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We study the following two-order differential equation, (®,(x"))'+ f (x, t)®, (x') +g(x, t) = 0, where
D,(s) = Is|?2)s, p > 0. f(x,t) and g(x,t) are real analytic functions in x and ¢, 2asr,— periodic
in x, and quasi-periodic in t with frequencies (wy,...,w;,). Under some odd-even property of
f(x,t) and g(x,t), we obtain the existence of invariant curves for the above equations by a variant
of small twist theorem. Then all solutions for the above equations are bounded in the sense of
sup,glx (£)] < +oo.

1. Introduction

The Kolmogorov-Arnold-Moser (KAM) theory was developed for conservative (Hamilto-
nian) dynamical systems that are nearly integrable. Integrable systems in their phase space
contain lots of invariant tori, and KAM theory establishes persistence of such tori, which carry
quasi-periodic motions, whereas parallel results exist for other classes of dynamical systems
as well. In particular, the reversible KAM theory (starting with Moser’s paper [1]) is to a
great extent parallel to the Hamiltonian ones, see [2-6] and references therein. In the case of
reversible diffeomorphisms, however, some special effects are exhibited [7], and the weakly
reversible KAM theory has been developed in [8, 9].

In this paper, we will consider the P-Laplace equations with quasi-periodic reversible
structure. Firstly, we give some concepts of reversible system, a mechanical system of s
particles with the interaction forces which are independent of velocities or even functions
in velocities; such a system ruled by the Newton equation, d*r/dt*> = F(r,v), r € R*, v =
dr/dt, F(r,-v) = F(r,v), is time reversible, that is, reversing all the velocities v reverses all
the trajectories in the configuration space R*. More generally, an autonomous differential
equation du/dt = V(u) and the corresponding vector field V are said to be reversible if there
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exists a phase space involution G (a mapping which G* = Id) that reverses the direction of
time: TGoV = -V o G, where TG is the differential of G; that is, G transforms the field V into
the opposite field —V. This u(t), in addition to G(u(-t)), is a solution of the equation.

In the above example, G : (r,v) — (r,—v). A system

d
B fwn,  Yesrn, xer, yer, (L)

is reversible with respect to the involution

G:(x,y) — (-x,y) (1.2)

if and only if f is even in x and g is odd in x.
We can refer to [2, 8-11] for more detailed concepts of reversibility. Side by side with
reversible vector fields, there are reversible diffeomorphisms. A mapping A is said to be
reversible if there exists an involution G that conjugates A with its inverse A~!, thatis, AGA =
G. The flow map of a reversible vector field for each fixed time is reversible with respect to
the same involution, and vice versa.

In [12] Liu considered the following quasi-periodic mappings:

A (xy) — (x+w+y+ f(xy)y+8(xy)), (1.3)

where f and g are quasi-periodic in x with frequencies yj, ..., p;, and real analytic in x and
y, the variable y ranges in a neighborhood of the origin of the real line R, and w is a positive
constant. He supposes that the mapping A is reversible with the involution R : (x,y)
(-=x,vy), thatis, RAR = A7 Such a map is often met when the vector field is quasi-periodic
in time and reversible with respect to the involution R. In fact, the phase flow induces such a
map on a cross-section transversal to the vector field.

The invariant curve theorem of reversible systems was first obtained by Moser [1] who
then developed it [13] (for continuous systems), it was also developed by Sevryuk [9] (for
both continuous and discrete system). In [1], the author also studied the existence of invariant
tori of a reversible system depending quasi-periodically on time. In [12] Liu obtained an
invariant curve theorem for reversible quasi-periodic mappings, as application, he studies
the existence of quasi-periodic solutions and the boundedness of solutions for a pendulum-
type equation

X"+ f(x,t)x' + g(x,t) =0 (1.4)

and an asymmetric oscillator depending quasi-periodically on time. By some theorems in
[12], in this paper, we consider two-order differential equations

(@ () + fx, )Dy (') + g(x, ) =0, (1.5)

where @, (s) = |s|(’”72)s, p>0, w>0; if p=2,itbecomes (1.4).
Our main result is the following theorem.
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2. Main Result
We first give some definitions [12].

Definition 1. A function f : R — R is called real analytic quasi-periodic with frequencies
Ui, ..., im if it can be represented as a Fourier series of the type

ft) = Ek]fke“"” " 2.1)

where k = (ki,..., k), p = (p1,--., pm), (k,p) = 2kjpj #0; if k#0, the coefficients fi
decay exponentially with |k| = |ki| + -+ + |kp|.

Definition 2. The vector u = (y1, ..., um) satisfies the Diophantine condition if:

c
[(k, )| > " c,0>0 (2.2)

for all integer vector k #0.

For our study of (1.5), where f(x,t) and g(x,t) are real analytic in x and ¢, 2asr,
periodic in x, and quasi-periodic in t with frequencies (wj, ..., w,,), where the number s,
is defined by

(p-1)"?
yr,,zzf ds —. (2.3)
o [I-s/(p-1)]

Moreover, we assume
flx, =t = fo ), g(-x,~t) = g(x,1). (2.4)

Theorem 2.1. Suppose that (ws, ..., wy,) satisfy the Diophantine condition

|(k, )| > ﬁ for ke Z™\ {0}, (2.5)

where ¢y, 0y are positive constants. Then there are infinitely many quasi-periodic solutions with large
amplitude, and the solutions of (1.5) satisfy

sup|x'(t)| < +oo. (2.6)
teR

3. Coordination Transformation

In this section we first make a coordination transformation then study the boundedness of all
solutions of the new system.
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Equation (1.5) is equivalent to the planar system:

X' =Dy (y),
y/ = _f(xrt)y _g(xrt)'

(3.1)

It is easy to verify that planar system (3.1) is reversible with respect to the involution R :

(6, y) = (=x,y).

Since we are concerned with the boundedness of solutions and the existence of quasi-
periodic solutions with large amplitude, we may assume |y| > 1. Instead of considering
planar system (3.1), we are concerned with the following system:

a_ 1
dx @, (y)’

dy _ _fxby gt
dx  Du(y)  Dy(y)

(3.2)

We will prove that if (t(x), y(x)) is a solution of system (3.2), then |y| is bounded.

4. Poincaré Map

In this section, we first introduce new action variable then give an expression for the Poincaré
map of the new system.
Introduce a new action variable v and a small parameter ¢ as follows:

S ve[l] >1 4.1)
Y @, ()0’ Y’Y’Y . '

So system (3.2) is changed into the following form:

ﬂ = E(Dq(v)r

dx
p (4.2)
v _ o P+l
Ix elv|lf(x,t) + el v g(x,t).

It is easy to verify that system (4.2) is reversible with respect to the involution (¢, v) — (-, v).
We make the ansatz that the solution (t(x, vy, to, €), p(x, v, to, €)) has the following form:

t =ty + €T (x, vy, to; €), v=Vy+eV(x,v,ty; €). (4.3)
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The functions T and V satisfy

dar

I @D, (Vo + V) = Dy(Vo) + O(e),
dv y (4.4)
— = f(x, to+eT) Vo + eV|T+ D, ()| Vo + VT g(x, to + T)
dx p 8

= f(x,to)Vy + O(e).

Denote by P the Poincaré map of (4.2); then, from the above equations, it is easy to see that

2arm,

P(ty, Vp) = (to +2am,e®,(vo) + O<£2>, Vo + EVOq f(x,ty) dx + O<£2>>. (4.5)
0

5. The Proof of Theorem 2.1

In this part, we will prove the map P has an invariant curve, and then boundedness
of solutions of (1.5) follows from the standard arguments [14-18]. In the following, we
will apply the invariant curves of quasi-periodic reversible mapping theorem to prove our
conclusion.

Now we state Liu’s result [12].
Consider the map

Ms: (x,y) — (x+a+6L(x,y) +6f(x,y,6), y+6M(x,y) +6g(x,y,6)), (5.1)

where L, M, f,g are quasi-periodic in x with the frequencies pi,...,p1m, f(x,y,0) =
g(x,y,0) =0.

We also assume that these functions are real analytic in a complex neighborhood of the
domain R x [ay, b1]. The functions L and M can be represented in the form

Lixy) =Lxy) +Llxy) = 3 Li(y)e™*+ 3 Li(y)e*r~,
kezZm\K keK

— — A . (5.2)
M(x,y) = M(x,y) + M(x,y) = 3 Mi(y)e' ™ + 3 My (y)e ™.
kezZm\K kekK
Note that
ellkma _ 140, for ke Z™\ K,
— _ _ _ (5.3)
Lix+a)=L(x), M(x+a)=M(x).
Lemma 5.1 ([12, Theorem 4]). Suppose the function L satisfies
L(x,y) >0, 2—; >0, (5.4)
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and there is a real analytic function I(x,y) = I(x + a, y) satisfying

g >0,
oy
(5.5)

— oI — ol
L y) g (oy) + M(xy) 5 (xy) =0

Moreover, suppose that there are two numbers a and b such that a;<a< b< b; and

Ini(a1) < In(@) < In(@) < Iy (E) < Iy <E) < Lu(by), (5.6)
where
In(y) =maxI (x,y),  In(y) =minl(xy). (5.7)

Then there exist € > 0 and A > 0 such thatif 6 < A and
”f(/ /6)” + ”g(/ /6)” <g, (58)

the mapping M has an invariant curve which is of the form y = ¢(x), and ¢ is quasi-periodic
in x with frequencies p1, . .., . The constants € and A depend on a, 4, l;, b, L, M,and I.In
particular, ¢ is independent of 6. If a = 0, the conclusion also holds; in this case, K = Z™, L=
M:O,Z=L, and M = M.

For the Poincaré map P(ty, Vy) of (4.2), let

I(to, Vo) = Vo (1/2am) I " flxnxdr (5.9)

Since f(-t,—x) = —f(t,x), we know that I(ty, Vp) is even and quasi-periodic in #; with
frequencies py, ..., . And it is easy to see that

ﬁ = e*(1/2a7rp) jéo J‘S"”p f(x,tydx dt >0,
oV

— ol — ol
L(Vy, tO)a_h)(Vo’ to) + M(Vy, fo)a—VO(Vo, to)

24Ty to (2amp
f(xl tO)dx . 67(1/2‘”’#’).{0 o flxt)dxdt
0

= 2am,®4(vo) - Vo <_2a.71'p

2“‘”}’ ty (2amp
+ V(? f(x, to)dx i e—(l/Za]rp) I o P flxtdx dt
0
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2asmy,

VI flx to)da - e (1/28m) 57T Sxdeds
0

2“”? to Zaer
- Voq f(x, to)dx - e~ (1/2amy) [ [ flxhdxdt _
0

(5.10)

Moreover, if we define & and f by

I(ty, V) = Voe—(l/Zayrp)J‘éﬂ Ig‘”n f(x,t)dxdt,

. 1 to 2117[,, 1 t[) Zayrp
o = min exp <_2ayr,, L . f(x, t)dx dt>, p= max exp <—2[m_p J; , f(x, t)dxdt ),
(5.11)

then > a > 0. Now we choose the constants y, y1, 12 as

Y= (2;)3 >1, 11 = <2§>_1, Y2 = <2§). (5.12)

Then

b0 (2970 £ (x, t)dox dt> *

()= (
In( =) = —max exp
Y YtQER

_ . 2am,
In(y) =y min exp 2 O f(x t)dxdt> =

2
Lu(n) =m mm exp fgm” f(x, t)dx dt> L

1
2ar, asm,
a,
1
(5.13)
In(y1) = y1 max exp —L o fzwr” f(x, t)dxdt ﬁ
tyeR 2am, 10 70 ’ 2’
_ . 1 2am, _
Lu(y2) =12 %1611? exp <—m jo f(x,t)dx dt> = 2[5,
1

Im(y2) =12 max exp < fgm” f(x, t)dx dt>

We have already demonstrated that the map P satisfies all the conditions in
Lemma 5.1; hence, P has an invariant curve; thus, all solutions of (1.5) are bounded.
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