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This paper is concerned with the following nonlocal elliptic system of (p,q)-Kirchhoff type
~[IMi(J, IVulP) P Ay = AF, (x,1,0), in Q, ~[Ma(fo [Vo|)]7 " Ao = AFy(x,u,0), in Q,u =10 =0,
on 0Q. Under bounded condition on M and some novel and periodic condition on F, some new
results of the existence of two solutions and three solutions of the above mentioned nonlocal elliptic
system are obtained by means of Bonanno’s multiple critical points theorems without the Palais-
Smale condition and Ricceri’s three critical points theorem, respectively.

1. Introduction and Preliminaries

We are concerned with the following nonlocal elliptic system of (p, q)-Kirchhoff type:

p-1
- [M1 <j |Vu|”>] Apu=A\F,(x,u,v), inQ,
Q

-1 1.1
—[M2<J‘ |Vv|">] Agv = AFy(x,u,v), inQ, (1)
Q
u=0v=0, on 0Q,

where Q ¢ RN (N > 1) is a bounded smooth domain, A € (0, +c0), p> N, g> N, A, is the
p-Laplacian operator

Aput = div(|Vu|P-2Vu>, (1.2)

and M;: R' — R, i=1, 2, are continuous functions with bounded conditions.
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(M) There are two positive constants 1, 7 such that
my SMl(t) Sml, VtZO, i= 1,2 (13)

Furthermore, F : Q x R x R — R s a function such that F(x, s, t) is measurable in
x for all (s,t) € R x R and F(x,s,t) is C' in (s,t) for a.e. x € Q, and F, denotes the
partial derivative of F with respect to u. Moreover, F(x, s, t) satisfies the following.

(F1) F(x,0,0) =0 for a.e. x € Q.

(F2) There exist two positive constants y < p, f < g and a positive real function a(x) €
L*(Q) such that

|F(x,s,t)] <a(x) <1 + 8" + |t|ﬂ>, for a.e. x € Q andall (s,t) € Rx R. (1.4)

The system (1.1) is related to a model given by the equation of elastic strings

2 2
o“u
dx | — = 1.
x>6x2 0 (1.5)

which was proposed by Kirchhoff [1] as an extension of the classical D’Alembert’s wave
equation for free vibrations of elastic strings, where the parameters in (1.5) have the following
meanings: p is the mass density, Py is the initial tension, k is the area of the cross-section, E is
the Young modulus of the material, and L is the length of the string. Kirchhoff’s model takes
into account the changes in length of the string produced by transverse vibrations.

Later, (1.5) was developed to the form

ou

u R E " ou
h 2L Oox

Por 2L

U — M<J‘Q |Vu|2> Au= f(x,u) inQ, (1.6)

where M : R* — Risa given function. After that, many people studied the nonlocal elliptic
boundary value problem

— 2 = 3 —
M(IQ|Vu| >Au f(x,u) inQ, u=0on 0L, (1.7)

which is the stationary counterpart of (1.6). It is pointed out in [2] that (1.7) models several
physical and biological systems, where u describes a process which depends on the average of
itself (e.g., population density). By using the methods of sub and supersolutions, variational
methods, and other techniques, many results of (1.7) were obtained, we can refer to [2-12]
and the references therein. In particular, Alves et al. [2, Theorem 4] supposes that M satisfies
bounded condition (M) and f(x, t) satisfies condition (AR), that is, for some v > 2 and R >0
such that

0<v F(x,t) < f(x,t)t, V[{|>R, x€Q, (AR)
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where F(x,t) = fé f(x,s)ds; one positive solutions for (1.7) was obtained. It is well known
that condition (AR) plays an important role for showing the boundedness of Palais-Smale
sequences. More recently, Corréa and Nascimento in [13] studied a nonlocal elliptic system
of p-Kirchhoff type

_ [M1<L2 |Vu|”>]p1Apu = f(u,v) +p1(x), in Q,

p-1
- [M2 (J‘ |Vv|’”>] Ayv = g(u,v) + pa(x), inQ, (P)
Q
ou O0v
a = a = O, on (39,

where 77 is the unit exterior vector on 0Q, and M;, p; (i = 1,2), f,g satisfy suitable
assumptions, where a special and important condition: periodic condition on nonlinearity
was assumed. They obtained the existence of a weak solution for the nonlocal elliptic
system of p-Kirchhoff type (P) under Neumann boundary condition via Ekeland’s Variational
Principle.

In the present paper, our objective is to consider the nonlocal elliptic system of
(p, q)-Kirchhoff-type (1.1), instead of the nonlocal elliptic system of p-Kirchhoff type and
single Kirchhoff type equation. Under bounded condition on M and some novel conditions
without PS condition and periodic condition on F, we will prove the existence of two
solutions and three solutions of system (1.1) by means of one multiple critical points theorem
without the Palais-Smale condition of Bonanno in [14] and an equivalent formulation [15,
Theorem 2.3] of Ricceri’s three critical points theorem [16, Theorem 1], respectively.

In order to state our main results, we need the following preliminaries.

LetX = Wg’p(Q) X Wg’q(Q) be the Cartesian product of two Sobolev spaces, which is a
reflexive real Banach space endowed with the norm

G, 0) = [laell, + [, (1.8)

where || - ||, and [| - [|; denote the norms of WS’P(Q) and W;’q(Q), respectively. That is,

il = ( wa) " el - (/. worr) 19)

for all u € W,”(Q) and v € W, 7(Q).
Sincep > N and g > N, Wg’p (Q) and Wg’q(Q) are compactly embedded in C° (Q). Let

max_ g {|u(x) max_ 5 {|v(x)|7
C:max Sup xEQ{Ip( )| }’ Sup er“q( )| } ; (110)
ueW,” (@)\(0) [oellp W, (Q)\{0} llollg



4 Abstract and Applied Analysis

then we have C < +oo. Furthermore, it is known from [17] that

T N NN (N
LW @\ (0] [Juall,, & 2 p-N

(1.11)

where I' denotes the Gamma function and |Q| is the Lebesgue measure of Q. Additionally,
(1.11) is an equality when € is a ball.
Recall that (1, v) € X is called a weak solution of system (1.1) if

(o) e o [ )

—J\J- Fu(x,u,v)(p(x)dx—ij Fo(x,u,v)g(x)dx =0,
Q Q

(1.12)

for all (¢, ¢r) € X. Define the functional I : X — R given by
1~ 1~
I(u,v) = —M1<J‘ |Vu|”> + =M, <J |Vv|‘7> —J\J F(x,u,v)dx (1.13)
p Q q Q Q
for all (1, v) € X, and where
. t . t
M (t) = I [M(s)]"'ds, M (t) = f [M,(s)]%'ds, Vt>0. (1.14)
0 0

By the conditions (M) and (F2), it is easy to see that I € C'(X, R) and a critical point of I
corresponds to a weak solution of the system (1.1).

Now, giving xg € Q and choosing R, > R; > 0 such that B(xg, Ry) C Q, where B(x, R) =
{y € RN : |y — x| < R}. Next we give some notations.

a1 =a1(N,p,Ri,Ry) =

CPRY -RN) T anz N
R, - R I'(1+N/2) ’
(1.15)

Cl/q RN _RN 1/q JZ'N/Z 1/q
ay=a(N,q, R, Ry) = (Ry ~Ry) < )> .

R -R T(1+N/2
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Moreover, let a, ¢ be positive constants, denote

N 1/2
y(x) = R, f R <R2 - {Z(xi _x3>2} > Vx € B(xo, R2) \ B(xo, Ry),

i=1

A(c)={(s,t) eRxR:[s]P +|t|" < c}, g(c) =f sup F(x,s,t)dx,
Q (s,t)eA(c)

k(a) = f F(x,y(x),y(x))dx + f F(x,a,a)dx,
B(x0,R2)\B(x0,R1) B

(x0,R1)

mf_l m;’_l mg_l mg_l
h(c,a) = k(a) — g(c), M* =max{4 —, —— ¢, M_=min{ —,—— ¢.
8 P q p q

(1.16)

Now we are ready to state our main results for the system (1.1)

Theorem 1.1. Assume that (F1)-(F2) hold and there are three positive constants a, ci, ca with
c1 < (am)? + (aap)? <1 < ¢ such that

M*g(c1) < M_h(cy, a), M~*g(c2) < M_h(cy, a). (1.17)

Then, for each

Le <M+[(aa1)7’ + (amy)’] M_ci[(am)? + (aaz)7] min{ 1 1 }>, (1.18)

Ch(cy, a) ’ C g(c1)" g(c2)

there exists a positive real number p such that the system (1.1) has at least two weak solutions (u;, v;) €
X (i = 1,2) whose norms in C°(Q) are less than some positive constant p.

Theorem 1.2. Assume that (F1)-(F2) hold and there are two positive constants a, b, with (aa;)P +
(aa2)? > bM™*/M_ such that

(F3) F(x,s,t) >0 fora.e. x € Q\ B(xy, Ry) and all (s,t) € [0, a] x [0, a];

(F4) [(am)? + (aaz)q]|Q|sup(xlslt)EQXA(bM+/Mi)F(x, s,t) < be(xg,Rl) F(x,a,a)dx.

Then there exist an open interval A C [0, +oo] and a positive real number p such that, for each
A € A, the system (1.1) has at least three weak solutions w; = (u;,v;) € X (i =1,2,3) whose norms
lzi|| are less than p.

2. Proofs of Main Results

Before proving the results, we state one multiple critical points theorem without the Palais-
Smale condition of Bonanno in [13] and an equivalent formulation [14, Theorem 2.3] of
Ricceri’s three critical points theorem [15, Theorem 1], which are our main tools.
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Theorem 2.1 (see [14, Theorem 2.1]). Let X be a reflexive real Banach space, and let ¥, ® : X — R
be two sequentially weakly lower semicontinuous functions. Assume that ¥ is (strongly) continuous
and satisfies limy,, ¥ (1) = +co. Assume also that there exist two constants ry and ro such that

(]) ianIP <r <71y

(jj) @1(r1) < @a2(r1,12);
(777) p1(r2) < a(r1,12);

where
( ) B f CD(M) - infuem(b(u)
piir) = ue‘P‘llr(l—oo,r) r— lP(I/l) !
(2.1)
. D (u) - d(v)
r1,172) = inf su _——
pr)= b vt B (0) — ¥ (u)
Then, for each
1 1 1
Le ,min p , 2.2
<(P2(7’1,7’2) {<P1(T1) a2(r2) }) @2

the functional ¥ + A® has two local minima which lie in Yl (~c0, 1) and ¥~ [ry, 1), respectively.

Theorem 2.2 (see [15, Theorem 2.3]). Let X be a separable and reflexive real Banach space.
¥ : X — Ris a continuously Gateaux differentiable and sequentially weakly lower semicontinuous
functional whose Gateaux derivative admits a continuous inverse on X*; @ : X — Ris a continuously
Gateaux differentiable functional whose Gateaux derivative is compact. Suppose that

(1) Ly — o (W(u) + AD(u)) = +oo for each A > 0;
(ii) There are a real number v, and uy, uy € X such that ¥(ug) <r < ¥(uy);

(iif) infyey-1 (o0 P (1) > (¥ (u1) — 1) D(uo) + (r — W (u0))P(ur)) / (¥ (u1) - ¥(uo)).

Then there exist an open interval A C [0, +oo] and a positive real number p such that, for each
A € A, the equation W' (u) + A\®'(u) = 0 has at least three weak solutions whose norms in X are less
than p.

First, we give one basic lemma.

Lemma 2.3. Assume that (M) and (F2) hold; let
1~ 1~
¥ (u,v) = —M1<f |Vu|”’> + =M, (f |Vv|‘7>, D(u,v) = —f F(x,u,v)dx, (2.3)
p Q q Q Q

for all (u,v) € X. Then ¥ and @ are continuously Gateaux differentiable and sequentially weakly
lower semicontinuous functionals. Moreover, the Gateaux derivative of ¥ admits a continuous inverse
on X* and the Gateaux derivative of ® is compact.
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Proof. By condition (M), it is easy to see that ¥ is continuously Gateaux differentiable.
Moreover, the Gateaux derivative of ¥ admits a continuous inverse on X*. Thanks to p >
N,g > N, and (F2), @ is continuously Gateaux differentiable and sequentially weakly lower

semicontinuous functional whose Gateaux derivative is compact. Next We will prove that ¥
is a sequentially weakly lower semicontinuous functional. Indeed, for any (u,,v,) € X with

(ty, vy) — (u,v) in X, then u,, — u in Wg’p (Q) and v, — vin Wg’q(Q). Therefore,

iminf [luyll, > lull,, — liminf o], > ], (2.4)

due to the weakly lower semicontinuity of norm. Hence by virtue of the continuity and
monotonicity of My and M,, we conclude that

A711<f |Vu|”> §M1<liminff |Vun|”> < liminf M; (J |Vun|”>,

Q n—oo Q n—oo Q

I\A/Iz<f |Vv|’7) §M2<liminff |an|’7) < liminf M2<f |an|‘7),
Q n—oo Q n—oo Q

Consequently, ¥ is a sequentially weakly lower semicontinuous functional. O

(2.5)

Proof of Theorem 1.1. Let
1= 1~
Y(u,v) = —M; <I |Vu|p> +-M, (J‘ |Vv|q>, D(u,v) = —f F(x,u,v)dx (2.6)
p Q q Q Q
for all (1,v) € X. Under condition (M), by a simple computation, we have
M- (llully + [0l7) < ¥, 0) < M*(Jlully + [0]7)- (27)
Therefore, (2.7) implies that

Iim W¥(u,v) = +oo. (2.8)

(o)l = +oo

Put
M_c M_c

n=-c Ham) + (am)T], = C * [(acr)? + (). (2.9)

Denote
®d(u,v) — inf v w1, v)
1 (T) _ inf (u,v)e ¥-1(-o00,r) ,
(u,0)€ ¥1(~o0,r) r— lp(u/ U) (2 10)
) D(u,v) - D(uy,v1) '
pa(r1,12) = inf sup

(wo)e W(-o0,r1) (w1,01)€ W-1[r,m) lp(ull Ul) - qr(u/ U) ’

and ¥-1(-oo, 7)™ is the closure of ¥~ (—co, r) in the weak topology.
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Set
0, x € Q\ B(x, Ry),
N 1/2
ZU()(X) = a <R2— {Z(xi—xf))} >, xEB(xo,Rz)\B(xo,Rl),
Ry - Ry i=1
a, X € B(.X'O,Rl).

Then (ug,vy) € X, where uy(x) = vy(x) = wy(x) and

P
P p_ (am) q q
lluollp = llwwoll, = — lvollg = llzoolly =

(aay)?
C

Consequently, (2.7) and (2.12) imply that

< T(uo,vo) < 71.

Furthermore, (2.13) implies that

(7' 7 ) inf su CD(u/U) _CD(u1IU1)
2\T'1,72) =
¢ (u,0)e ¥1(-o0,r1) (u1,01)€ 1}113-1 [rl’rz)q!(ull vl) - IP‘(u, Z))

> inf 200) =l %)
()% (~o0,r) ¥ (U0, v0) — ¥ (u, v)

On the other hand, by (F1), (1.17), and, (2.11), one has

.
[ P, oy = k(@) > hier,a) > Tgle) > glen = [ sup Foos nax.
Q M Q (s,)eA(cr)

For each (u,v) € X with ¥(u,v) < ry, and x € Q, by (2.7), we conclude

(P + (I < (Il + olf) < 7 = e [(a)” + (a)] < .

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)



Abstract and Applied Analysis 9

Therefore, the combination of (2.15) and (2.16) implies

CD(u,v) - CI)(uo,vo) _ _[QF(XI uO/UO)dx - IQ F(x/u/ U)dx
W (1, vo) — ¥ (u,v) - W (1, vo) — ¥ (u,v)

. Jg F (o, 10, 00)dX = [ SUP 4oy e F (3, U, 0) X
- W (uo, vo) — ¥(u,v)

. Jo F(x, u0,v0)dx — [, SUP ()7 + o) 1<, (%6, 1, 0)dx

- (o, 00) 217)

Jo F(x, 10, v0)dx — [, SUP |, ()74 o()1<e, E (%, 4, 0) dx
) M (lluolly + llooll?)

C

= h(cy, a).

M*[(aa1)? + (aaz) (c1,)

By (2.14) and (2.17), we have
C
h(ci, a). (2.18)

pa(r1,12) > M+ [(aar)’ + (aa)]

Similarly, for every (u,v) € X such that ¥(u,v) < r, where r is a positive real number, and
x € Q, one has

(P + o)l < C(Jul, + o) < 11 (2.19)

By virtue of ¥ being sequentially weakly lower semicontinuous, then ¥-1(-oo,r)* =
Y1 (~co, r]. Consequently,

D (u,v)

oi(r) = inf P(u,0) —inf, ) T
(up)e ¥l(-oor) r—%¥(u,v)

< (I)(O, 0) - inf(u,v)e W@(u, ’U)

= r—¥(0,0)

(2.20)

—inf D(u,v)

(u,0)e ¥1(-00,r)%

r

IN

fg SuP|u(x)|p+|v(x)|qSCr/M,F(xr u,v)dx

r
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It implies that

glcr) C C
p1(r) < Mg [(aa1)” + (aay)T] gler) < M+ [(aar)? + (aa)’] Hev e, 22D
pi1(r2) < ge) < ¢ h(cy,a). (2.22)

 M_o, [(aa1)? + (aay)7] glea) < M*[(aa1)? + (aay)7]
By (2.18)—(2.22), we conclude
¢1(r1) < ¢a(r1,12), p1(r2) < ¢pa(r1, 12). (2.23)

Therefore, the conditions (j), (jj), and (jjj) in Theorem 2.1 are satisfied. Consequently, by
Lemma 2.3 and above facts, the functional ¥ + A® has two local minima (11, v1), (12, v2) € X,
which lie in ¥~ (-0, 71) and ¥~![ry, 1), respectively. Since I = ¥ +A®D € C', (u1,v1), (42, v2) €
X are the solutions of the equation

Y (u,v) + AD'(u,v) = 0. (2.24)

Then (u1,v1), (42, v2) € X are the weak solutions of system (1.1).
Since W (u;, v;) <1y, i=1,2,by (1.10) and (2.7),

4 ()P + 01 ()] < % <, i=1,2; (2.25)

which implies there exists a positive real number p such that the norms of (u;,v;) € X (i =
1,2) in C°(Q) are less than some positive constant p. This completes the proof of Theorem 1.1.
O

Proof of Theorem 1.2. Let
1~ 1~
¥(u,v) = —M1<f |Vu|’”> + =M, (I |Vv|q>, ®(u,v) = —f F(x,u,v)dx  (2.26)
p Q q Q Q
for all (u,v) € X. By (F2) and (2.7), we have

¥(u,v) + \D(u,v) = %1\711([ |V”|p> + %Mz <J‘ |Vv|q> - AJ‘ F(x,u,v)dx
Q Q Q
> M- (Jlull + l[oll}) —Af a(@) (14 (@) + o) )dx  (227)
Q

> M- (Jlully + lIol]) = Allall, (121 + killully + Kalloll}),



Abstract and Applied Analysis 11

where ki, k; are positive constants. Since y < p, f < g, (2.27) implies that

(¥(u,v) + \®d(u,v)) = +o0. (2.28)

l(w0)| = +o0

The same as in (2.11), defining a function wy(x), and letting uo(x) = vo(x) = wop(x), then
(2.12) is also satisfied. Choosing r = bM*/C, by (2.7), (2.12), and (aa; )" + (aaz)? > bM*/M_,
we conclude

M_ M_bM*
W(uo,00) 2 M- (ol + looll]) = = [(am)” + (aa)?] > == =7 (229)

By (F3) and the definitions of 1y and vy, one has

Q] sup F(x,s,t) < b

Y TEE— F(x,a,a)dx
(x,5,6)€Qx A(bM* /M. ) (aa1)” + (aay)? I B(xo,Ry)

bM* jB(xo,Rl)F(x, a,a)dx
= M+((aa1)P + (aaz)q)/c

. bM* j'Q\B(xO’Rl) F(x,up,vp)dx + j’B(xO,Rl) F(x,up,vo)dx

- ¢ M (lluolly + lfooll})
< bM* I.Q F(xr Uo, ’U())dx
- C W (w0, v0)
(2.30)
For every (u,v) € X such that ¥(u,v) <r, and x € Q, one has
Cr C bM* bM*
P q _ _
P + ol < C(lully +I0lF) < 37 = 37— = 7 (2.31)
By the combination of (2.30) and (2.31), we have
sup (-D(u,v)) = sup f F(x,u,v)dx
(u,0)€¥1 (~o0,r) {(wo)|[¥ (u,0)<r) ¥ Q
< sup f F(x,u,v)dx
{wo)llu(x)P+o(x)|1<bM* /M_} / Q
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< f sup F(x,s,t)dx
Q (s,HeA(BM*/M.)

<|Q| sup F(x,s,t)
(x,5,)EQxA(LM* /M)

. bMm* Jo F(x,u0,v0)dx

- C W (up, vo)
_ r—q’(uolvo)
IP(uO/ UO) ’
(2.32)
Therefore,
. @ (up, vo)
inf d(u,v) >r——m-. 2.33
(,0)€¥1 (~o0,r) () W (uo, vo) (2.33)
Note that ®(0,0) = ¥(0,0) = 0, we conclude that
inf  ®wo) > (¥ (uo, vp) —r)P(0,0) + (r — ¥(0,0))D(1, Vo) . (234)

(1,0) €91 (~o0,7] W (uo, vo) — ¥(0,0)

Hence, by Lemma 2.3 and above facts, ¥ and @ satisfy all conditions of Theorem 2.2; then the
conclusion directly follows from Theorem 2.2. O
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