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We give some new conditions for existence and uniqueness of best proximity point. We also
introduce the concept of strongly proximity pair and give some interesting results.

1. Introduction

Let X be a metric space and A and B nonempty subsets of X. If there is a pair (xo, yo) € Ax B
for which d(xo,y0) = d(A, B), that d(A, B) is distance of A and B, then the pair (xy, yo) is
called a best proximity pair for A and B. Best proximity pair evolves as a generalization of
the concept of best approximation, and reader can find some important results of it in [1-4].

Now;, as in [5] (see also [6-14]), we can find the best proximity points of the sets A and
B by consideringamap T : AUB — AU B such that T(A) C B and T(B) C A. We say that
the point x € A U B is a best proximity point of the pair (A, B), if d(x,Tx) = d(A, B), and we
denote the set of all best proximity points of (A, B) by Pr(A, B), that s,

Pr(A,B) :={xe€ AUB:d(x,Tx) =d(A,B)}. (1.1)

Best proximity pair also evolves as a generalization of the concept of fixed point of mappings,
because if AN B#(, every best proximity point is a fixed point of T.

The concept of approximate best proximity pair on metric space was introduced in [10,
Definition 1.1], but it is clear that Pf(A, B) = A x B. Now, in section two of this paper, we give
some conditions that guarantee the existence, uniqueness, or compactness of the set Pr(A, B).
Then, in section three, by introducing the concepts of T-approximatively compact pair and
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T-strongly compact pair, we give some characterizations of a subclass of the best proximity
points, namely, the strongly proximity pairs of sets.

2. Some Existence Theorems

In this section, we will consider the existence of the best proximity points, by considering
some sequences which converge to that best proximity point. At first, we generalize some
result of Eldred and Veeramani [6].

Theorem 2.1. Let A and B be nonempty closed subsets of a complete metric space X. Suppose that
the mapping T : AUB — AU B satisfying T(A) C B, T(B) C A, and

d(Tx,Ty) < ad(x,y) + p[d(x,Tx) +d(y, Ty)] + yd(A, B), (2.1)

forall x,y € AUB, where a, B,y 2 0and a +2f +y < 1. If A (or B) is boundedly compact, then there
exists x € AU B with d(x, Tx) = d(A, B).

Proof. Suppose x is an arbitrary point of AU B and define x,.1 = Tx,. Now,

d(xpi1, Xp42) = A(Txp, Txp11)

< (e, xet) + e T + Gt T+ Yd(AB).
So
A, %2) € By, 00) + L4, B), 23)
1-p 1-p
which implies that
d(xps1, Xne2) < kd(xy, x041) + (1 = k)d(A, B), (2.4)
where k = ((a + )/ (1 - p)) < 1. Hence, inductively, we have
d(xpe1, %) < kK"d(x1,x0) + (1 - k™)d(A, B), (2.5)
and so
Ad(xXns1, %) — d(A, B). (2.6)

Therefore, by Proposition 3.3 of [6], both sequences {x,} and {x2,4.+1} are bounded. Now,
since A (or B) is boundedly compact then {x,,} has a convergent subsequence, and so, by
Proposition 3.2 of [6], there exists x € A such that d(x,Tx) = d(A, B). O

Now, we show that the mapping T, which satisfies (2.1), has a unique best proximity
point in the uniformly convex Banach space X.
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Theorem 2.2. Let A and B be two nonempty closed and convex subsets of a uniformly convex Banach
space X. Suppose that the mapping T : AUB — AU B satisfying T(A) C B, T(B) C A and the
condition (2.1). Then, there exists a unique element x € A such that |x — Tx|| = d(A, B). Further, if
xo € Aand x,1 = Txy, then {x2,} converges to the above unique element.

Proof. One can prove this theorem by the method of the Proposition 3.10 of [6]. O

Note that the uniform convexity of the Banach space X is necessary for uniqueness of
Pr(A, B); for instance, let X = R? with || - ||, A = xo + Bx, and B = —xq + Bx where xy = (2,0).
IfT: AUB — AUBDbyT(a,b) = (-a,b), then one can easily see that Pr(A, B) is an infinite
set.

Corollary 2.3. Let A and B be two nonempty closed and convex subsets of a uniformly convex Banach
space X. Suppose that the mapping T : AUB — AU B satisfying T(A) C B, T(B) C A, and

|Tx - Ty|| < ar||x - y|| + azllx - Tx|| + as||y — Ty|| + asd(A, B) (2.7)

forall x,y € AUB, where a; >0, i=1,2,3,4and Zle a; < 1. Then, there exists a unique element
x € AUBwith ||x - Tx|| = d(A, B).

Proof. Interchange the roles of x and y in (2.7); then add the new inequality with (2.7). O

In the following, we present some new conditions on the mapping T, such as weak
closedness, such that it has a best proximity point in the uniformly convex Banach space X.
We remember that the mapping T : AUB — AU B is said to be weakly closed if x, — x
weakly in AU B and Tx, — y weakly, then Tx = y.

Theorem 2.4. Let A and B be two nonempty closed and convex subsets of a uniformly convex Banach
space X such that A is bounded. Suppose that the mapping T : AUB — AU B satisfying T(A) C B,
T(B) C A, and

ITx = Tyl| < allx =yl + Bllx - Txll + |y - Ty|l], (2.8)

forall x,y € AU B, where a, p > 0 and a + 2 < 1. If one of the following conditions:

(i) T is weakly closed and T (A) is bounded,

(ii) T is weakly sequentially continuous,

satisfies, then there exists x € A with ||x — Tx|| = d(A, B).

Proof. Let

Ag:={x€A:|x-y| =d(A, B), for some y € B}. (2.9)
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By Lemma 3.2 of [5], Ag is nonempty; hence, there are x; € A and y, € B such that ||xo—yo|| =
d(A, B). For every positive integer n € N, define

1 1
—Yo + <1 - —)Tx, X €A,
n n

Tu(x) = (2.10)

1 1
—Xx0 + <1 - —>Tx, x € B.
n n

Then, for every x,y € AUB,
1 1
ITux =Tyl < (15 )T =Ty + 2.d(A,B)

< (17 )allx -yl + (1-3)pU-Txl ly-Tl) @1

1
—d(A, B).
+~d(A, B)

Therefore, by Theorem 2.2, for every n € N, there exists x,, € A such that

llxn = Tuxull = d(A, B). (2.12)

Since A is bounded and closed, there exist x € A such that x, — x (by passing to a
subsequence, if necessary). If (i) holds, then the sequence {Tx,} has a weakly convergent
subsequence Tx,, — Tx, thanks to the weak closedness of T. So x,,, — Tx,, — x — Tx. On the
other hands, since ||T,x, — Tx,|| = (1/n)|lyo — Tx,|| — 0, we have

”xnk - Txrlk” < ”xnk - Tnkxnk” + ”Tnkxnk - Txnk” - d(A, B) (213)
Therefore,

12 = Tax]| < lim inflloen, — Toxw, || < d(A, B). (2.14)

The proof of the statement in the case (ii) is even simpler and is a part of the above proof. [

Theorem 2.5. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T:AUB — AUBsatisfying T(A) C B,T(B) C A, and

d(Tx, sz) < kd(x, Tx) + (1 - k)d(A, B), (2.15)

forall x € AU B, where 0 < k < 1. If there are u € AU B and n € N such that T"u = u, then
d(u, Tu) = d(A, B).
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Proof. Suppose there are u € AU B and n € N such that T"u = u. If d(A, B) < d(u, Tu), since
T satisfies (2.15), we have
d(u, Tu) = d(T(T"‘1u>,T2 (T"-lu))
< kd <T"‘1u, T(T”‘1u>> +(1-k)d(A,B)
< k2d(T"-2u, T"-1u> + (1 - k2)d(A, B)

(2.16)
<k"d(u,Tu) + (1-k™)d(A,B)
<d(u,Tu),
which is a contradiction, so d(u, Tu) = d(A, B). O

Corollary 2.6. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T:AUB — AUBsatisfying T(A) C B, T(B) C A, and (2.1). If thereareu € AUBandn € N
such that T"u = u, then d(u, Tu) = d(A, B).

Proof. If y = Tx in (2.1), then

d(Tx, T2x> <ad(x,Tx)+ ﬂ[d(x, Tx) + d(Tx, T2x>] +yd(A,B). (2.17)
So
d(Tx, Tx) < P e Ty + Y d(AB) (2.18)
4 —_ 1 —ﬂ 7 1 _ ﬂ 4 . M
Hence, by Theorem 2.5, we have d(u, Tu) = d(A, B). O

3. Strongly Proximity Pairs

Let A and B be nonempty subsets of a metric space X, 6 >0,and T : AUB — AU B such
that T(A) C Band T(B) C A. Put

PY(A,B) = {x € AUB: d(x,Tx) < d(A,B) +6). (3.1)

We say that the pair (A, B) is a strongly proximity pair, if it is proximity pair, and, for any
neighborhood V of 0 in X there exists 6 > 0 such that P]‘§ (A,B) CPr(A,B)+V.
For example, if

A:{(x,y):(x—2)2+y2§1}, B:{(x,y):(x+2)2+y2§1}, (3.2)
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and T'(x,y) = (—x,y), then for every € > 0, P‘TS(A, B) C Pr(A,B)+V,where 6 = V4 + e2—-2 and
V is the sphere with radius e and center of zero. Hence the pair (A, B) is a strongly proximity
pair.

Also, if

A={(0,y):-1<y<1}, B={(x,0):1<x<2o0r -2<x<-1} (3.3)
and T: AUB — AU B such that

(y+Lx) y20,(xy) €A

-1,x <0, (x, €A,
T(x,y) = 5 (y ) ¥<0.(xy) (3.4)
(y,x-1) x>1,(x,y) €B,

L(y,x+1) x<-1,(x,y) €B,

Therefore T(A) C B, and T(B) C A and Pr(A,B) = {(0,0), (1,0)}, but the pair (A, B) is not a
strongly proximity pair, while it is a proximity pair.

Here, by introducing the concepts of T-approximatively compact pair and T-strongly
compact pair, we give some characterizations of the strongly proximity pairs of sets.

Definition 3.1. Let A and B be nonempty subsets of a metric space X andT: AUB — AUB
such that T(A) C B and T(B) C A. We say the following.

(i) The sequence {z,} € AU B is T-minimizing if

lim d(z,, Tz,) = d(A, B). (3.5)

(ii) The pair (A, B) is T-approximatively compact pair (T-a.c.p.) if every T-minimizing
sequence {z,} € AU B has convergent subsequence.

(iii) The pair (A, B) is T-strongly compact pair (T-s.c.p.) if every T-minimizing sequence
{z,} € AU B is convergent.

In the last section, we find some conditions on T such that Pr(A, B) # @, and so in this
section, we can always suppose that Pr(A, B) # (. At the first, we state an elementary lemma,
which can be used in the proof of the main theorems that follow.

Lemma 3.2. Let A and B be nonempty subsets of a metric space X,T : AUB — AU B such that
T(A) C Band T(B) C A, and the pair (A, B) is T-s.c.p. Then, Pr(A, B) is singleton.

Proof. Let x,y € Pr(A, B), hence,

d(y,Ty) =d(x,Tx) = d(A, B). (3.6)
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Now, define

x, n odd,
Zn = (3.7)

Yy, neven.

Then, the sequence {z,} is T-minimizing but is not convergent provided that x # y and so a
contradiction. O

Now, we can prove the main theorems of this section.

Theorem 3.3. Let A and B be nonempty closed subsets of a normed space X, and T : AUB — AUB
is a continuous function, such that T(A) C B and T(B) C A and Pr(A, B) #0. Then, the pair (A, B)
is T-a.c.p. if and only if the pair (A, B) is strongly proximity pair and Pr(A, B) compact.

Proof. Let the pair (A, B) be T-a.c.p., and {x,} C Pr(A,B) is an arbitrary sequence. Then
for each n, d(x,, Tx,) = d(A, B), and, by hypothesis, the sequence {x,} has a convergent
subsequence to an element of Pr(A, B). Thus, Pr(A, B) is compact.

Also, if (A, B) is not strongly proximity pair, then there exist a neighborhood V of 0
and a T-minimizing sequence {z,} C AUB with z, not belonging to Pr(A, B)+V foralln > 1.
Since (A, B) is T-a.c.p., there is a subsequence {z,, } such that z,, — z,. Then, zy € Pr(A, B),
and so z, € zo + V C Pr(A, B) + V for sufficiently large n, that is a contradiction.

Conversely, suppose that (A, B) is a strongly proximity pair and Pr(A, B) compact,
but (A, B) is not T-a.c.p. Then, there is a T-minimizing sequence {z,} C A U B without any
convergent subsequence. It follows that, for any x € Pr(A, B), there is a neighborhood U,
of x such that, for sufficiently large n, z,, does not belong to U,. Since Pr(A, B) is compact,
one can cover Pr(A, B) by finitely many Uy,,i = 1,2, ..., n. So there is a neighborhood V of 0
and ny € N such that for all n > ny, z, does not belong to Pr(A,B) + V. Since Pr(A, B) is
strongly proximity pair, there exists 6 > 0 such that P2 (A, B) C Pr(A, B) + V. Since {z,} isa
T-minimizing sequence, z, € P2(A, B) for sufficiently large n € N and this is a contradiction.

O

Corollary 3.4. Let A and B be nonempty subsets of normed space X such that AU B is compact and
T:AUB — AU B is continuous such that T(A) C B and T(B) C A. Then, the pair (A, B) is
strongly proximity pair and Pr(A, B) is compact.

Proof. Since A U B is compact, it is obvious that the pair (A,B) is T-a.c.p. Now, apply
Theorem 3.3. O

Theorem 3.5. Let A and B be nonempty closed subsets of a normed space X, and T : AUB — AUB
is continuous such that T(A) C Band T(B) C A and Pr(A, B) #0. Then, the pair (A, B) isa T-s.c.p.
if and only if the pair (A, B) is strongly proximity pair and Pr(A, B) singleton.

Proof. Suppose that (A, B) is T-s.c.p. By Theorem 3.3, (A, B) is strongly proximity pair, and,
by Lemma 3.2, Pr(A, B) is singleton.

Conversely, suppose (A, B) is strongly proximity pair and Pr(A,B) = {zo}. Let V be
a neighborhood of 0. Since (A, B) is strongly proximity pair, there exists 6 > 0 such that
PI'? (A,B) C zg+ V. Thus, for any T-minimizing sequence {z,} C AUB, z,, € P}S (A,B) Czg+V
for sufficiently large n. Hence, z,, — zo. O
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Theorem 3.6. Let A and B be nonempty closed and convex subsets of a uniformly convex Banach

space X. Suppose that the mapping T : AUB — AU B satisfying T(A) ¢ B, T(B) C A, and, for
every x,y € A

|Tx-Ty|| <al|lx-y| O<a<l). (3.8)

Then, the pair (A, B) is a T-s.c.p. if and only if Pr(A, B) is singleton.

Proof. The necessary condition follows from Theorem 3.5.

For the proof of sufficient condition, suppose that Pr(A, B) = {zo} but (A, B) is not a
T-s.c.p. Then, there is a T-minimizing sequence {z,} € AUB that is not convergent. It follows
that there exists a subsequence {z,, } of {z,} and a scaler d > 0 such that for all integer k,

1z, — zll 2 d. (3.9)

By uniform convexity of X, there exists € > 0 such that

(d(A,B)+¢)|1- 6x<%) < d(A,B). (3.10)
Since limy, ., o ||zy — Tzy|| = d(A, B), there exists k such that
|zn, = Tzn || < d(A,B) +e€. (3.11)
Also,
lzo — Tzol| = d(A, B) < d(A,B) +e. (3.12)
But
120 = Tzo = (2w, = Tzn )l 2 [120 = Zn, | = IT20 = Tz, ||
> [|1z0 ~ zu || = || 20 = Y || 513)

= [1z0 = zn || (1 — &)
>d(1-a),

Because A and B are convex, ((z+zy,)/2) € A,and Tz+Tz,, /2 € B, the following inequality
leads to a contradiction:

z+ 2y, Tz+Tz,
2 2

< (d(A,B) +e) [1-5X<M>]

d(A,B) +€ (3_14)

< d(A,B). O
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