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Some new Volterra-Fredholm-type discrete inequalities in two independent variables are estab-
lished, which provide a handy tool in the study of qualitative and quantitative properties of
solutions of certain difference equations. The established results extend some known results in
the literature.

1. Introduction

In the research of solutions of certain differential and difference equations, if the solutions
are unknown, then it is necessary to study their qualitative and quantitative properties such
as boundedness, uniqueness, and continuous dependence on initial data. The Gronwall-
Bellman inequality [1, 2] and its various generalizations which provide explicit bounds play
a fundamental role in the research of this domain. Many such generalized inequalities (e.g.,
see [3-30] and the references therein) have been established in the literature including the
known Ou-Liang’s inequality [3]. In [8], Ma generalized the discrete version of Ou-Liang’s
inequality in two variables to Volterra-Fredholm form for the first time, which has proved
to be very useful in the study of qualitative as well as quantitative properties of solutions of
certain Volterra-Fredholm-type difference equations. But since then, few results on Volterra-
Fredholm-type discrete inequalities have been established. Recent results in this direction
include the work of Ma [9] to our knowledge. We notice, in the analysis of some certain
Volterra-Fredholm-type difference equations with more complicated forms, that the bounds
provided by the earlier inequalities are inadequate and it is necessary to seek some new
Volterra-Fredholm-type discrete inequalities in order to obtain a diversity of desired results.
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Our aim in this paper is to establish some new generalized Volterra-Fredholm-type
discrete inequalities, which extend Ma’s work in [9], and provide new bounds for unknown
functions lying in these inequalities. We will illustrate the usefulness of the established
results by applying them to study the boundedness, uniqueness, and continuous dependence
on initial data of solutions of certain more complicated Volterra-Fredholm-type difference
equations.

Throughout this paper, R denotes the set of real numbers R, = [0, o), and Z denotes
the set of integers, while Ny denotes the set of nonnegative integers. Let Q := ([mo, M] x
[no, N]) N Z?, where mg,ng € Z and M, N € Z|J{oo} are two constants. I;,l, € Z are two
constants, and K; >0, i =1,2,3,4, are all constants. If U is a lattice, then we denote the set of
all R-valued functions on U by p(U) and denote the set of all R,-valued functions on U by
. (U). Finally, for a function f € p,(U), we have 3%, f = 0 provided mg > my;.

2. Main Results

Lemma 2.1 (see [15]). Assume that a >0, p > g >0, and p#0 then for any K > 0

al’?P < gK(q—P)/Pa ¥ ?Kq/i" (2.1)

Lemma 2.2. Suppose that u(m,n) € p.(Q), b(s,t,m,n) € §,(Q?), a > 0 is a constant. If b is
nondecreasing in the third variable, then, for (m,n) € Q,

m-1 n-1
u(m,n) <a+ Z Zb(s, t,m,n)u(s,t) (2.2)
s=my t=ng
implies that
m-1 n-1
u(m,n) < aexp{ Z Zb(s, t,m, n)}. (2.3)
s=my t=ng

Lemma 2.3. Suppose that u(m,n),a(m,n),b(m,n) € p.(Q). If a(m,n) is nondecreasing in the
first variable, then, for (m,n) € Q,

m-1

u(m,n) < a(m,n) + Z b(s,n)u(s,n) (2.4)
implies that
m-1
u(m,n) < a(m,n) H [1+b(s,n)]. (2.5)

%

=m
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Remark 2.4. Lemma 2.3 is a direct variation of [19, Lemma 2.5(f;)], and we note a(m, n) > 0
here.

Theorem 2.5. Suppose that u(m,n),a(m,n) € p.(Q), bi(s,t,m,n),ci(s,t,m,n) € [0+(§22), i=
1,2,..., 11, di(s,t,m,n),ei(s,t,m,n) € ga+(£22), i=1,2,...,1 withb;, c;, di, e; nondecreasing in
the last two variables. p, q;, 1; are nonnegative constants withp > q;, p>r1i, i=1,2,..., 511, p#0,
while h;, j; are nonnegative constants withp > h;, p > j;, i=1,2,..., L. If, for (m,n) € Q, u(m, n)
satisfies

L m-1 n- s
uP(m,n) < a(m,n) + By [bi(s, t,m,n)uti(s,t) + D ici(é, n,m,n)u" (5171)]

i=1 s=myg t=ny ¢=my N=no

(2.6)

L M-1N-1 st _
DI [di(sft,m,n)uhf(s,t) + > Dei(¢,n,mn)ut (g,q)],

i=1 s=my t=ngp &=mg =10

then

1/
u(m,n) < { a(m,n) + %qm, n)} p, (2.7)

provided that y(M, N) < 1, where

Jomm) — i m-1 -1{b'(s o) [@Kw,-—p)/pa(s f+ p—quqi/p]
7 - 1 7ty 7 p 1 y —P 1

i=1 s=my t

2

Il
=

0

+Z ZCl(é ﬂ,m,n) [rl (71 P)/Pa(é rl) LR P Ti r,/p]

&=my N=no
2.8)
I, M-1N-

Ry

1
=1 s= Ot:no

i (his -hi
{di(s, t,m,n) [%Kéh' p)/pa(s, £ + 4 . K;h/p]

S t . . _ .i )
+Z Zei(é/ n,m,n) [%Ki]’ ”’/”a(g,q) + p_p] Ki/p] },

g=my 1=1o

i=1 s=my t=ngp &=myg N=no

u(m,n) = ZZMZl Nzl{d (s,t,m,n K(h p/PC(s t) +Z Ze,(§ q,m,n)]lK(]’ ’”W’C(g )}

(2.9)

C(m,n) = exp{ mz—l nz_lB(s,t,m,n)}, (2.10)

s=myg t=ngp

i=1 E=mg N=To

Iy
B(s,t,m,n) =" [b (st m,m) Giglaple 3 ch(g ) T W”] (2.11)
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Proof. Denote

Iy m-1 n— 5
o(m,n) = 1 [bi(S, t,m,m)ud(s,t) + > ici (¢m,m,n)u" (‘ﬁfﬂ)]

i=1 s=my t=ny &=my N=No
(2.12)
L, M-1N-1 st ‘
+ di(s,t,m,n)u" (s, t) + Z Zei(g, n,m,n)u (¢ n)|.
i=1 s=myg t=nyp &=my N=no
Then, we have
u(m,n) < [a(m,n) +v(m,n)]"'?, (2.13)
and, furthermore, from Lemma 2.1 we have
u% (m, m) < [a(m,n) +v(m,n)] 97 < %Ki*"’”"[um, n) +v(m, m)]
cPo a0, 0,
p
w'i(m,n) < [a(m,n) +v(m,n)]"P < %Kéri_p)/p[a(m,n) +v(m,n)]
FPTgn o0, 0,
P
(2.14)

uli(m,n) < [a(m,n) + v(m,n)]h"/p < %Kéhi_p)/p[a(m, n) +ov(m,n)]

“hi
FP R 10,0,
p

wi(m,n) < [a(m,n) + v(m,n)]j"/p < %Kiji—p)/p[a(m,n) +v(m,n)]

N p;]iKz];/p’ i=1,2,...,1.
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So

m-1 n-

I n-1 . — g
v(m,n) < Z Z {bi(s, t,m,n) [%K;q"_p)/p(a(s, t)+ou(s, t))+%[<i”'/p]

i=1 s=my t=ny

&=myg 1N="1o

+ 3 S mn) [ a(en) <o) + L2 /]}

I, M-1N-1 hi h o ~hi sy
+ di(s,t,m,n (a(s, t) +v(s,t)) (P " K

i=1 s=my

~

=Ny

S t . . . .
+ 2, Deilgnmn) [%Ki“’””(a(g,n) ro(gm) + 2 ] }

&=myq 1="0o

m-1 n-1

=H(m,n) + Z Z [b (s,t, m,n)ql K(q’ P/p v(s,t)

i=1 s=my t=nyp

g=myg 1=1o

(2.15)
where H(m, n) =] (m,n)+ 3%, M1 SN di(s,t,m,m) (hi /p) K3 Po(s, )+ S5, St

& mn, m,n)(ji/p)Kijifp)/pv(g,11)} and J(m,n) is defined in (2.8). Then, using that H (m, n) is
nondecreasing in every variable, we obtain

L m-1 n-1 X
o(mn) < HMN)+ S5 5 [bis,t,m,n) EKIP Py (s, 1)
i=1 s=myg t=ny p
Ti o (ri-p)/p
-3 Sammn) LK o)
&=my 1N=no
L m-1 n-1 g
<HMN)+ Y S 3 |bi(s, t,m,n) ’K(q' R (2.16)
i=1 s=my t=ng
T (ri— )/P
+Z ch(g n,m, n) =K, v(s,t)
&=myg N=no
m-1 n-1
=H(M,N) + Z ZB(S,t,m,n)v(s,t),
s=my t=ng

where B(s, t,m, n) is defined in (2.11).
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Since bi(s,t,m,n), ci(s,t,m,n) are nondecreasing in the last two variables, then
B(s,t,m,n) is also nondecreasing in the last two variables, and by a suitable application of
Lemma 2.2 we obtain

v(m,n) < H(M, N) exp{ mz—l nZ_lB(s,t,m,n)} = H(M,N)C(m,n), (2.17)

s=my t=nyp

where C(m, n) is defined in (2.10). Furthermore, considering the definition of H(m,n) and
(2.17) we have

I, M-1N-1

H(M,N) = ](MN)+ZZZ{d(s,tMN) ZKS P Py (s,t)

i=1 s=my t=nyp

+Z Zel(é 1, M, N) ]lK(Jx‘P)/PU(g 71)}

émo”lnt]
. L, M-1N-1 (hi=p)/p
JIM,N)+ D> > d(stMN) — K} H (M, N)C(s,t)
i=1 s=mg t=ny

g=myg 1=10

+Z Zel(g n,m, )]lK(l’ )/pH(M N)C(¢, 11)}

I, M-1N-1

=J(M,N)+HMN)Y ¥ Z{d(s,t MN) K"’ PIPC(s,t)

i=1 s=my t=ny

+Z Zel(§ 1’l,M N)]IK(]x P)/PC(§ )}

iy
=J(M,N) + H(M,N)u(M,N),
(2.18)
where pi(m, n) is defined in (2.9). Then,
H(M,N) < % (2.19)
Combining (2.17) and (2.19) we deduce
v(m,n) < %C(m n). (2.20)

Then, combining (2.13) and (2.20), we obtain the desired result. O
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Corollary 2.6. Suppose that gi;(m,n), gi(m,n),bii(m,n),cii(m,n) € p.(Q), i = 1,2,...,4

with g1i, §i nondecreasing in every variable. dyj(m,n),eii(m,n) € H.(Q), i = 1,2,...,1.
u(m,n),a(m,n),p,qi, i, hi, ji are defined as in Theorem 2.5. If, for (m,n) € Q, u(m, n) satisfies

I m-1 n-1 s t
uf(m,n) < a(m,n) + Zgu(m,n) Z Z [bh s, Huli(s,t) + Z chi(éfﬂ)uri (5/71)]

i=1 s=my t=ny ¢=my =0
(2.21)
I, M-1 N-1
+Zg2i(ml Tl) Z Z [dll(sl u (Sr t) + Z Zell(g q)uf (g Tl)]
i=1 s=my t=ng ¢=my N=no
then
J(M,N) v
u(m,n) < {a(m,n) + WC(M,N)} , (222)

provided that y(M, N) < 1, where

m-1 n-1

I . —
Jm,n) = Y gui(m, n) {bli(S, ) [%Ki*‘"’””ms, )+ %K?"/”]

i=1 s=my t=ngp

g=mq 1="o

3 Y ene 11)[ K Pa(g, )+ P . KE’/’”]}

M-1 N-1

+Zgzl(m n Y Z{dw t)[ KPP ags, 1) + ph Ky /”]

s=my t=ny

s t . .
i v -(i=p)/ —Ji i/
+ 3 Feuwm | 5rI a@m + LK) }

g=mo 11=1o

I M-1 N-1 v /
uimn) =32 gummn) Y, Y dh<s,t> SPIPC(s, 1)

i=1 s=my t=ng

+Z Zeh(é ﬂ)]lK(]t P)/Pc(g )] }

§m07l no

m-1 n-1
C(m,n) = exp{ Z ZB(s,t,m,n)},

s=myg t=ng

B(s,t,m,n) = Zgn(m 1) [bh(s t)qlK(ql LN Z Zch(é 11) TIK(n P)/p]

i=1 g=myg N=1o

(2.23)
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The proof of Corollary 2.6 can be completed by setting b;(s, t, m, n) = g1i(m,n)b1i(s,t),
ci(s,tmn) = gri(mn)cii(st), di(stmn) = gi(mmn)dii(st), ei(stmmn) = gi(mn)ey(st) in
Theorem 2.5.

Corollary 2.7. Suppose that u(m,n), a(m,n), bi(s,t,m,n),ci(s,t,m,n),di(s,t,m,n),e;(s,t,m,n)
are defined as in Theorem 2.5. If, for (m,n) € Q, u(m, n) satisfies

u(m,n) < a(m,n) + zl: 5 nzl [b (s,t,m,n)u(s,t) + Z ch(g n,m,n)u(é, 71)]

i=1 s=my t=ng g=myg =10
(2.24)
L, M-1N-1
+ZZ Z [d (s, t,m,n)u(s,t) + Z Ze,(§ n,m,n)u(é, rl)]
i=1s=my t=ng &=my N=No
then
u(m,n) < a(m,n) + %C(m,n), (2.25)

provided that u(M, N) < 1, where

Ii m-1n-1 s t
J(m,n) = Z Z Z {bi(s,t,m,n)a(s,t) + Z Zci(g,q,m,n)a(g,n)}

i=1 s=mg t g=myq 1=10

-1
i=1 s=my t=nyp

{d (s,t,m,n)a(s,t) + Z Zez(é n,m,n)a(é, 11)}

g=mq ="

I

p(m,n) = MZ NZ {di(s,t,m,n)C(s,t) + Z Zt:e,-(g,q,m,n)C(g,q) } (2.26)

i=1 s=my &=my N=No

I s
B(s,t,m,n) = Z [bi(s,t,m,n) + Z ici(g,q,m,n):l .

i=1 &=myg N=no

Theorem 2.8. Suppose that w(m,n) € ©.(Q), u,a,b;ci, diei,p,qiti hi,ji are defined as in
Theorem 2.5. Furthermore, assume that a(m, n) is nondecreasing in the first variable. If, for (m,n) €
Q, u(m, n) satisfies
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m-1
uP(m,n) <a(m,n) + Z w(s,n)uf (m,n)

I

s t
+ bi(s, t,m,n)u’(s,t) + Z Zci (& nmmn)u" (§,11)] (2.27)

3
o
2
L

1)
i
3
5
-
i
2
5

i=1 &=my N=No

B
z
N

2

+ di(s,t,m,n)u"(s,t) + i 2 ei(&,n,m,n)u (§,11)] ,

i=1 s &=my =10

i
3
S
-
i
3
5

then

J(M,N)

u(m,n) < { [a(mrn) + m

1/p
E(m,n)]w(m, n)} , (2.28)

provided that u(M, N) < 1, where

— L m-1n-1|_ gi —
](m,n) bi(S,i‘,m/n) [#Ki%—P)/Pa(S/t)_F . lKllh/p:I

i=1 s=mg t=ny

&=mg 1N="1o

I, M-1N-

+2
i=1

1
=1 s=my t=ny

~ Iy
d(stmn)[ P51y 4 F ; K’””]

s t 7. . - '1' ;.
o3 Sa@nmm LK e <P }

g=my =10
(2.29)
l_?i(S/ t,m,n) = bi(S,t,m,n)(E(s,t))q"/P,
(2.30)
Gils tm,n) = ci(s, t,m,m)(@(s,0)"F, i=1,2,...1,
di(s, ) = di(s,t,m,m) (@ (s, )7,
(2.31)

ei(s,t,m,n) = e;j(s,t,m,n)(w(s, t))ji/p, i=1,2,...,0,
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w(m,n) = ﬁ [1+w(s,n)],

S=my

1 N-

I, M-
A =3 S

1
i=1 s=myg t=nyp

{d(s,tm,n) KPP (s, t) (2.32)

+Z Z&(é n,m, n)]lK(]: P)/Pc(é 71)}

&=mg N=No
m-1 n-1
C(m,n) = exp{ Z (s,t,m, n)} (2.33)
s=my t=ng

L
B(s,t,m,n) = > [b (s,t,m,n) qlK(q’ PP Z ch(g n,m,n) rlK(r' p)/p] (2.34)

i=1 g=myq 1="0o

Proof. Denote

Iy m-1n
z(m,n) = a(m, Tl)+z Zl Zl [b (s, t,m,n)uli(s,t) + Z ch(g n,m,n)u’ (¢, 11)]

i=1 s=myg t=ny &=my =g
(2.35)
L, M-1N-1 st _
+ di(s,t, m,n)u" (s, t) + > Y ei(é,n,mn)u (¢,7)|.
i=1 s=my t=ngp &=my =N
Then, we have
m-1
uP(m,n) < z(m,n) + Z w(s,n)uf (m,n). (2.36)
s=my
Obviously z(m, n) is nondecreasing in the first variable. So by Lemma 2.3 we obtain
m—1
uP(m,n) < z(m,n) H [T+w(s,n)] = z(m,n)w(m,n), (2.37)
S=m
where w(m, n) = [Ti mo[l + w(s,n)]. Define
Iy m-1 n—
v(m,n) = Z bi(s,t,m,n)u’(s,t) + Z Za(é n,m,n)u" (§,1)
i=1 s=myg t=ny E=myg 1=1o
(2.38)

&=my 1N=No

I, M-1N-1
+ [d (s, t,m, n)u (s, t) + Z Zel(é n,m,m)u (&, 11)]
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Then,
u(m, n) < [(a(m,n) +v(m,n))w(m,n)]""?, (239)
and, furthermore, by (2.39) and Lemma 2.1 we have

m-1 n-1

v(m,n)< Z {b(s,tmn)[(a(s,t)+v(s,t))w(s,t)]q/”

i=1 s=myg t=ny

:

3

o3 ici(‘ﬁ"lrmrn)[(a(ﬁﬂz)+v(§/n))ﬁ(é,n)]ﬁ/p}

g=mq 1="0o

I -1 N-
t

M 1
+> Z{di(s,t,m,n)[(a(s,t)+v(s,t))ﬁ(s,t)]h"/p

i=1 s= =ng

—_

+i i ei(é,n,mn)[(a(én)+v(én))w(¢, ,l)]ji/r]}

g=my N=no

< Z {b,-(s, t,m,n)(w(s, t))q"/p [%Kiq"_p)/p(a(s, t) +o(s, t)) + P4 ;qi Kfi/p]

+ i i Ci (§, n,m, n) (E(é, q))r"/p

g=myo N=1o

|2 ot ) w0 ) + LR }

L, M-1N-1 o)/
; (st ) (05, )7 | 3L (s, )+ 0, ) +

i=1 s=my

2

p-hi K;zi/p

.-,.
1l
=

0

+ i i ei(ér n,m, Tl) (E(é, 11))]}'/}7

g=myg 1=10

<[l ae o) « 1K) }

L m-1 n-1| _
= Z bi(s,t,m,n)

%Ki""”’)/”(a(s, B +o(s, 1) + L& ;"i K‘f"/”]

+i iﬁi(é,n,m,n)[% KPP (a(g,m) +v(8 1)) + P ’;/P]}

§=my N=no
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+ZZZA§1N_1 di(s,t hi g ap)p £+ 0(s, £)) + P gl
‘- ilS, /m/n) ; 3 (a(sl ) U(S/ )) T 3

=1 s=my t=nyg

g=myg N=1o

+2, De¢mmmn) [%Kiji_”)/”(a(éfn) +o(gm) + ?Kﬁ'/p] }

m-1 n-1

R 11
:H(m,n)+z
i=1

=1 s=my t=ng

[Ei(s, t,m,n) %Kiq"_p)/pv(s, t)

+Z ch(é 1,m,n) rlK(" Pry(e, 11)]

g=myq 1="0o

(2.40)

where H (m, n) = J(m,n)+ 32, SM1 SN (s, t,m, 1) (hi /p)KS" P P0(s, )4 500 Do, &
(&, n,m, n)ji/pKiji_p)/pv(g,q)}, and J(m,n), b;, G, d;, e; are defined in (2.29)-(2.31) respec-
tively.

Similar to the process of (2.15)—(2.20) we deduce

w(m,m) < 1](M N)

WC(WI, 1’1), (241)

where p(m, n), 6(m,n) are defined in (2.32) and (2.33).
Combining (2.39) and (2.41), we get the desired result. O

Remark 2.9. If we set b;(s,t,mn) = g1i(m,n)bi;(s,t), ci(s,t,mn) = gi(m,n)cii(st), di(s,t,mn)=
Qi(mmn)dii(st), ei(st,mmn) = gi(mmn)eii(st) orsetp = q; = r; = h; = j; = 1 in Theorem 2.8,
then immediately we get two corollaries which are similar to Corollaries 2.6 and 2.7, and we
omit the details for them.

Theorem 2.10. Suppose that u, a, bi, c¢;, di, e, p, qi, i, hi, ji are defined as in Theorem 2.5.

L, T; : QxR — Ry, i=1,2,...,1, satisfies 0 < Li(m, n,u) — Li(m,n,v) < T;(m,n,v)(u—-o) for
u>v>0.If for (m,n) € Q, u(m,n) satisfies

i m-1n
uP(m,n) < a(m,n) + Z E:l j [b (s,t,m,n)ut(s,t) + Z Zc,(§ n,m,n)u" (¢, 71)]

i=1 s=my t=ny &=mg N=No

i=1 s=myg t=ng &=my =10

L, M-1N-1 s
+ Z Zl Z [di(s,t,m,n)Li<s,t,uhi(s,t)> + Z iei(g,q,m,n)uji (g,q)],

(2.42)
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then

~ 1/p
u(m,n) < {a(m,n) + %é(m,n)} i (2.43)

provided that ji(M, N) < 1, where

i m-1 n-1

J(m,n) = Z Z Z {bi(s, t,m, n) [%Kiqi—p)/lﬂa(s, t) + %K?W]

i=1 s=my t=ny

S t
+Z Zci(g,q,m n)[“Km p)/pa(é 11)+ . zK;,/p]}

g=my 1=1o
(2.44)
L, M-1N-1 i )y T
+ di(s,t,m,n)Li[s,t —K; "' Pa(s t)+ —K; ”]
i=1 s=myg t=ng 14 14
s t . X s
-3 Setenmn) LI aten - ELx)
§=myq 1M=no P p
L M-1N-1[ _ R hep)/
n=>> Z di(s,t,m,n)?KS' PIPC(s,t)
i=1 s=myg t=ng
(2.45)

+Z Zel(é n,m, n)]lK(lx P)/Pc(é 11)}

g=myg N=1o

d(stmn) di(s,t,m,n)T;

- h;
st, E1<”‘ PP sty + P Kh/”], i=1,2,...,1, (2.46)
p p
é(m,n) = exp{ 1§(s, t, m,n)}, (2.47)

I
B(s,t,mmn) = [b (s,t,m,mn) th“’l Iy Z Zc,(g n,m, n) Ol W”] (2.48)

i=1 &=myq 1=10o
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Proof. Denote

Iy m-1 n-
v(m,n) = Z by [b (s,t,m,n)u’%(s,t) + Z ch(g n,m,n)u’ (¢, 11)]

i=1 s=myg t=ng &=my N=No
(2.49)
L, M-1N-1 s t )
+ di(sl t/ m, n)Li <S/ t/ uhi (S/ t)> + Z Z €i (g’ n,m, n)u/i (é/ 1’1) :
i=1 s=my t=nyp &=my N=no
Then
u(m,n) < [a(m,n) +v(m,n)]*'?, (2.50)

and, furthermore, from Lemma 2.1 we have

o(m,n) < 3 {bi(s, o) | LR (5, 000, + E TR

+ 3 Saenmn) K7 @) +olen) + L] }

g=myg 1=1o

i=1 s=myg t=nyp

S5y m,m)Li|s b, KPP (a(s ) + P
+ZZZ (s,t,m,n)L;|s, ; (a(s,t) +v(s, ))+ PR

s t . ) L
+ 3 et mn) (LK ) o) + L] }

g=mq 1="0o

I m-1 n-1 qi )/ pP—qi i/
bi(s,t,m,n) [F’Kiqz—r') Pla(s,t) +v(s, b)) + T’Kih P]

i=1 s=my t=ny

+Z ch(g n,m,n)

&=myq 1="o

rlK(r, PP a(e,n) +v(en)) +E0 ”/T’] }

2, hi o (nip)/p p—hi s
+ Z di(s,t,m,n){ L;|s,t, FK (a(s,t) +v(s,t)) + TKB
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P (i —hi _p,
-L; [s, t, %Kéh‘ p)/pa(s, ) + p—p K;l’/p]

h;

- h
oL [s, 8, TR 0P o e Pt Pl gty }
p p

S t . ) . .
+2) Deildnmn) [%Ki”'_p)/”(a(é,n) +o(gn))+ ’%Kf/"] }

g=mg =10

I m-1 n-1

i=1 s=my t=ngp

{b,-(s, t,m,n) [%K%qi_p)/p(a(s, t) +ov(s,t)) + P ;qi Kllii/p]

i@nmm) | KT @ m) +olen) + — =K

§=my =10

L, M-1N-1 h hp)/ h h/ hp)/
+y d(stmn){ [st;K( PPty + P20 ; '”] b Sl

xv(s,t) + L;

_ h;
o B gy PP
p p

+Z 261@ n,m,n) [JIK(I PP a,n) +oE ) + P ]lK’/”]}

g=myo N=1o

m-1 n—

—H(m,n)+ Z

1
i=1 s=my t=ny

[b (s, t,m,n) qIK(q’ p)/pv(s t)

3 Yanm m Ko, ’1)]

g=my 1N="10

(2.51)

where H(m, n) = J(m,n)+ 32, SMU SNV (s, t,m,n) (hi/p)KS" P Po(s, )+ 33, St i
(§,11,m,n)(ji/p)Kiji7p>/pU(§,n)} and ](m,n),dl(s,t,m,n) are defined in (2.44) and (2.46)
respectively.

Similar to the process of (2.15)—(2.20) we deduce

J(M,N)

v(m,n) < T— M N)G(M' N), (2.52)

where ji(m, n), C(m,n) are defined in (2.45) and (2.47) respectively.
Combining (2.50) and (2.52), we get the desired result. O
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Theorem 2.11. Suppose that w(m,n) € p.(Q), u, a, b;, ci, di, ei, p, qi, 1i, hi, ji are defined

as in Theorem 2.5. Furthermore, assume a(m,n) is nondecreasing in the first variable. L;, T;, i =
., Iy, are defined as in Theorem 2.10. If, for (m,n) € Q, u(m, n) satisfies

m—1
uP(m,n) < a(m,n) + Z w(s,n)uf (m,n)
S=m
L m-1 n-1 [ s t
+ bi(s, t,m,n)u’¥(s,t) + Z Zci(g, n,m,n)u" (& n)
i=1 s=my t=ny | &=my =10
L M- N-1[ st _
+ di(s,t,m,n)L; (s, t,ul(s, t)) + Z Zei(g,q,m,n)uﬁ ¢Gnl,
i=1 s=myg t=ng | E=myq ="
(2.53)
then
~ 1/p
](M/ N) ~ ~
< N) 2.54
u(m,n) < {[a(m,n) + 1 _ﬁ(M,N)C(m,n) w(mmn) (2.54)

provided that fi(M, N) < 1, where

L m-1 n-1

fmm=3% 3 {Exs, o) | LT (s, )+ BTt

i=1 s=myg t=ny

+§S: zt:Ei(g,n,m,n) [% Klp )/pa(é 71)"‘ . lKr’/”]}

g=my N="no

I, M-1N-1

hi/p (hp)/p —hi  hi/p
+ZZZ{d(stmn)L [s,t(w(s,t)) <p1< a(s t)+ p ——Kj >]

i=1 s=my t=ng

+Z Ze,(g n,m,n)

&=my 1N=no

]lK(]l_P)/pa(é 11) + Pp]’KJI/P] }

bils,t,m,m) = bi(s, t,m,m) (@ (s, 1),

Gi(s,t,m,n) = ci(s, t,m,n)(@W(s, )P, i=1,2,...,L,

~ —h;
51, 1) = A, ) @505, 1)V s 1, 3505, )7 (SRS Pags )+ EZHA

&i(s,t,m,n) = e;(s,t,mn)(@(s, )P, i=1,2,...,L,
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m-1
w(m,n) = [ J[1+w(s,n)],

S=m

L, M-
fimmn)=> >

1 N-1
i=1 s=my t=nyp

{d(stmn) ZKTPIPE (s, t)

+Z Z&(é nm, n)]lK(]x P)/Pc(é ﬂ)}

g=myg N="o

[y

m-1 n-1

C(m,n) =exp{ E(s,t,m,n)},

-

S=my i=ngp

[
B(s,tymm) = 3 [b (s,t,m, ")qlK(q’_p)/er by ch(é n,mn )rlK ”"’V”]

i=1 &=my N=No

(2.55)

The proof for Theorem 2.11 is similar to the combination of Theorems 2.8 and 2.10, and
we omit the details here.

Remark 2.12. If we take gij(m,n) = 1, ciy(imn) = 0,i = 1,2,...,11, and g;(m,n)

1, e1i(m,n) =0, i = 1,2,...,1, in Corollary 2.6, then Corollary 2.6 reduces to [9, Theorem
2.5]. If furthermore Iy = I, = 1, then Corollary 2.6 reduces to [9, Theorem 2.1]. If we
take b;(s,t,m,n) = by(s,t), ci(s,t,m,n) = 0,i = 1,2,...,11 and d;(s,t,m,n) = dy(s,t),
ei(s,t, myn) =0, h; =1,i =1,2,...,1, in Theorem 2.10, then Theorem 2.10 reduces to [9,
Theorem 2.7]. If furthermore [; = I, = 1, then Theorem 2.10 reduces to [9, Theorem 2.6].

3. Applications

In this section, we will present some applications for the established results above and show
that they are useful in the study of boundedness, uniqueness, and continuous dependence of
solutions of certain difference equations.

Example 3.1. Consider the following Volterra-Fredholm sum-difference equation:

3
kN
3

-1 s t
uP (m,n) = a(m,n) + |:F1(s, t,m,n,u(s,t)) + Z ZFz(g, n,m,n,u(é,n))

s=my 0 E=mp 1N=no

i
3
T
X

3.1
M-1 M-1 Y
+ [Gl(stmnu(st)+z ZG2(§ n,m,n,u(¢,mn)) |,

s=my t=ng g=myg 1=1o
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where u(m,n), a(m,n) € p(Q), p > 1is an odd number, F;, G; : QxR >R, i=12 M N
are two integers defined the same as in Theorem 2.5.

Theorem 3.2. Suppose that u(m,n) is a solution of (3.1), and |Fi(s,t,m,n,u)| < fi(s,t,m,n)|ul9,
|F2(S, t,m,n,u)l < fZ(S/ t,m,n)|u|’, |G1(S, t,Tl’l,Tl, u)| < 81(5/ t/m/n)|u|h/ |G2(S, t,Tl’l,Tl, u)| <

(s, t, m,n)|ull, where q, r, h,j are nonnegative constants satisfyingp >q, p>r, p>h, p > j,
fi, g € +(Q?), i=1,2and f;, g are nondecreasing in the last two variables; then one has

J(M,N)

1/p
WC(HL Tl)} , (32)

ju(m, m)] < {|a<m,n>| +

provided that u(M, N) < 1, where

m-1 n-1

J(m,n) = Z Z {fl(s, t,m,n) [gKiq—P)/pla(sl B+ PP%QK?/P]

S§=Mp t=hg

~

+ 3 Y nmm |5k @)+ LK }

g=my 1N="10

h ~h
+ > > {gl(srt,n”bﬂ) [;Kg” P’/”|a(s,t)|+p71<§/”

+ 20 2 (& mn)

g=mq 1="o

J o i-p)/ pP—J.i/
—

M-1 N-1

u(m,n) = Z Z {gl(s, t,m, n)%Kéhp)/Pc(s, t)

s=my t=ngp

S t . X
3 S g (é,n,m,n) ]%,Ki"”””C@,n) }

g=myg 1=1o

—

m—

C(m,n) = exp{ > nz_lB(s,t,m,n)},

s=my t=ng

8 s t r B
B(s,t,m,n) = fi(s, t,m,n)gKiq PP Z Zfz(g, n,m, n);;Kg PP,

g=myg 1=1o

(3.3)
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Proof. From (3.1) we have

m-1 n-1 S t
lu(m, n)| < |a(m,n)| + [|F1(s,t,m,n,u(s,t))| + 2> IFz(érn,m/nru(éfn))l]
s=my t=ny &=my 1N=no
M-1 M-1 s t
+ |Gi(s, t,mn,u(s, )|+ >, D 1Ga(& n,m,n,u(én))l
s=my t=ny &=my 1N=Mo
m-1 n-1 s t
<la(m,nm)|+ >, > [fl(sftfm/n)Iu(sft)lb7+ > Zfz(éfn/m/n)lu(éfﬂ)lr]
s=my t=ngy &=mg =10

2
=

-1 M-1

+ [gl(s tm,n)u(s, b|" + Z igz(éfnrmrn)lu(éfn)lj]-

s=my t=ngy &=mygy N=no

If
3

(3.4)

Then a suitable application of Theorem 2.5 (with [; = I, = 1) to (3.4) yields the desired result.
O

The following theorem deals with the uniqueness of the solutions of (3.1).

Theorem 3.3. Suppose that |Fi(s,t,m,n,u) — Fi(s,t,m,n,v)| < fi(s,t,mn)|up — vP|, |
Gi(s, t,m,n,u) — Gi(s, t,mmn,v)| < gi(s,t,mn)|uP —vP|,i = 1,2 hold for Yu,v € R, where
fl,gl € p+(£22) i = 1,2 with f;, g nondecreaszng in the last two variables, and u(M,N) =

s =my Zt no {gl(S,t M N)C(S/t) + Zg =m Zq 1o gz(g T’Z,M N)C(g Tl)} < 1 where C(m,n) -

exp{ZS . vl ,}OB(S t,m,n)}, and B(s,t,m,n) = f1(s,t,m,n) +Z§ o Zq o f2(&,1m,m,n), then
(3.1) has at most one solution.

Proof. Suppose that ui(m, n), u,(m,n) are two solutions of (3.1). Then,

m-1 n-1

|u’1’(m,n) —ub(m, n)| < [|F1(S/ t,m,n,ui(s,t)) - Fi(s,t,m,n,us(s,1))|

)
~

=My t=ng

g=mq 1="o

> IFz(é,n,m,n,ul(5,11))—Fz(é,q,m,n,uz(é,q))l]

M-1 M-1
+ [IGl(s, t,m,n,ui(s,t)) — Gi(s, t,m,n,uy(s, t))]

S=my

2

~
I
=

0

> D |G2(§,n,m,n,ul(é,n))—Gz(é,n,m,n,uz(é,n))|]

&=myq 1="o
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m—l n-1
[fl(s t,m,n) | ’f(s,t) —ug(s,t)'
s=mot:no
+§z S e m,m)|ul &) —u’é’(é,ﬂ)|]
mo 1=1o
M-1 M-1
+ [g1 s, t,m, n)| (s,t) uz(s,t)|
s=mg t=ngp

3 SnEnmm (5/11)—“5(6,11)|].

g=myg N=1o

(3.5)

Treat |u (m,n) —u, "(m,n)| as one variable, and a suitable apphcatlon of Corollary 2.7
yields |u1 (m,n) — ug(m n)| < 0, which implies that ] P(m,n) = uz(m n). Since p is an odd
number, then we have u; (m, n) = uy(m, n), and the proof is complete. O

Finally we study the continuous dependence of the solutions of (3.1) on the functions
a, F1, F», G1, Ga.

Theorem 3.4. Suppose that u(m,n) is a solution of (3.1), |Fi(s,t,m,n,u) — Fi(s,t,m,n,v)| <
fi(s, t,m,n)|u? — vP|, |Gi(s,t,m,n,u) — Gi(s,t,m,n,v)| < gi(s,t,m,n)|u’ —o"|,i = 1,2 hold
forYu,v € R, where f;, g; € g3+(£22), i =1,2 with f;, g nondecreasing in the last two variables, and,
furthermore,

m-1 n-1
\a(m, n) — a(m, n)| + {|F1(s t,u(s, 1)) — Fi(s, t, (s, t))|
s=my t=ngp
3 3 R ) - Faenat n>>|}
&=mg 1=No
" (3.6)
M-1N-1 _
+ Z Z { |Gl(S,t,ﬁ(S,t)) - Gl(S,t,ﬁ(S,t))'
s=my t=nyp

53 Z |G2(&m (e m) - Ca(e m 12, n))|}

&=my 1N=no

where € > 0 is a constant, and u(m, n) € p(Q) is the solution of the following difference equation:
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m-1 n-1
u’ (m,n) =a(m,n) + [Fl(s t,m,n,u(s,t) + Z ZPz(g n,m,n,u(¢, 11))]
s=my t=ng &=my 1N=no
M-1M-1]__ st
+ Gi(s, t,m,n,u(s, t)) + Z ZGz(g,n,m,n,ﬂ(g,n)) ,
s=myg t=ng &=my N=No
(3.7)
where F;,G;: Q> xR — R, i=1,2; then one has
_ J(M, N) ]
P - < — .
|u? (m,n) =P (m,n)| <e|l+ 1—y(M,N)C(m'n) , (3.8)

provided that y(M, N) < 1, where

s=my t=ny &=myp N=no

m-1 n-1 s t
J(m,n) = > Z{fl(s,t,m,n)+ > fz(g,q,m,n)}

M-1 N-1 s t
+ gi(s,t,mmn)+ > D e (é,m,mn) ¢,

g=myq N=1o

3
S
Il
B
f
—

s t
gi(s,t,mm)Cs,t) + Y Zgz@,n,m,n)C(é,n)}, (39

g=my 1=1o

B(s,t,m, n)},

s t
B(s,t,m,n) = fi(s,t, m,n) + Z Zfz(g,n,m,n).

g=myg N=1o
Proof. From (3.1) and (3.7) we deduce

|u? (m, n)—uF (m,n)| <|a(m,n)—a(m,n)|

—
N

m— -1

+ { |F1(s, t,m, n,u(s,t))—fl(s, t,m,n,u(s, t))|

...
1l
=

S=Myg 0

+Z Z|p2(g n,m,n,u(é,n))~Fa(én,mnu(, rz))|}

g=myq 1=10o
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M-1N-1 -
+ |G1(s,t,m,n,u(s,t)) ~Gi(s,t,m,n s, t))|

s=my

Z

,-...
1l
=

+Z Z|Gz(§ n,m,n,u(é,n)) - Ga (& n,m,n,u(g, 11))|}
&=mg 1=1o
<|a(m,n) —a(m,n)|
m—-1 n-1

+ D] { |F1(S, t,m,n,u(s,t))~Fi(s,t,m,n,us, t))|

s=my t=ny

+ |F1 (s,t,m,n,u(s,t)) — F (s,t,m,n,u(s,t)) |

s t
+ > DFa(Enmmnu(En)-Fa(én,mnu(E,n))|

g=myg 1="o

+|Fa (@ mm,n (8, m)~F2(8,n,m,m (%, m)) | }

M-1N-1
+ |G1(s, t,m,n,u(s,t)) — Gi(s,t,m,n,u(s, t))|
s=my t=ny
+ |G1(s, t,m,n, (s, 1)) — Gi(s, t,m,n,u(s, t))|
B t
+ > DG mnu(E n)-Ga (&, m,m,nu(é, )|
§=myg 1=19
+|Ga (@ mm, (¢ m)) = Ga (& m,m,m (e ) | }
m-1 n-1
<e+ Z Z |P1(Sltrmrnlu(slt)) - Fl(S,t,m,Tl,a(S,t)”
s=my t=ng
+F2(&m,m,n,u(g,n)) - F2(&m,mnu(gn))|}
M-1N-1
+ |Gi(s,t,m,n,u(s, t)) — Gi(s,t,m,n,u(s, t))|
s=my t=ngp

+i iIGz(éfn/m/nru(éfn))—Gz(éfmm,n/ﬁ(é,n))I}

&=myq 1="o

-1 n-1

<e+ {fl(s t,m,n)|uf (s, t) —uP (s, t)|

3
3

s ot

it
3
if
2

0
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S S ol )| (&) (& )|

g=myg 1=1o
M-1M-1
+ Z gl(sltrmrn)lup(slt) _ﬁp(srt)|
s=my t=ngp
s t
£ 2 mm)lu ) - @ n)
&=myg M=o
(3.10)
Then a suitable application of Corollary 2.7 yields the desired result. O

Remark 3.5. We note that the results in [1-30] are not available here to establish the analysis
above.
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