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We prove the Hyers-Ulam stability of the additive-cubic-quartic functional equation in multi-
Banach spaces by using the fixed point alternative method. The first results on the stability in
the multi-Banach spaces were presented in (Dales and Moslehian 2007).

1. Introduction

Stability is investigated when one is asking whether a small error of parameters in one
problem causes a large deviation of its solution. Given an approximate homomorphism,
is it possible to approximate it by a true homomorphism? In other words, we are looking
for situations when the homomorphisms are stable, that is, if a mapping is almost a
homomorphism, then there exists a true homomorphism near it with small error as much
as possible. This problem was posed by Ulam in 1940 (cf. [1]) and is called the stability of
functional equations. For Banach spaces, the problem was solved by Hyers [2] in the case
of approximately additive mappings. Later, Hyers’ result was generalized by Aoki [3] for
additive mappings and by Rassias [4] for linear mappings by allowing the Cauchy difference
to be unbounded. During the last decade, stability of functional equations was studied by
several mathematicians for mappings in various spaces including random normed spaces
and fuzzy Banach spaces (cf. [5, 6]). For various other results on the stability of functional
equations, one is referred to [7-26].

Most of the proofs of stability theorems in the Hyers-Ulam context have applied Hyers’
direct method. The exact solution of the functional equation is explicitly constructed as the
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limit of a sequence, which is originating from the given approximate solution. In 2003, Radu
[27] proposed the fixed point alternative method for obtaining the existence of exact solutions
and error estimations and noticed that a fixed point alternative method is essential for the
solution of Ulam problem for approximate homomorphisms. Subsequently, some authors
[28, 29] applied the fixed alternative method to investigate the stability problems of several
functional equations.

The notion of multi-normed space was introduced by Dales and Polyakov [30] (or
see [31, 32]). This concept is somewhat similar to operator sequence space and has some
connections with operator spaces and Banach lattices. Motivations for the study of multi-
normed spaces and many examples were given in [30, 31]. In 2007, stability of mappings
on multi-normed spaces was first given in [31], and asymptotic aspect of the quadratic
functional equation in multi-normed spaces was investigated in [33].

In this paper, we consider the following functional equation derived from additive,
cubic, and quartic mappings:

T[f(x+2y) + f(x-2y)] = 44[f (x+y) + f(x - y)] +12f (3y)

(1.1)
—48f(2y) +60f (y) - 66f (x).

It is easy to see that the function f(x) = ax + bx® + cx* satisfies the functional equation
(1.1). Eshaghi Gordji et al. [34] established the general solution and proved the generalized
Hyers-Ulam stability for (1.1). The main purpose of this paper is to establish the Hyers-Ulam
stability of (1.1) in multi-Banach spaces by using the fixed point alternative method.

2. Preliminaries

In this section, some useful results are pointed out. We begin with the alternative of a fixed
point of Diaz and Margolis, which we will refer to as follows.

Lemma 2.1 (cf. [27, 35]). Let (X, d) be a complete generalized metric space and | : X — X bea
strictly contractive mapping, that is,

d(Jx, Jy) <Ld(x,y) VYx,yeX, (2.1)
for some L < 1. Then, for each fixed element x € X, either
d< J'x, ]"+1x) -t Yn>0, (2.2)
or

d(]"x, ]"”x) <+co VYn>ny, (2.3)
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for some natural number ny. Moreover, if the second alternative holds, then

(i) the sequence { J"x} is convergent to a fixed point y* of J;
(ii) y* is the unique fixed point of J in thesetY := {y € X | d(J™x, y) < +oo} and d(y, y*) <
1/(1-L)d(y,Jy), forall, x,y €Y.

Following [30, 31], we recall some basic facts concerning multi-normed spaces and
some preliminary results.

Let (&, - ||) be a complex normed space, and let k € N. We denote by &F the linear
space £@---® & consisting of k-tuples (x1,...,xx), where x1, ..., x; € & The linear operations
&K are defined coordinatewise. The zero element of either & or &F is denoted by 0. We denote
by Nk the set {1, 2,...,k} and by & the group of permutations on k symbols.

Definition 2.2 (cf. [30, 31]). A multi-norm on {&F : k € N} is a sequence (||-[lx) = (|||lx : k € N)
such that || - ||x is a norm on & for each k € N, ||x||; = ||x|| for each x € &, and the following
axioms are satisfied for each k € N with k > 2:

(Nl ||(x0'(1)1- .. /x()'(k))”k = ”(xlr R /xk)”kr foro € Gk/ X1,---, Xk € é’/
(N2
(N3) [[(x1, ..o, xXk-1, 0) [k = 1 (x1, - -, Xk—1) k-1, fOr X1, ..., X)1 € &;

(N4) ||Ce1, ooy xp-1, Xk=1) e = 121, -+, Xpe—1) [k=1, for x1,..., X821 € &,

||(“1x1/- . /“kxk)”k < (maXiENklaiD”(le . -/xk)”k/ for ai, ...,k € (C/ X1,.--, Xk € é/

)
)
)
)

In this case, we say that ((€X, || - ||x) : k € N) is a multi-normed space.

Suppose that ((¢5, | - |[x) : k € N) is a multi-normed space, and take k € N. We need
the following two properties of multi-norms. They can be found in [30]

@) NlCx, .., )l = [lx]|, for x € &,

k
(b) maxie [l < [1Cx1, .-, x) ke < i [lxill < kmaxien, [[xill, for x1, ..., xx € €.

It follows from (b) that if (&, || - ||) is a Banach space, then (&%, || - ||x) is a Banach space
for each k € N; in this case, ((¢, || - ||x) : k € N) is a multi-Banach space.

Lemma 2.3 (cf. [30, 31]). Suppose that k € N and (x1,...,xx) € &k. Foreach j € {1,...,k}, let
(%) pe12,.. be a sequence in & such that limy, _, o, x), = x;. Then

limn_>oo<xil —y1,... Xk - yk> =(x1-y1,..., Xk — Yk) (2.4)

holds for all (y1,...,yx) € &F.

Definition 2.4 (cf. [30,31]). Let ((£X, |- |lx) : k € N) be a multi-normed space. A sequence (x)
in £ is a multi-null sequence if for each ¢ > 0, there exists 1y € N such that

sup||(xn/---/xn+k—1)”k <e (n>np). (2.5)
keN

Let x € &, we say that the sequence (x,) is multi-convergent to x in & and write
lim, o x, = x if (x,, — x) is a multi-null sequence.
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3. Main Results

Throughout this section, let ¢ > 0, & be a linear space, and let ((¥",|| - |l») : n € N) be a
multi-Banach space. For convenience, we use the following abbreviation for a given mapping

f:&—=F

Df(x,y) =11[f(x+2y) + f(x - 2y)] - 44[f (x +y) + f(x - )]

(3.1)
—12f (3y) +48f (2y) - 60f (y) + 66f (x).

Before proceeding to the proof of the main results in this section, we shall need the following
two lemmas.

Lemma 3.1 (cf. [34]). If an even mapping f : X — Y satisfies (1.1), then f is quartic.
Lemma 3.2 (cf. [34]). If an odd mapping f : X — Y satisfies (1.1), then f is cubic-additive.

Theorem 3.3. Suppose that an even mapping f : & — §F satisfies f(0) = 0 and

ilelgll(Df(xl, vi),-- Df (e, yi)) |l < € (3.2)

forall x1,..., Xk, Y1,..., Yk € & Then there exists a unique quartic mapping Q : & — §F satisfying
(1.1) and

supl|(f (1) = Q). f(x6) = Q) [, € ome 63)
keN

forall x1,...,x, € &

Proof. Letting x1 = --- = x, = 01in (3.2), we get

sup||(-12f (3y1) + 70f (2y1) = 148f (1), =12 (Byi) + 70f (2yx) ~ 148f (yi)) < €
(3.4)

for all y1,...,yx € & Replacing x1, ..., xx with y1, ..., yi in (3.2), we obtain

il;gll(—f(?iyl) +4f (21) +17f(y1), .-, —f Byi) +4f 2yi) +17f ()|l e 35)

forall yy,...,yx € &.
It follows from (3.4) and (3.5) that

3

sup||(f(2x1) =16 (x1), ..., f(2xx) = 16f (xx)) ||, < ;—25 (3.6)
keN

forall xq,...,xx € &.
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LetE = {gg: & — ¥,2(0) =0}, and introduce the generalized metric d defined on E
by

d(g h) = inf{c € (0, o0) | sup||(g(x1) —h(x1),...,g(xk) —h(x)) ||, < Vx1,..., x¢ € é}.
keN
3.7)

Then, it is easy to show that d is a complete generalized metric on E (see the proof in [36] or
[5]). We now define a function J; : E — E by

Jig(x) = 11—6g(2x), Vx € é. (3.8)

We assert that J; is a strictly contractive mapping. Given g, h € E, let ¢ € (0, o0) be an arbitrary
constant with d(g, h) < c. From the definition of d, it follows that

iugll (8(x1) = h(x1),-.., g(xi) = h(x)) [y < (3.9)

for all x1,...,x; € & Therefore,

Skugn (J1g(x1) = Jih(x1), ..., ig(xx) = Jih(xx)) ||,
(3.10)

1 1 1 1
= sup (Eg(2x1) - Eh(le),..., Eg(Zxk) - Eh(Zxk)> “k < T6¢

keN

for all xy,...,xx € &. Hence, it holds that d(Jig, Jih) < (1/16)c, that is, d(J1g, Jih) <
(1/16)d(g, h) forall g, h € E.

By using (3.6), we have d(J1f, f) < (13/352)¢e. According to Lemma 2.1, we deduce
the existence of a fixed point of J;, that is, the existence of a mapping Q : X — Y such that
Q(2x) = 16Q(x) for all x € £. Moreover, we have d(J]' f, Q) — 0, which implies that

Q@) = lim (1)) = lim 120 e (3.11)

Also, d(f, Q) <1/(1-L)d(J1f, f) implies the inequality

1 13
a(f, Q) < md(hﬂ f) < 330°" (3.12)
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Setx) =--=x,=2"x, 1 =+ =y = 2"y in (3.2), and divide both sides by 16". Then,
using property (a), we obtain

IDQ(xy) | = lim = [DF (2", 2')|| < lim <= =0 (3.13)

— 0 n—oo16™ -

for all x, y € £&. Hence, by Lemma 3.1, Q is quartic.
The uniqueness of Q follows from the fact that Q is the unique fixed point of J; with
the property that there exists I € (0, o0) such that

iuNpll (f (1) = Q1) -, f k) = Qi) || <1 (3.14)

forall xy, ..., xx € &. This completes the proof of the theorem. O

Theorem 3.4. Suppose that an odd mapping f : & — §F satisfies

skl;g”(Df(xl/ Y1) Df (xi, yie)) || < e (3.15)

forall xi,...,xx, y1,...,yx € & Then there exists a unique additive mapping A : &€ — Fand a
unique cubic mapping C : & —  satisfying (1.1) and

supl| (@) - 8 (1) = AGw), .., @231) = 8f ) = AGx) | < 332

e 17 (3.16)
sup|| (f (2x1) = 2f (x1) = C(x1), ..., f(2xx) = 2f (xx) = C(xi)) ||, < ¢

keN

forall x1,...,x; € &

Proof. Put x1 = --- = x; = 0in (3.15). Then, by the oddness of f, we have

sup|[(12f (3y1) = 48f (2y1) + 601 (y1), .- 12f (Byi) — 48f i) +0f (i)l <& (3.17)

forall vy, ..., yx € & Replacing x, ..., xx with 2y, ..., 2y in (3.15), we obtain
sup|| (11f (4y1) - 56f (3y1) + 114f (2y,) — 104f (1), ..., 11f (4yk) — 56 f (3y«)
keN (3.18)
+114f (2yx) - 104f (yi)) ||, < €

forall y1,...,yx € £ By (3.17) and (3.18), we have

skup||(f(4x1) —10f(2x1) + 16 (x1), ..., f (4xx) = 10f (2xi) + 16 f (xi)) |, < %e (3.19)
eN
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forall xy,...,xx € & Putting a(x) := f(2x) —8f(x) for all x € &, we get

supl|(a(2x1) - 2a(x1), ..., a(2xk) = 2a(xi)) |l <

17
—¢ (3.20)
keN 33

forall x1,...,xx € &.
Let the same definitions for E and d as in the proof of Theorem 3.3 such that (E, d)
becomes a complete generalized metric space. We now define a function J, : E — E by

Jog(x) = (2x) Vx € é. (3.21)

Applying a similar technique as in the proof of Theorem 3.3, we obtain d(J>g, Jh) < (1/2)c,
thatis, d(J.g, Joh) < (1/2)d(g, h) forall g, h € E.

By (3.20), we have d(Jra, a) < (17/66)e. According to Lemma 2.1, we deduce the
existence of a fixed point of J,, that is, the existence of a mapping A : X — Y such that
A(2x) = 2A(x) for all x € £. Moreover, we have d(J}a, A) — 0, which implies that

A(x) = lim (J!a)(x) = lim % Vx € é. (3.22)
Also, d(a, A) <1/(1 - L)d(Joa, ) implies the inequality

d(a, A) < . ———d(Jha, a) < ;—;5. (3.23)

(1/2)

Hence, it follows that

[IDA(x,y)|| = ,}g{}o—nllDa(Z"x 2"y)||
(3.24)
= lim —||Df<2"+1 2"1y) -8Df(2"x, 2"y) | < lim = =0

n—oo2 n—oo 2N

for all x, y € &. This means that A satisfies (1.1). Then, by Lemma 3.2, x — A(2x) — 8A(x) is
additive. Thus, by A(2x) = 2A(x), we conclude that A is additive.
Putting f(x) := f(2x) —2f(x) for all x € &, we get

sup|| (B(2x1) = 8p(x1), ..., a(2x)) — Sﬂ(xk))”k < ;}—;5 (3.25)
keN

for all x1,...,xx € £ We now define a function J3 : E — E by

J38(x) = %g(Zx), Vx € &. (3.26)
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Applying a similar technique as in the proof of Theorem 3.3, we obtain d(J3g, Jsh) < (1/8)c,
thatis, d(J3g, Jsh) < (1/8)d(g, h) forall g, h € E.

By (3.25), we have d(J36, p) < (17/264)e. According to Lemma 2.1, we deduce the
existence of a fixed point of J3, that is, the existence of a mapping C : X — Y such that
C(2x) = 8C(x) for all x € & Moreover, we have d(J}f, C) — 0, which implies that

p2"x)

C(x) = lim (J{B)(x) = lim ===, Vxe&. (3.27)
Also, d(p, C) <1/(1 - L)d(Jsp, p) implies the inequality
d(p, C) < ————d(Jsp, P) < e (328)
R TV N e AT '
Then we have
: 1 n n
IDC(x, )]l = Jim o [DpE"x, 2')|
(3.29)

~ lim — |Df (2%x, 21y) ~2Df (27x, 2"y) | < lim £ -0

n—oo 8" n—oo 8N

for all x, y € &. Hence, the mapping C satisfies (1.1). Therefore, by Lemma 3.2, x — C(2x) -
2C(x) is cubic. Thus, C(2x) = 8C(x) implies that the mapping C is cubic.

The uniqueness of A and C can be proved in the same reasoning as in the proof of
Theorem 3.3. This completes the proof of the theorem. O

Theorem 3.5. Suppose that an odd mapping f : & — §F satisfies

S}(‘;g”(Df(xlr yi),-- Df (xi, i) |l S € (3.30)

forall xi,..., X, y1,..., Yk € &. Then there exists a unique additive mapping A : &€ — Fand a
unique cubic mapping C : & — §F such that

supl| (f(x1) = A(x1) = C(x1), ..., f(xx) = A(xk) = C(axx)) || < %e (3.31)
keN

forall x1,...,x; € &

Proof. By Theorem 3.4, there exist an additive mapping Ay : £ — ¥ and a cubic mapping
Co: & — ¥ such that

supl (F(23) =85 1) = Ao(x), .-, £(250) =8 () = Aa(), < 33,

. (3.32)

sup|| (f (2x1) = 2f (x1) = Co(x1), ..., f(2xx) = 2f (xx) — Co(xx)) || < 731¢
keN
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for all xy, ..., xx € £ Combining the above two equations in (3.32) yields that

136

skup” (6f(x1) + Ag(x1) = Co(x1), ..., f(6xx) + Ao(xk) — Co(xk)) ||, <
eN

forall xy,...,xx € £ So we obtain (3.31) by letting A = —Ag/6 and C = Cy/6.

To prove the uniqueness of A and C, let A;,Cy : & — ¥ be other additive and cubic
mappings satisfying (3.31). Let A’ = A — A; and C' = C — C;. Then, using property (a), we
obtain

/ ) 136
|4 +C@) < |f@) - AD -C@] +[Ifx) - ) - < pe (339
for all x € ¢, then (3.34) implies that
lim %”A’(Z”x) +C'(2"x)|| =0 (3.35)

for all x € &. Therefore, C'(x) = 0 for all x € &. By (3.34), we have A'(x) = 0 for all x € &. This
completes the proof of the theorem. O

Theorem 3.6. Suppose that a mapping f : & — ¥ satisfies f(0) = 0 and

iggll(Df(xl,yl),--~,Df(kayk))IIk <e (3.36)

forall xi,..., %k, y1,..., Yk € & Then there exists a unique additive mapping A : & — §F, a unique
cubic mapping C : & — §F, and a unique quartic mapping Q : & — F such that

sup||(f (x1) = A(x1) = C (o1 = Q(x1), - .., f (xk) = A(xx) — C(xx) — Qi) ||, < %8 (3.37)
keN

forall x1,...,x, € &

Proof. Let fo(x) = (1/2)(f(x) — f(—x)) for all x € &, then f,(0) =0, fo(—x) = —fo(x) and

Tégll (Dfo(x1,y1), -, Dfo(xi, i) |l < € (3.38)

for all x1,...,x,y1,...,yx € & From Theorem 3.5, it follows that there exists a unique
additive mapping A : ¢ — ¥ and a unique cubic mapping C : £ — ¥ satisfying (3.31).
Let fo(x) = (1/2)(f(x) + f(—x)) for all x € &, then f,(0) =0, fo(—x) = f.(x) and

S;(lelgll (Dfe(x1,y1), -, Dfe(xi, yi)) || < € (3.39)
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for all x1,...,xk,y1,...,yx € &. By Theorem 3.3, there exists a unique quartic mapping
Q : & — ¥ satisfying (3.3). Now it is obvious that (3.37) holds for all x1,...,x, € &. This
completes the proof of the theorem. O
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