Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2011, Article ID 123483, 9 pages
doi:10.1155/2011/123483

Research Article

Some Identities of the Twisted g-Genocchi
Numbers and Polynomials with Weight o« and
g-Bernstein Polynomials with Weight «

H. Y. Lee, N. S. Jung, and C. S. Ryoo

Department of Mathematics, Hannam University, Daejeon 306-791, Republic of Korea
Correspondence should be addressed to H. Y. Lee, normalizl@naver.com
Received 7 July 2011; Accepted 22 August 2011

Academic Editor: John Rassias

Copyright © 2011 H. Y. Lee et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

Recently mathematicians have studied some interesting relations between g-Genocchi numbers,
g-Euler numbers, polynomials, Bernstein polynomials, and g-Bernstein polynomials. In this paper,
we give some interesting identities of the twisted g-Genocchi numbers, polynomials, and g-
Bernstein polynomials with weighted a.

1. Introduction

Throughout this paper, let p be a fixed odd prime number. The symbols Z,, Q,, and C,
denote the ring of p-adic integers, the field of p-adic rational numbers, and the completion
of algebraic closure of Q,. Let N be the set of natural numbers and let Z, = NU {0}. As a
well-known definition, the p-adic absolute value is given by |x|, = p™", where x = p"t/s with
(t,p) = (s,p) = (t,s) = 1. When one talks of g-extension, g is variously considered as an inde-
terminate, a complex number g € C, or a p-adic number q € C,. In this paper we assume that
geC,with |1 - ¢, <1.

We assume that UD(Z,) is the space of the uniformly differentiable function on Z,,. For
f € UD(Z,), Kim defined the fermionic p-adic g-integral on Z, as follows:

Ly(f) = f f(x)dp_q(x) = hm Zf( )(=q)". (1.1)

pN
]—q
Forn € N, let f,(x) = f(x + n) be translation. As a well known equation, by (1.1), we have

n-1
" [ £l mde () = "Ly () + 21, S0 FO), (12)
p 1=0
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compared [1-4]. Throughout this paper we use the notation:

1-g*
1-q’

[x]_, = 1-Ca) (1.3)

[, = T

(cf. [1-16]). limg_; [x]q = x for any x with |x|, < 1 in the present p-adic case. To investigate
relation of the twisted g-Genocchi numbers and polynomials with weight a and the Bernstein
polynomials with weight a, we will use useful property for [x]. as follows;

[x]ge =1-[1-x]
(14)
[1T-x]ge=1=[x].

The twisted g-Genocchi numbers and polynomials with weight a are defined by the
generating function as follows, respectively:

G%ﬁnz%mm$W4n (1.5)
(a) _ n-1
Gugw(x) =n fz b () [y +x] 5 dpq(y)- (1.6)

In the special case, x = 0, G\ ,,(0) = G\, are called the nth twisted g-Genocchi numbers
with weight a (see [9]).
Let Cpr = {w | wP" = 1} be the cyclic group of order p" and let

Tp = lim Cpr = Gy, (1.7)

n— oo
n>1

see [9, 12-15].
Kim defined the g-Bernstein polynomials with weight a of degree n as follows:

n
B (x) = <k> [x]&[1-x]I%F,  where x € [0,1], n,k € Z,, (1.8)

compare [4, 7].

In this paper, we investigate some properties for the twisted g-Genocchi numbers and
polynomials with weight a. By using these properties, we give some interesting identities on
the twisted g-Genocchi polynomials with weight & and g-Bernstein polynomials with weight
a.
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2. Some Identities on the Twisted g-Genocchi Polynomials with
Weight a and g-Bernstein Polynomials with Weight o

From (1.8), we can derive the following recurrence formula for the twisted g-Genocchi num-
bers with weight a:

2], ifn=1,
G, =0, quGi () +Gip=1 2.1)
. 0, ifn>1,
n g2], ifn=1,
Gy, =0, qu(1+4°Gy%) +q"Gigw = (2.2)
o ( ! ) ! 0, ifn>1,
a a ax a n+l1
q“xGifl,q,w(x) = ([x]q +q Gf,,i)) (2.3)

with usual convention about replacing (G\',)" by G ..

By (1.5), we easily get

n-1n-1 -1
G,(ﬁ;,w(X) = n[z]q<1_1 > Z<n ] >(—1)lquxl;_ (2.4)

a 1+1
q = 1 +wg”

By (2.4), we obtain the theorem below.

Theorem 2.1. Let n € Z,. For w € T, one has

G\ w(x) = (1) gt IGW | (1 - x). (2.5)

gt w-

By (2.1), (2.2), and (2.3) we note that
Gil‘z,w = _qwcillfc)],w(l)

n n «
= —anGL;,w + w2q2‘“z < l > q”‘lGl(/q),w(l)

1=2
n n 1
_ _ancgﬁw + wzqz—zaz < l > g (1 n anfﬁi}) (2.6)
1=2
= —anng),w + wzqz—za <[2]qa + qzac(q%)n - "WZQZsz;,w

= —anGi‘;),w + wzqzcggw () - "wzqzcgz),w'

Therefore, by (2.6), we obtain the theorem below.
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Theorem 2.2. For n € N withn > 1, one has

nl2l,  nl2), o
l+qw 1+qw’ '

G,(f,',;,w(Z) = w‘zq‘zG%’w +wig!

By (1.6) and Theorem 2.2,

(@)

n+l,q,w

n+1

2
D[ ey A )

1 <(n +1)[2], (m+Dw'q?! [2],,> g G (2.8)

:n+1 1+qw * 1+qw n+1
2 2 G
[ ]q -1 -1 [ ]q -2 -2 _ntlguw
= +w g ——— _
1+qw 1+qw n+1

Hence, we obtain the corollary below.

Corollary 2.3. For n € N, one has

I b (y) [y +2]%dp—q(y) = 2], +w! ‘1—[2]q +w? ‘2—2?1"7’10 (2.9)
z, W\ T2l geh-alY 1+qw 1 1+qw T 1

By fermionic integral on Z,,Theorems 2.1 and 2.2, we note that

[ gulL=alyudieg) = 0" [ ol = 1Ty
Z, z,

() _

_ (_1)n an Gn+1,q,w( 1)

1 n+1

(a)
G @
B n+1

(@)
-1 (2] 2] 2 2Gn‘11,q‘1lw‘1
=w —— +wq ——— tw g —
1+glw! 1+qg'w! n+1
(@)
_ [2]q [Z]q w ZGn+1,q‘1,w‘1
1+qw 1+qw n+1

(2.10)

Therefore, we have the theorem below.
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Theorem 2.4. For n € N withn > 1, one has

()
[Z]q [2]q > Gn+1 g w!
— = i 211
fzp Puo () [1 = x]gadp—q(x) T+ + q1+q w 1 (2.11)

By (1.4), Theorem 2.4, we take the fermionic p-adic invariant integral on Z, for one
g-Bernstein polynomials as follows:

n k n-k
fZ Beo () B (%, 9) dpig (%) = fz ¢w(x)<k> [x]5[1 - X7 g (x)
= <Z> JZ Puo () [x]f;,(1 - [x]qa>n_kdﬂ—q(x) (2.12)
n\k/n-k IGI(:r)Hl,q,w
=<k>§< i >(_1) k+I1+1"°

By symmetry of g-Bernstein polynomials with weight a of degree n, we get the follow-
ing formula;

fz Puw () Bk (x,q)dp—q(x)
n n-k k
= fz ¢w(X)<k> ]G [1 = x]g-adpi—g(x)

n k n-k
=.[z $) k [1_x]‘7'“<1_[1_x]q‘“> g (%) (2.13)
= n\'gn-k _q1\n—k-1 _n-l
<k>,z< z >‘ Y Lﬁw‘xﬂl xliddpg(x)

(@)
= " nz_k " k (_1)n_k_l [Z]q + w [2]q + w Z—anl+1rq71/w71
A=A 1+qw q1+qw Tn-1+1 )

Therefore, by (2.12) and (2.13), we have the theorem below.

Theorem 2.5. For n € N with n > 1, one has

n— (a)
Zk n-k (_1)1 Gk+l+1,q,w
= 1 k+1+1

(2.14)

(@)
- Sk (=1)nk- 21, +w 2, + wd? Gt
-0\ ! T qw " Mg ™ T =11
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Also, we note that

[ ulBus ()i )
n\k /n-k Gl(j-)lﬂqw
:<k>§< 1 >(_ Y et k+1+1
()I $u ()11 = X [xTgedp—g ()

(2.15)
< > f P (011 -l (1-[1- ], ) dp_y(x)
n\ [k k-1 n-l
()2 () 0 [ pulit - a0
k 1=0 l Zyp
(a)
n\ & /k 2 2 Gn R
= Z (—l)k_l [ ]q +wq [ ]q +wq e .
k) =\ 1+qw 1+qw n-1+1
Therefore, we have the theorem below.
Theorem 2.6. For n, k € Z, withn > k + 1, one has
¢ (X)Bn (x,q)dp_q(x)
ZP
C 2] 2] G(“) (2.16)
n n-1+1,47' w!
= Z (-1 L wq L wq* tq .
k)= \1 1+qw 1+qw n-1+1
By (2.11) and Theorem 2.6, we have the theorem below.
Theorem 2.7. Let n, k € Z, with n > k + 1. Then one has
(a)
nk/n-k ( 1) Gk+l+1 ~ktlgw
<N\ 1 k+1+1
(2.17)

()
7k 2] 2] G
_§ _1\k-1 q q n—l+1,q7 w-
_1—0<l>( 2 <1+qw+wq1+qw+wq n-1+1 ’
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Let ny,ny, k € Z, with ny + ny > 2k + 1. Then we get

fz P (X)B, (x,q) By (x,q) dig ()

:<2><T>§<l>(l%i[¢“”“ x]g™ dpg ()
1=0
()
& 2k 1 [2]q [2]‘1 Gn1+nz I+1,47"w!
< >< >IZ< > 1+q’w+wq1+qw+wq m+m—-1+1 /)

(2.18)

Therefore, we obtain the theorem below.

Theorem 2.8. For ny,ny, k € Z.., one has

[ B (o) B, )y

(a)
k k) =\ 1 1+qw q1+qw q n+n—1+1
()
[Z]q [z]q 2 Gn1+n2—l+1,q’1,w’1

1+qw+wq1+qw+wq m+n—1+1"’

- ny ny 2k 2k Gn fo— -1 -1
wg S (R i i AR SN}
k k =0 i ni +mnp— [+1

ifk =0,

(2.19)
By simple calculation, we easily see that
J;p $uo(X)B ) (x,4) B, (%, 4) dpig ()
i <,:> <rll<2>n1+ln§2k(_1)l <n1 + nlz - 2k> ) b () [x]sf”d,u_q(x)
= <1:> <1:>nlm§2:_2k(—1)l <n1 i nlz - 2k> %, where ny,n,k € Z,.
- (2.20)

Therefore, by (2.20) and Theorem 2.8, we obtain the theorem below.
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Theorem 2.9. Let ny,ny, k € Z, with ny + ny, > 2k + 1. Then one has

()
% 2k (_1)2k71 [2]q w [2]‘1 +w 2 Gn1+n2—1+l,q’1,w’1
“ I 1+qw q1+qw q n+n—1+1

(a)
n1+n2—2k(_1)l <n1 + 1y — 2k> M

IZ:O: i 2k+1+1°

(2.21)

For ny,n,,...,ng,k € Z,, ny +ny +--- + ng > sk +1, and let Zfﬂ n; = m, then by the
symmetry of g-Bernstein polynomials with weight a, we see that

fZ ¢w<x>1‘[B<“) (x,q)dp_q(x)

i=1 1=0

()
5 ni sk /sk sk— [2] [2] Gm 1+1,g7 1w
=||< >§< >(—1)kl<1 1 +wq1 1 +wq—_lq1 .
i \k/ =S\ 1 +quw +quw +

Therefore, we have the theorem below.

s i sk k
-11 <Tzl< > 2 (Sz > S IR (222)

Theorem 2.10. For ny,ny,...,ng, k € Z, with ny + ny + - -- + ng > sk + 1, one has

J; ¢w(x)l_[B(“) (x,9)dp_q(x)

(a)
s /n\ sk /sk 2 2 Gl o -
) < >Z< ><-1>S'<-’ T gl g ),
i \k/ S\ 1 1+qw 1+qw m-1+1

where ny +-+-+ng = m.

(2.23)

In the same manner as in (2.15), we can get the following relation:

fZ PO TBE (x @) (x)
P i=1

m—sk — sk
< >j Puw (x)[x SkZ( 1)( ZS >(—1)l[x]5,adﬂq(x) (2.24)
msk m — sk Gii)+1+1,q,w
Y ()

where ny,ny,...,n5,k € Z, withm=ny +np +---+ngs > sk +1.
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By Theorem 2.10 and (2.13), we have the following corollary.

Corollary 2.11. Let m € N. For ny,ny, ..., ns, k € Z, withny +--- + ng > mk + 1, one has

(@)
sk /sk 2 2 G, il o
Z (_1)Sk—l : [ ]q + wa [ ]q + wq2 lil,q 11
<\ 1 +qw +qw m—1+1
(@)
_ nfk(_l)l m — sk Gsk+l+1,q,w
& I sk+1+1’

where ny +-+- + ng = m.

(2.25)
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