |, then
e (Va () - P < MEp(fin) . (1.7)
Theorem 1.3. Suppose f € Cg,h,w 0 < a < 1. Then the following statements are equivalent:
M) PV @[ (Va(f@) - f@)] = 0m™), n22; w8

2) Kp(fit),,=0@"), 0<t<l.
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Throughout this paper, M denotes a positive constant independent of x,7n, and f

which may be different in different places. It is worth mentioning that for A = 1, we recover
the results of [6].

2. Auxiliary Lemmas

To prove the theorems, we need some lemmas. By simple computation, we have

V, (f;x) :n(n+1)§)vn+2,k(x)<f<k;2> —2f<k;1> +f<g>> (2.1)

or
R - k\(k(k=-1) 2k(n+k) (n+k)(n+k+1)
V) (fix) = %vn,k(x)f<n> < po w0 T R > (2.2)
Lemma2.1. Letc >0, d € R. Then
o) —c -d
évn,k(x) (S) <1 + S) <Mx(1+x)7, for x > 0. (2.3)
Proof. We notice [7]
o 1
n -1
kz_;vn,k(x)<z> <Mx", forlel,
(2.4)

Zvn,k(x)<1 + E) <M(1+x)", formeZ.
k=0 n

For ¢ =0, d = 0, the result of (2.3) is obvious. For ¢ > 0, d #0, there exists m € Z, such that
0 < -2d/m < 1. Using Holder’s inequality, we have

gvn,k(x)<§>_c<l+ §>_d <gvn,k(X)<§>_26>1/2<§vn,k(x)<1+ §>_2d>
<§Un,k(x)<£>[2c]+1>c/([2c]+1) <§Un,k(x)<l + §>m>

< M<x*([20]+1)>c/([2c]+1) ((1 4 x)m)—d/m

1/2

IN

—d/m

IN

< Mx¢(1+x)%
(2.5)
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Forc > 0,d = 0or ¢ = 0, d#0, the proof is similar to that of (2.5). Thus, this proof is
completed. 0O

Lemma 2.2. Let f € C?, ,n € N. Then

|w(x)tp2(1*)‘) (X)Vu(f;x) | < M||(p2(17)‘)f||w. (2.6)

Proof. By Lemma 2.1, we get

0?10 (Vi ()| = ‘w<x)<p2“-”<x>2f(§)vn,k(x>
k=1

< || G200 ¢ ||ww(x)(P2(1—)») (x)kiv"'k(x)w_l <§>q)2(x—1) <E> (2.7)
=1

n

<1,

Lemma 2.3. Let f € C), |, n € N. Then

[2eovin)|, < Male-bs] . 28)

Proof. For x € E; =[0,1/n], x#0, (n+1)x(x+1) < 2n-2x < 4; using (2.1) and Lemma 2.1,
we have

|w @)D 0V, (£:3)]

< w(x)(pz(l_)‘) (x)n(n+1)x(1+ x)

[ee) [0.0) 1
X Zvn+2,k (x)w_l <E>(P_2(1_)L) <E) 227]n+2,k(x)w_1 <E>(p_2(1_)‘) (&)
-0 n n =0 n n

+§vn+2,k (x)w™ (S)‘PQ(H) (S)) ” @V f ”w

< Mno(x)g0 = ey (1) 20 ) 2V ||

<A,
“ (2.9)
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Forx € E, = (1/n,0), by (2.2), we get

| @) OV, (f:x)]

s Sonor(§)((5-+) 1525 -2) -2

< nzw(x)(P—z)L (x) ”‘Pz(l_l)f”wkivn,k (x)w™ <§> (P—z(l—)o (E) (2.10)
-1

n
<<k )2 1+2x|k ‘ x(1+x)>
. ——x) +— |- —x[+ ——=
n n n n

= n2w(x)p () |¢* I f | (1) + L, %) + L(n, x)).

Note that for x € E,,, one has the following inequality [7]
nszn<(t - x)>™,; x> < Mn™ ((p(x))zm, m € N. (2.11)

Applying Holder’s inequality and Lemma 2.1, we have

I(n,x) = gvnﬂx)w'l (S)w‘z“‘“ (S) (S - x)2
1/2

(o () (5)) 7 (Spuio (5 -+)) 2

1x(1+x)

< Mx—a—lh\(l +x)b+)»—
n

< Mn'w ™ (x)¢* (x),

h(n,x) = 3 k()0 (S)w‘z“‘” (S)
k=1
1/2

1 +n2x <§vn,k(X)w2<§><P4(u) <§>>1/2 <gvn’k(x) <§ ) x>2> o

1 1/2
< Mw‘l(x)(,oz)‘(x)ifw2 <1 + ;) .

k

n

1+2x
n
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Note that for x > 1/n, one has 1+ 1/x < 2n. Hence,

IL(n,x) < Mn"lwfl(x)q)z’\(x), (2.14)

< Mnlx(1 + x) x4 (1 4 x)b 1 (2.15)

= Mn"lw‘l(x)(p“(x).
Combining (2.9)—(2.14), we get

w(x)p** V() V! (f; x) |w < Mn||(p2(1‘)‘)f||w. (2.16)

Thus,

|72V, < Mnlle* Vs 217)
The proof is completed. O
Lemma 2.4. Let f € D, ne€ N, and n > 2. Then

|l ovi ]|, < ml|oe0r] - (2.18)

Proof. (1) For the case A#1ora#0,if A -2+ b >0, using (2.1) and Lemma 2.1, we have

@2 0V, (f;%)]

0 /n /n
= ‘w(x)(pz(z‘)')(x)n(n + l)vaz,k (x) f: JZ f”(% +u+ v> dudv

k=0

<[le*r| ‘w(xypm-*)(x)n(n +1)S 0k ()
v k=0

1/n £1/n k A-a-2 k A+b-2
j J <—+u+v> <1+—+u+v) dudv
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2(2-1) 2(2-1) = Un @l/n g\ A=a=2 ;o\ A+b-2
S“(P f ”w‘w(x)(/’ (x)n(n+1)§vn+2,k(x) jo fo (H) <1+T> dudo

1/n £1/n
+ ” @* D 1 ” Iw(x)(pz(z’\) (x)n(n+1)vy400(x) J‘ J (u+0)* "2 (1+u +0)"*"2dudo
w 0 0

2(2 A) 2(2 )L) o] 9 k A-a-2 k + 2 A+b-2
< ||(p f ||ww(x)(p (x)n(n+ 1)évn+2lk(x)n (Z) (1 + T)

1/n 1
u)wafl du

+ 3A+b—2”(PZ(Zf)L)f//||ww(x)(P2(2—/\)(x)n(n +1)Opa0(x) IO e

[e') k A-a-2 k A+b-2
<2.34b2 ”(pz(z‘)‘)f” ”ww(x)(pz(z‘)‘) (x)ZUn+2,k (x) <;> <1 + ;)
k=1

1 1 A-a
Cadeb-2||, 2(2-1) g0 2(2-1) L
+2-3 ”(p f ”ww(x)(p (x)n(n+ 1)vg40(x) Txa-00-a (n)

2+a-A 1) 1 A-a
<9 . ghb-2| 2N ¢n 1 x n(n + <_> .
<232y f”w< flraN0-a0+xn \n

(2.19)
(i) If x € ES,
X7 n(n+1) 1\ n(n+1) 1\? 2
(1+a—AﬂA—aﬂ1+xf<;> S(1+a—AMA—a)<E> SOra-no-a @2
(ii) fxe E,, n>2,
x> n(n + 1) 1\ < n-ax’n(n +1) 1\
(1+a—xxx—ax1+xw<ﬁ> _(1+a—Aﬂl—ax1+xV<E>
< X’n(n+1) (2.21)
T (l+a-NA-a)nmn-1)x2
Py 3
S A+a-H(-a)
Combining (2.19)—(2.21), we have
@@V Vi (£ < M@0 5| . (2.22)

Thus,

[ vin], < mlle05] 223)
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IfA-2+b<0,wehave
|0 () )V (£) |

2(2-1) 2(2-1) > Un @l/n g\ A-a=2
SH‘P f ”wlw(x)(p (x)n(n+1);vn+2lk(x)fo fo <;> <1+

1/n A1/n
+ "¢2(Z*A)f" ” 'w(x)(pm)‘) (x)n(n + 1)vy400(x) f j (u+0) " dudo
w 0 0

A+b-2
) dudv
n

(2.24)

By using the method similar to that of (2.19)—(2.23), it is not difficult to obtain the same

inequality as (2.23).

(2) For the case A = 1,a = 0, the proof is similar to that of case (1) and even simpler.

Therefore the proof is completed.

O

Lemma 2.5 (see [8, page 200]). Let Q(t) be an increasing positive function on (0, a), the inequality

(r>a)

Q(h) <M

Nern

holds true for h,t € (0, a). Then one has

Q(t) = O(t™).

3. Proofs of Theorems
3.1. Proof of Theorem 1.2
Proof. First, we prove it as follows.

(i) If x € E¢, then

——u

W@ (1) S 0, (2)
k=0

Joul
k/nl T

(ii) If x € E,,, then

Va(£ =21+ 52 x) < M2 () (1 + )"

w’l(u)<p*2(2*)‘)(u)du < Mnl.

(2.25)

(2.26)

(3.1)

(3.2)
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The Proof of (3.1)

In fact, (i) for k = 0, since x € E, we have

()20 (x)vn0(x) j uwo™ (1) 2D (w)du
0

i (3.3)
= w(x)p* ™V (x) (1 +x)™" f w1+ u) 7 du,
0
Ifb-2+1<0, weget
w(x)? ™ (x) (1 +x)7" f w1+ w) P du
0
< Mw(x)(pza_)‘) (x)(1+ x)_"x)‘_“ (34)
< Mnt.
Ifb-2+1>0,wehave
X
w(x)? ™ (x) (1 +x)7" f w1+ w)  du
0
< Mw(x)* ™V (x) (1 + x)_'”b_z”‘f u dy (35)
0
< Mn.
(ii) If k > 1, since x € E{,, we have
[ee] X k B ~ B
w(x)(pZ(lf)‘)(x)ZUn,k(X) J‘ Z _ulw 1(”)‘/’ 2(2 l)(u)du
k=1 k/nl Tt
) k k by px
< Mao()g 00 3o (0) (5 = ) 22V (142 ) || e
k=1 n n k/n
(3.6)

ssmwirtSoan (3 -2) (1) ((3)"-+)

< Mw(x)q)z(x)gvn,k(x) (S - x>2u<1 . E)b < MrL.

n

Combining (3.4), (3.5) and (3.6), we obtain (3.1).
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The proof of (3.2)

Ifb-2+1 <0, by (9.5.10) and (9.6.3) of [7], using the Cauchy-Schwarz inequality and the
Holder inequality, we obtain

Vn<(t —x)2(1+ )02, x> < (Vn ((t - x)4;x>>1/2 <Vn<(1 + 1?)2(17_2”‘);3())1/2

< (Va(tt- X)4;x)>1/2<vn<(1 1% x))a_b‘“/z (3.7)

< Mn P (x) (1 + )72+,

Ifb-2+1 >0, by (2.3), we get V,,((1 +£)"2;x) < M(1 + x)’**, and using the
Cauchy-Schwarz inequality and the Holder inequality, we have

Va(t- 22+ 572 2) < (Va (- 005%) ) 7 (v (@ + 92020;2))
(3.8)

< Ml (x) (1 + x)772%,

Combining (3.7) and (3.8), we obtain (3.2).
Next, we prove Theorem 1.2. For g € D, if x € E{, by (3.1), we have

|w ()91 () (Va(g:%) - 8(3))]

= 'w(x)(p2(1‘*) (x)V,, <It (t—u)g"(u)du; x>

;x> (3.9)

w! (u)(p‘2(2‘)‘) (u)du

t
< w0 () Vg Va <'f £ = o™ (w2 (w)du

Jols
k/nlh

——u

< M”(pz(z‘“g”” w(x)goz(l‘*)(x)ivn,k ()
w k=0

< Mn™! ” (P2<2—)L) g " '

w
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If x € E,, by (3.2), we get
| () () (Vur(5:2) = 8(0))|

= )w(xwz(l_” (xX)Va <r (t—u)g" (u)du; X>

t
< M||<p2<2‘“g"||ww<x><p2“-*><x>vn< f = oo™ (1) (u1)

;X
> (3.10)

+x 72 (x) Y (x)V, <(t —x)2(1+ )02, x> |

< M”(pm_)‘)g" “w |(P_2(X)Vn ((t _x)% x)

<o),

Therefore, for f € Cg,b,y g € D, by Lemma 2.2 and (3.9), (3.10), and the definition of
K, (f; n'),,1, we obtain

|0 (g () (Va(f%) = £ ()]
< [0 @g Y ) (Valf - g:2)) | + [w )V () (f () - 8(3))]

+ @y 0 (Va(gi%) - ()|

3.11
<M (f - )|+ |w@e? V@ () - ()] o
+ [0@g? V0 (Vg %) - ()|
ol L)
Taking the infimum on the right-hand side over all g € D, we get
|w(x)(p2(1_)‘) (x) (Va(f;x) = f(x))| < MK, < f; n-l)w. (3.12)
This completes the proof of Theorem 1.2. O

3.2. Proof of Theorem 1.3

Proof. By Theorem 1.2, we know (2) = (1). Now,we will prove (1) = (2). In view of (1), we
get

||<p2<1-*> V() - f) ||w < Mn™. (3.13)
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By the definition of K-functional, we may choose g € D to satisfy
2(1-1) (f _ ) 2@V <2k \<f-n‘1> (3.14)
' 8Nl ' 8l S8t U7 ol :
Using Lemma 2.2 and Lemma 2.3, we have

K (fiD) 0 < [0 Va(F) = | +t]|e? Vi)

<m0V -9, + e V@),

vy gl wyer])
<M ([0 -9 o o]
Taking the infimum on the right-hand side over all g € D, we get
Ko (i) < M<n”" + %KW (£; n*l)W). (3.16)
By Lemma 2.4, we get
Ky (f; n-l)w < M(n™®). (3.17)

Leting (n+1)"" <t <n', we get

-a
. I n - ~
K (fit) 1 < MK <f,n )m < M(n - 1) m+1) < M@n+1)"<Mt*.  (3.18)

This completes the proof of Theorem 1.3. O
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