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This paper deals with the higher-order nonlinear neutral delay differential equation
@'/atx(t) + I piOxGE)] + (@/dt ) ft,x(an(t)), .., x(a(®)) + ht,x(Br(D), ...,
x(Pr(t))) = g(t), t > to,, where n,m, k € N,pi,’ri,ﬂ]-,g S C([t0,+oo),]R),a]- € C"'l([to,+oo),R),f €
C™1([to, +0) x RK,R), h € C([to, +o0) x R¥,R), and limy_, ,,7;(t) = limy i (£) = limy 400 B (£) =
+o0,i € {1,2,...,m},j € {1,2,...,k}. By making use of the Leray-Schauder nonlinear alterative
theorem, we establish the existence of uncountably many bounded positive solutions for the
above equation. Our results improve and generalize some corresponding results in the field. Three
examples are given which illustrate the advantages of the results presented in this paper.

1. Introduction and Preliminaries

This paper is concerned with the higher-order nonlinear neutral delay differential equation:

dn—l

% [x(t) + Zpi(t)xm(t))] + e fltx(@(®), . x (1))
i=1
+h(t,x(Bi(t)),..., x(Pe(t)) = g(t), t=>t,

(1.1)

where n,m,k € N, p;,7;,pi,§ € C([to,+0),R), a; € C"'([ty, +0),R), f € C"!([ty, +0) x
Rk, R), h € C([ty, +0) x R¥,R), and

lim 7(f) = lim aj(t) = lim B;(t) = +o0, i€ (1L,2,...,m}, je(L,2,...k}.  (12)
t—+o0 t—s+00 f—s+00
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Theory of neutral delay differential equations has undergone a rapid development in
the last over thirty years. We refer the readers to [1-8] and the references therein for a wealth
of reference materials on the subject. The authors [1-8] and others discussed the oscillation,
nonoscillation, and existence of a nonoscillatoy solution for some special cases of (1.1) under
various conditions. By using the Banach fixed point theorem, Zhang et al. [4] and Kulenovi¢
and HadZiomerspahi¢ [1] studied, respectively, the existence of a nonoscillatory solution for
the first-order neutral delay differential equation:

% [x(t) +p()x(t—T)] + P()x(t—0) —Q(t)x(t—6) =0, t>ty, (1.3)

where 7 > 0, 0,6 € R*, P,Q € C([ty, +0),R*), and p € C([to, +o0),R), and the second-order
neutral delay differential equation with positive and negative coefficients:

2

dtz[x(t)+px(t—‘r)]+P(t)x(t—0') Qt)x(t-6)=0, t>ty, (1.4)

where p € R\ {£1}, 0,6 € R* and P,Q € C([ty, +o0),R"). Zhang et al. [6] considered the
second-order nonlinear neutral differential equation with positive and negative terms:

2
D e - px(e®)] + /i x@ W) - Sl x@) =0, 12t (1.5

and its corresponding equation with forced term:

dt2 [X(t) px(T(t)] + filt, x(01(1)) = fot, x(02(1)) = (1), t>to, (1.6)

where t > to, p, 7, 0; € C([to, ), R), fi € C([tg,o0) xR, R), and lim;_, 1, 7(f) = lim;_, .o, 0i(t) =
+oo for i € {1,2}. Lin [2] investigated sufficient conditions of oscillation and nonoscillation
for the second-order nonlinear neutral differential equation:

2

O -pOx(t-D)] +qf(xt-0)) =0, 20, 17)

where 7 > 0,0 >0, p,g € C(R*,R*), f € C(R,R) with xf(x) > 0 for all x#0. Liu and Huang
[3] used the coincidence degree theory to establish the existence and uniqueness of T-periodic
solutions for the second-order neutral functional differential equation of the form

&2 dx (t)

T [x(t) + Bx(t - 6)] + C——= + g(x(t—7(t))) =p), t=>0, (1.8)
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where 7,p, g : R — R are continuous functions, B, 6, C are constants, T and p are T-periodic,
C#0,|B|#1,and T > 0. Zhou and Zhang [8] extended the results in [1] to the higher-order
neutral functional differential equation with positive and negative coefficients:

n

% [x(8) + px(t = )] + )" [P()x(t - 0) - Q(Dx(t - 6)] =0, t>to, (1.9)

where p € R\ {£1}, 7,0,6 € R" and P,Q € C([ty,+0),R*). Zhou et al. [7] used the
Krasnoselskii fixed point theorem and the Schauder fixed point theorem to prove the ex-
istence results of a nonoscillatory solution for the forced higher-order nonlinear neutral
functional differential equation:

n

S X0+ pOxt -] + Sa fxt-0)) = gt), 21, (110)
i=1

where 7,0; € R, p,qi, ¢ € C([tp,+0),R) fori € {1,2,...,m} and f € C(R,R). Zhang et al.
[5] obtained some sufficient conditions for the oscillation of all solutions of the even order
nonlinear neutral differential equations with variable coefficients:

n
B e+ pOEO)] a0 fxlo@) =0, 121, (1)
where 7 is an even number, p,q,0,7 € C([ty,+o0),R*) with 0 < p(t) < 1, for all t > o,
limy oo T(t) = limy_ 4o, 03 (t) = +00 and f € C([ty, +o0), R).

The purpose of this paper is to investigate the solvability of (1.1). By constructing
appropriate mappings and using the Laray-Schauder nonlinear alternative theorem, we
establish a few sufficient conditions which ensure the existence of uncountably many
bounded positive solutions for (1.1). Our results improve and generalize some corresponding
results in [1, 2, 4, 6-8]. Three examples are given to illustrate the advantages of the results
presented in this paper.

Throughout this paper, we assume that R, R*, and N denote the sets of all real numbers,
nonnegative numbers, and positive integers, respectively, and

v = inf{7i(t), a;(t), Bi(t) : t € [to, +00), i€ {1,2,...,m}, j€(1,2,... k}}. (1.12)

Let CB([v, +o0),R) stand for the Banach space of all continuous and bounded functions in
[v, +o0) with norm |[x|| = sup,,,, |x(#)| for all x € CB([v, +0), R) and

E(N) = {x € CB([v,+) ,R) : x(t) > N for t > v}, (113)
1.13
U(M) = {x € E(N) : |x|| < M},

where M, N € R* with M > N > 0. Clearly, E(N) is a nonempty closed convex subset of
CB([v, +o0),R) and U (M) is an open subset of E(N).

By a solution of (1.1), we mean a function x € C([v,+o0),R) with some T > f; +
[v| such that x(t) + X,/ pi(t)x(7:i(t)) is n times continuously differentiable in [T, +o0) and
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f(t, x(a1(t)), ..., x(ax(t))) is n—1 times continuously differentiable in [T, +o0) and (1.1) holds
fort>T.

Lemma 1.1 (the Leray-Schauder nonlinear alterative theorem [9]). Let E be a closed convex
subset of a Banach space X and let U be an open subset of E with p* € U. Also, G : U — Eisa
continuous, condensing mapping with G(U) bounded, where U denotes the closure of U Then,

(A1) G has a fixed point in U, or

(Ay) there are x € OU and A € (0,1) with x = (1 — A)p* + AGx.

2. Main Results

Now, we apply the Leray-Schauder nonlinear alterative theorem to investigate the existence
of uncountably many bounded positive solutions of (1.1) under certain conditions.

Theorem 2.1. Assume that there exist constants M, N, po, t1 and functions F, H € C([ty, +o0),R*)
satisfying

|f(t/u1/'--/uk)| S F(t)/ v(tlull" 'Iuk) € [t0,+OO) X [NIM]k/ (21)
lh(t,o1,..., 00| <H(t), VY(tvi,...,0) € [to, +00) x [N, M]F, (2.2)
max{f F(s) ds,f s" 'max{|g(s)|, H(s)} ds} < +o0, (2.3)
to to
i 1
0<N<(1-2p0)M,  Dllpit] <po< 5 VExh >t (2.4)
in1

Then, (1.1) has uncountably many bounded positive solutions in U (M).

Proof. Let L € (ppM + N, (1-po) M). It follows from (2.3) and (2.4) that there exists a constant
T > 1+ |to| + |t1] + |v| satisfying

JMF(s)ds+I Oos"‘l[|g(s)|+H(s)] ds<min{L—poM—N,(l—po)M—L,M}.
T T

2.5)
Choose €y € (0, min{L —poM - N, (1 —po)M - L,(M — N/2)}) with
f OOF(s)ds+J‘ QOs”*1[|g(s)| +H(s)] ds<min{L—p0M—N,(1—pO)M—L,M} - €.
T T

(2.6)
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Put p* = M —¢y. Clearly, p* € U(M). Define two mappings Ay, By : U(M) — CB([v, +wx),R)
by

m - - (_l)n +00 e
(Aux)(E) = L- gp,(t)x(r,(t)) o) J‘t (s-t)""'g(s)ds, t>T, 27
(ALx)(T), v<t<T,
f:wf (s, x(a1(s)), ..., x(ax(s))) ds
n-1 ps+oo
(Bux)(®) = +%L (s = " (s, x(1(5)), ..., x(Be(s))) ds, t>T, (28)
(BLx)(T), v<t<T

for all x € U(M). It is clear to see that A;x and By x are continuous for each x € U (M). Let
Dy = AL + Br. Inview of (2.1), (2.2), and (2.4)-(2.8), we get that

(ALx)(t) + (BLx)(t)

= 3 i ; (_1)" " _p\n-1
=L - i:Z]PI(t)X(TI(t)) + (71 _ 1), J; (S t) g(s) ds
+J‘+oo f(S,x(le(s)) ..... x(ak(s)))ds
_1\n-1 ptoo
: gnl_)m f (s=)"h(s,x(p1(9),- x(u(s))) ds 2.9)

>L-poM - Lw F(s)ds - Lw s"|g(s)| + H(s)] ds

2L—pOM—min{L—poM—N,(l—pO)M—L,M;N}+£0

>N, V(tx)e[T, +o0)xU(M),

which gives that Dy : U(M) — E(N).
Now, we show that By : U(M) — CB([v,+),R) is continuous and compact. Let
{%m} ey € U (M) be an arbitrary sequence and x € C([v, +o0), R) with

|xm —x|| — as m — oo. (2.10)

Since U (M) is closed, it follows that x € U(M). For any (s, m) € [T,+o0) x N, put

Fu(s) = |f(s, xm(ar(s)), ..., Xm(ak(s))) — f(s,x(a1(8)),..., x(ak(s)))],

2.11)
Hy(s) = |h(s, xm(pr(s)),- .., Xm(Br(s))) — h(s,x(Bi(s)), ..., x(Br(s)))]-
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It follows from (2.1), (2.2), and (2.11) that

IEm(s)| <2F(s), |Hm(s)| <2H(s), ¥(s,m) € [T, +o0) x N, (2.12)

which together with (2.8)—(2.11), the continuity of f,h,a;,p; for j € {1,2,...,k}, and the
Lebesgue dominated convergence theorem yields that

|(BLxm) (t) = (BLx) ()]

< L |f (s, 2xm(@1(5)), ..., Xm(ak(s))) = f(s,x(a1(s)), ..., x(ax(s)))|ds

1
T

[ =0 s 2 B9 2 (B(9) = 5 2B ), 3 (Bl

+00 1 +oo
< F,.(s)ds + ———— s"'H,,(s)ds, Vt>T,
R i ©

+00
lim sup||Bx,, — Brx|| < lim sup(f F.(s)ds +
T

J+w s”_le(s)ds> =0,
! (2.13)

1
(n-1)!

m— oo m— oo

which means that By is continuous in U (M). It follow from (2.1), (2.2), (2.6), and (2.8) that

BLx|| = sup|(BLx)(t)|

t>v

+o0 1 +o0 -
< J‘T F(s)ds + —(n Y L s" " H(s)ds o1p

<min{L—p0M—N,(1—po)M—L,@}—eo

<M, YxeU(M),

which yields that B (U (M)) is uniformly bounded in [v, +o0).
Let € be an arbitrary positive number. Equation (2.3) ensures that there exists T* > T
satisfying

I F(s)ds +J‘ s"1H(s)ds < g (2.15)
T*

T*

Set
€

6= ,
1 +4[Q + M+ Q(T* —T)”‘1]

Q = max{F(t), H(t) : t € [T, T*]}. (2.16)

For any x € U(M) and t3, t; € [v, +o0) with [t; — ;| < 6, we consider the following three cases.
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Case1 (T* <t <tp). Inview of (2.1), (2.2), (2.8), and (2.15), we deduce that

|(BLx)(t2) — (BLx)(t1)]

+

" (s, x(@ ()., x(@x(s)))ds

15}

(_1)1171
+ o), R hEx(BE),

+

- QC}f(s,x(al(s)),...,x(ack(s)))ds (2.17)

t

(_1)7171
C(m-1)0), Y AR ey

2 +00
1) J‘T* s"1H(s)ds

+00
< ZI F(s)ds +
T*
<e.
Case 2 (T <t; <t, <T*). Suppose that n = 1. It follows from (2.1), (2.2), (2.6), and (2.8) that

[(BLx)(t2) — (BLx)(t1)]

= t oof(s,x(ocl(s)) ..... x(ax(s)))ds + L ” h(s, x(B1(s)),..., x(Pr(s)))ds
- I f(s,x(ar1(s)),..., x(ax(s)))ds - j B h(s,x(Bi(s)),..., x(Bi(s)))ds
" h (2.18)

< ftz(F(s) + H(s))ds

<2Q|t —to

<E.

Suppose that n € N \ {1}. It follows from the mean value theorem that, for each s € (f, +o0),
there exists ¢ € (s — t, s — t1) satisfying

(s=t)"" = (s=t)""| = (n-1)" |t —to] < (n=1)s" |ty — ta], (2.19)
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which together with (2.1), (2.2), (2.6), and (2.8) yields that

[(BLx)(t2) — (BLx)(t1)]

_ ;wﬂs,x(al(s)) ..... x(ax(s)))ds
N (:1_)1; j°° (5= t)" (s, 2(B1(5)), ..., X (Bi(s)))ds
_ :O f(s,x(a1(5)),..., x(ax(s)))ds
. 2;1_’1;, f°° (5= 1) (s, x(B1(5)), .., x(Pi(s))) ds

(s—t)"" = (s—t)""

< J‘:]z F(s)ds + ﬁ <J:o

(n-1D|ti—t| ("7
(n-1)! tr

< [Q +M+ (T - T)"_lQ]|t1 — b

H(s)ds + : (s - tl)"_lH(s)ds>
t

<Qlt —to] + s"H(s)ds + (T* = T)"'Qlt; - to|

< E.
(2.20)

Case 3 (v <t; <t, <T). Equation (2.8) gives that

|(BLx)(t2) = (BLx) (t1)| = [(BLx)(T) = (BLx)(T)| = 0. (2.21)

Thus, Br(U(M)) is equicontinuous in [v, +o0). Hence, By (U(M)) is a relatively compact
subset of C([v,+o0),R). That is, By is a compact mapping.

Note that for any x,y € U(M) and ¢t > T

|(ALx)(t) - (ALy) (1)

— B ) . (_1)” +00 o
- L—gpl(t)x(n(t)n(n_l)!ft (5 -ty Lg(s)ds
L Sy ®) - 2 [ s s o)
< Slp®lllx -l

<pollx =y,
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which implies that
|Ax - Ary|| < pollx-v]|, Vx,yeU(M), (2.23)

which together with (2.4) gives that A; is a contraction mapping. It follows that Dy :
U(M) — E(N) is a continuous and condensing mapping. Let xo(f) = N for all t € [v, +o0).
Notice that xo € U(M). Thus, (2.4)-(2.7), (2.14), and (2.23) yield that

IDLx|| < [[Arx]| + [ BLx]|
<[ ALx = Apxoll + [[ALxoll + M

< pollx = xo|l + M + sup

L= Spomn) + s [ (s -0 g(o)ds

T P} (n-1!), (2.24)
<po(M + N) +M+L+p0N+f s"g(s)|ds
T
<(2+p)M+2pgN+L, VYxeU(M),
that is, Dy (U (M)) is uniformly bounded in [y, +o0).
Put
S1={xeCB([v,+0),R): N<x(t) <M, Vt>v, ||x|]| =M},
Sy ={x € CB([v,+x0),R) : N < x(t) < M, (2.25)

Vt > v and there exists t* > v satisfying x(t*) = N }

It is easy to verify that oU (M) = S1 U S,.

Next, we show that (A;) in Lemma 1.1 does not hold. Otherwise, there exist x €
oUu(M) and A € (0,1) satisfying x = (1 — A)p* + ADrx. We have to discuss the following
possible cases.

Case 1. Let x € S1. By means of (2.1), (2.2), and (2.4)—(2.8), we get that, fort > T,

x(t) = (1= L)p" + A[(ALx)(t) + (BLx) ()]
< (1= (M - eo)

m 1 +oo
+ )L[L + §|pi(t)|x(7,-(t)) + T J‘t s" | g(s)|ds

+I |f (s, x(a1(s)),...,x(ak(s)))|ds

t
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1 e n-1
+(n—1)!L s" (s, x(Pr(s)) JC(ﬁk(S)))lfiS]

Abstract and Applied Analysis

< (1—)L)(M—c-:o)+)»[L+;90M+J‘+Oo

F(s)ds+ 1
t

(n-1)! ft s"|g(s)] +H(S)]ds]
< (1—)»)(M—eo)+A[L+poM+min{L—p0M_N,(1_pO)M_L/

M-N .
2 0
SM_EOI

(2.26)
which implies that

M = |[x|| = sup [x(t)| < M —eo < M,
t>v

(2.27)
which is a contradiction.
Case 2. Let x € S,. It follows from (2.1), (2.2), and (2.4)—(2.8) that
N = x(t")
= (1 -V)p" + A[(ALx) (") + (BLx) (t")]

= (1-A)(M - e) + A[(Arx) (max{t*, T} ) + (Brx)(max{t*, T})]

> (1-1)(M -¢) + .)L[L - i|pi(max{t*,T})|x(Ti(max{t*,T}))

i=1
1 +oo . +oo
_ m ,[max[t*,r} s 1|g(5) |ds - fmax[ - |f(s,x(zx1(s)) ..... x(ak(s)))|ds
1 +00 _—
s Jmax{m (s, x(1(5)), .., x(Br(s))) |ds]
>(1-1)(M —ep)
+)L|:L—p0M— ” 1—"(s)ds——1

max{t*,T}

- n-1
(n—1)! Imaxwl s lg(s)] + H(s)]ds]

¥}

> (1-A)(M—-e€) +A

L—poM—min{L—ng—N,(l—pO)M—L,M_
> (1-1)(M - e) + AN + €)

>min{M — €y, N + ¢}
=N + ¢,

(2.28)
which is absurd.
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Thus, Lemma 1.1 ensures that Dy, has a fixed point x € U(M); that is,

m (_1)71 +0o e
X0 = L= ) + gy [ -0 g0
7 oo, xaonas 2.29)
t

n-1 +00o
+ (-1) J‘ (s=1)"'h(s,x(pi(s)),...,x(Bk(s)))ds, Vt>T,

(n-1!)J,

which yields that

% [x(t) + gpi(t)x(ri(t))] + j:—;:f (& x(@1(®)), -, x(ax(t) (2.30)

+h(t,x(Br(t), ..., x(Pe(t)) = gt), Vt>T,

which means that x € U (M) is a bounded positive solution of (1.1).
Let Ly, Ly € (poM + N, (1 — po) M) with L; # L,. Similarly, we can prove that, for each
€ {1,2}, there exist a constant T, > 1 + |to| + |t1| + |v| and two mappings Ay, , B, : U(M) —
CB([v, +), R) satisfying (2.6)—(2.8), where T, L, A, and By are replaced by T,, L,, A;,, and
By,, respectively, and Aj, + By, has a fixed point z, € U(M), which is a bounded positive
solution of (1.1) in U (M). In order to prove that (1.1) possesses uncountably many bounded
positive solutions in U (M), we need only to prove that z; # z;. By means of (2.1)-(2.3), we
know that there exists T3 > max{T;, T} satisfying

+o0o +co 3 |L1 _ L2|
I F(s)ds + J. s"H(s)ds < ——. (2.31)
T3 T 4

It follows from (2.1), (2.2), (2.4), (2.7), (2.8), and (2.31) that for t > T3
|z1(t) — za2(8)]

Ly - Ly - X pi()za(7i(1) + D pi(H)za(7i(1))
i1 i=1

+f OOf(s,zl(ul(s)),...,zl(zxk(s)))ds—f Oof(s,zz(uq(s)),...,zz(ock(s)))ds
t t

L jm (5= 0" (s, 21 (B1(5)), ..., 21 (Be(5)))ds
n-1)"), P EINPIRS) )y e Z1RPK (2.32)
(_1)1171 e n-1

_mft (s — )" (s, 22(Br(5)), - .., 22 (Br(5)) ) ds

> 1L Ll - pulls -2l -2 | F@ds -2 [ 9 H(s)ds

Li-L
2|Ll—Lz|—Po||Zl—Zz||—| 12 2|,
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which implies that

lz1 = z2|| > >0, (2.33)

that is, z1 # z,. This completes the proof. ]

Theorem 2.2. Assume that there exist constants M, N, po, t1 and functions F, H € C([to, +o0), R*)
satisfying (2.1)—(2.3) and

m
N < (1+po)M, max{p;(t) : 1<i<m} <0, Zp,-(t) >po>-1, VE>t >ty (2.34)
i1

Then, (1.1) has uncountably many bounded positive solutions in U (M).

Proof. Let L € (N, (1 + po)M). It follows from (2.3) and (2.34) that there exists a constant
T > 1+ |tg| + |t1] + |v| satisfying

rﬂ F(s)ds + fm 51 [|g(s)| + H(s)]ds < min{L N, (1+poyM -1, M=N } (2.35)
T T
Take €y € (0, min{L - N, (1+po)M —-L, (M - N/2)}) such that
J‘+<>° F(s)ds + J—+oo s"|g(s)| + H(s)]ds < min{L -N,(1+p))M-L, M} - €.
! ! ’ (2.36)

The rest of the proof is similar to that of Theorem 2.1 and is omitted. This completes the
proof. O

Theorem 2.3. Assume that there exist constants M, N, po, t1 and functions F, H € C([ty, +o0), R")
satisfying (2.1)—(2.3) and

N < (1-po)M, min{p;(t) : 1<i<m} >0, Zpi(t) <po<l, Vi>t >t (2.37)
i=1

Then, (1.1) has uncountably many bounded positive solutions in U (M).

Proof. Let L € (poM + N, M). It follows from (2.3) and (2.37) that there exists a constant
T > 1+ |tg| + |t1] + |v| satisfying

I F(s)ds +f s"|g(s)| + H(s)]ds < min{L -poM-N,M-L, @

T T

}. (2.38)
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Choose €y € (0, min{L —poM - N, M —-L, (M - N/2)}) such that

M-N
2

I F(s)ds +f s"|g(s)| + H(s)]ds < min{L -poM-N,M-L,
T T

} — . (2.39)

The rest of the proof is similar to that of Theorem 2.1 and is omitted. This completes the
proof. O

Remark 2.4. Theorems 2.1-2.3 extend, improve, and unify the theorem in [1], Theorem 2.2 in
[2], Theorem 1 in [4], Theorems 2.1 and 2.3 in [6], Theorems 1 and 3 in [7], and Theorems 1
and 3in [8].

3. Examples and Applications

Now, we construct three nontrivial examples to show the superiority and applications of
Theorems 2.1-2.3, respectively.

Example 3.1. Consider the higher-order nonlinear neutral delay differential equation:

dar t? cost (-1)"tsin(1-£) /.
ﬁ[’“(”‘mx(”z“ ()

dn! [1 +2x4(t-1) —tx? (P +2)  tx?(#? +2)sin® (t — 33 (t - 2))]
+ +
din-1 1+ 1+x2(t-2)+ 1
¥(t-2) 3.1)

B+1/t) 5 ) In(1+x%(2")) +t*sin(x(#?))
+—1+t"+4 Ccos (x(t 1nt>>+ T

1-#
=, 2>
tn41n(1 + £3)

Letty=t=3,pp=5/12, m=2,k=3, M=36, N=3,v=1,

_Pcost (0 = (-1)"tsin(1-£3)
T+e PPO= T+4tf '

a(H)=t-1, a(t) =2 +2, az(t) =t -2, Bi(t) = t*Int, Ba(t) =2,

pi(t) = T(t) =t+2, () =t —t,

1+Put—tv?  to%sin®(t - Puw?)

Bs(t) =13, f(tuv,w)=

1+ T+w2+3 7
B+A/t)y 5 In(1+0%)+sinw (32)
h(t,u,v,w) = ———= ’
1+ ntt 1+ %3 4 12
1+ 2M* + tM? M? £+(1 In(1+ M?) + £
Fiy = 1+ +tM? OH@® - + (/b ( ) ,
1+ 1+ N2+ 1+ 4 1+ 743 4 2
1-8 5
g(t) = , Y(t,u,v,w) € [ty, +o0) x R”.

4 In(1 + £)
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It is clear that (2.1)—(2.4) hold. Consequently, Theorem 2.1 ensures that (3.1) has uncountably
many bounded positive solutions in U (M). But Theorem in [1], Theorems 2.1 and 2.3 in [6],
Theorems 1 and 3 in [7], and Theorems 1 and 3 in [8] are null for (3.1).

Example 3.2. Consider the higher-order nonlinear neutral delay differential equation:

% [x(t) - 1_:—z3tzx<t + t2> -1 it;zx(tz —4t>]

. dv1 [ 2+ 822t - (1/1)) . 2x%(t - (1/1))
dgn-1 1+t6 (T+t)(1 +tx2(22 - 1))

(3.3)
£ —x?(2 —t) - 23 (tIn(1 + 1))

’ (1+ tn+4) [2 + sin? (Bx(f2 — H)x4(tIn(1 + t)))]

1+t

_ 2
- (1 t+t 1n(1+2|t|)), £>1.

Letto=t; =1, po=-13/21, m=2, k=2, M =400, N =100, v = -4,
(t) = £ (t) = 2 T(t) =t + 1 To(t) = -4t
P =" PY T e MWEETE REE A

al(t)=t—%, a(t)=22—t,  Pi(t)=t—t,  Pu(t) =tIn(1+1),

f(tuv)—2+t4u2+ 2u? h(t,u, ) = B —u? -8
T 1+t0  (1+#)(1+t0?)’ Y (1+tn+4) (2 N sinz(t3uv4)) (34)
2+t M? 2 M? £+ M2+ 2 M3
F(t) = =2 + . H(p)=-—2 TtV
1+t6 (1+t4)(1+tN?) 2 + 2pn+d
1+t
gt = <1 —t+£1In(1+ 2|t|)), V(t,u,v) € [to, +o0) x R2.

It is easy to verify that (2.1)-(2.3) and (2.34) hold. Consequently, Theorem 2.2 guarantees
that (3.3) has uncountably many bounded positive solutions in U (M). But Theorem in [1],
Theorem 1 in [4], Theorem 2.3 in [6], Theorem 3 in [7], and Theorem 3 in [8] are useless for
(3.3).
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Example 3.3. Consider the higher-order nonlinear neutral delay differential equation:

i[xa) BN +Mx(2+m)]

ar | et 1+3In(1+£)

dnl [t+x3(8 +2£2) — (-1)" sin(x(?)) (35)
+ .
dgn1 1+ 15+ 2x4(12)
. B-x?(t-2)+£x°(t-2)  t-(-1)"In1+V1+£ .
L+ t) L+ tx2(PIn(1+1)))  pn+6/D + /T +cos2t
Letto=t =2, po=11/12, m=2,k=2, M=24, N=1,v =0,
) £ ()= 2n(+#) ) =t +1 (t) = 2+ Int
= — = = + = +
p1 1+ 12 + 447 P2 1+3In(1+¢2)’ m ’ & b
ar(t)y =P +22, ) =t, Pit)=t-2,  fo(t) =FPIn(l+t),
t+u® - (-1)"sinv 2 —u? + Pud
t,u, = ’ h t,u, = ’
fltu) 1+6+ 208 (t1,0) = s 1+ 102) (3.6)
3 2 3 2 2 Af5
F(t) = t+ M’ +t Ht) t°+ M- +t-M

1485+ 12N - (1 +t75)(1 +tN2?)’
t— (-1)" 1n(1 +V1+ t2>

t1+6/2) 4 \/1+ cos?t

g(t) = Y(t,u,v) € [to, +o0) x R?.

Obviously, (2.1)-(2.3) and (2.37) hold. It follows from Theorem 2.3 that (3.5) has uncountably

many bounded positive solutions in U(M). But Theorem in [1], Theorem 2.2 in [2],
Theorem 2.1 in [4], Theorem 2.1 in [6], Theorem 1 in [7], and Theorem 1 in [8] are inapplica-
ble for (3.5).
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