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We introduce and study new sequence spaces which arise from the notions of generalized de la
Vallée-Poussin means, invariant means, and modulus functions.

1. Introduction

Let w be the set of all real or complex sequences and let I, ¢, and ¢y be the Banach spaces of
bounded, convergent, and null sequences x = (xx), respectively, with the usual norm ||x|| =
sup, x|

A sequence x = (xi) € I, is said to be almost convergent if its Banach limit coincides.
Let ¢ denote the space of all almost convergent sequences. Lorentz [1] proved that

c= {x € Iy : limt,,, (x) exist uniformly in n}, (1.1)

where
Xn + Xps1 + 0+ Xpm
m+1 '

tmn (x) = (1.2)

The space [c] of strongly almost convergent sequences was introduced by Maddox [2]
as

[c] = {x €l : lim t,,,(|x — Ze]) exist uniformly in n for some ¢ € (C}, (1.3)
m

wheree = (1,1,...).
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Let 0 be a one-to-one mapping from the set of positive integers into itself such that
o™(n) = 0™ Y(o(n)), m =1,2,3,..., where 0™ (n) denotes the mth iterate of the mapping o in
n, see [3]. A continuous linear functional ¢ on [, is said to be an invariant mean or a c-mean,
if and only if,

(i) p(x) > 0, when the sequence x = (x,,) is such that x,, > 0 for all ,
(ii) p(e) =1, wheree = (1,1,...),
(iii) p(xom)) = ¢(x), forall x € Io..

For a certain kind of mapping o, every invariant mean ¢ extends the functional limit
on the space ¢, in the sense that ¢(x) = lim x for all x € c. Consequently, ¢ C V;;, where Vj is
the set of bounded sequences with equal o-means. Schaefer [3] proved that

V, = {x €ly: liin tkm(x) = L uniformly in m for some L = 0 — limx}, (1.4)

where

Xm +x0(m) + .- +xo-k(m)
k+1 !

tkm(x) = tim = 0. (15)

Thus we say that a bounded sequence x = (xi) is o-convergent, if and only if, x € V,; such that
of(n) #n for all n > 0, k > 1. Note that similarly as the concept of almost convergence leads
naturally to the concept of strong almost convergence, the o-convergence leads naturally to
the concept of strong o-convergence.

A sequence x = (xy) is said to be strongly o-convergent (see, Mursaleen [4]), if there
exists a number ¢ such that

1 k
EZ|xai(m) -¢| —0, (1.6)
i=1

as k — oo uniformly in m. We write [V,;] to denote the set of all strong o-convergent
sequences and when (1.6) holds, we write [V;] — limx = ¢. Taking o(m) = m + 1, we
obtain [V,;] = [¢]. Then the strong o-convergence generalizes the concept of strong almost
convergence. We also note that

[Vo] €V C . (1.7)

It is also well known that the concept of paranorm is closely related to linear metric spaces.
In fact, it is a generalization of absolute value. Let X be a linear space. A functionp : X — R
is called a paranorm, if

(P:1) p(0) >0,
(P:2) p(x) 20, forall x € X,
(P:3) p(—x) = p(x), forall x € X,
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(P:4) p(x +y) < p(x) +p(y), for all x, y € X (triangle inequality),

(P:5) if (A,) is a sequence of scalars, with A, — A (n — o0), and (x,) is a sequence of
vectors with p(x, —x) — 0 (n — o), then p(l,x,—Ax) — 0 (n — oo) (continuity
of multiplication by scalars).

A complete linear metric space is said to be a Fréchet space. A Fréchet sequence space
X is said to be an FK space, if its metric is stronger than the metric of w on X, that is,
convergence in the sequence space X implies coordinatewise convergence (the letters F and
K stand for Fréchet and Koordinate, the German word for coordinate).

Note that, by Ruckle in [5], a modulus function f is a function from [0, o) to [0, o0)
such that

(i) f(x) =0,if and only if, x = 0,

(i) f(x+y) < f(x)+ f(y), forallx,y >0,
(iii) f increasing,
(iv) f is continuous from the right at zero.

Since |f(x) — f(y)| £ f(|x — y]), it follows from condition (iv) that f is continuous on
[0, 00). Furthermore, from condition (ii), we have f(nx) < nf(x) for all n € N, and thus

fx) =f<nx%> < nf(%), (1.8)

hence
%f(x) < f(il—c) Vn e N. (1.9)

In [5], Ruckle used the idea of a modulus function f in order to construct a class of FK spaces
L(f) = {x= (x) = D f (k) <oo}- (1.10)
k=1

From the definition, we can easily see that the space L(f) is closely related to the space I3, if we
consider f(x) = x for all real numbers x > 0. Several authors study these types of spaces. For
example, Maddox introduced and examined some properties of the sequence spaces wy(f),
w(f) and we (f), defined by using a modulus f, which generalized the well-known spaces
wp, w and w,, of strongly summable sequences, see [6]. Similarly, Savas in [7] generalized
the concept of strong almost convergence by using a modulus f and examined some further
properties of the corresponding new sequence spaces.

The generalized de la Vallé-Poussin mean is defined by

ta(x) = %Zxk, (1.11)

" kel,
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where I, = [n -\, + 1,n] forn = 1,2,.... Then a sequence x = (xi) is said to be (V,1)-
summable to a number L (see [8]), if t,(x) — Lasn — oo, and we write

[V,)t]o={x lim - lekl }

An kel,

[V,A] ={x:x-¢e e [V,\],for some ¢ € C}, (1.12)

[V, Al {x sup - Z|xk|<oo}

" kel,

for the sets of sequences that are, respectively, strongly summable to zero, strongly summable,
and strongly bounded by the de la Vallé-Poussin method. In the special case where \,, = 7,
forn=1,2,3,..., thesets [V, ], [V, 1], and [V, A]_, reduce to the sets wy, w, and w.,, which
were introduced and studied by Maddox, see [6].

We also note that the sets of sequence spaces such as strongly o-summable to zero,
strongly o-summable, and strongly o-bounded with respect to the modulus function were
defined by Nuray and Savas in [9].

2. Main Results

Let p = (px) be a sequence of real numbers such that pyx > 0 for all k, and sup, px < oo. This
assumption is made throughout the rest of this paper. Then we now write

[Vg,)u,f,p]oz{x hm Z{f(|x0k =)}’ =0, uniformly in m},

" kel,

[Vo, A, fp] = {x:x-¢Cee [Vg,)t,f,p]o for some ¢ € C}, (2.1)

Vot frl. = fxssupd Sl <o0 |

" kel,

In particular, if we take px = 1 for all k, we have

Vo, A, fl, = {x hm Zf(|x0k(m)|) 0, uniformly in m}

Vo, A, f] = {x:x - e € [Vg, 14, f], for some ¢ € C}, (2.2)

Vet = {xssopd 3 (o) <o)

nm N pecp
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Similarly, when o(m) = m + 1, then [V, A, f,pl, [Vo, A, f,p] and [V, A, f, p]_, are reduced to

[\7, A f, p] = {x : liml Z {f (Ixkem]) }7* = 0, uniformly in m},
0 n )Lnkeln
[V,)L,f,]_’)] = {x tx—4de € [V,A,f,p]o for some ¢ € C}, (2.3)

[V,)u,f,p]oo = {x : sup%z {f (xkeml) }7* < oo}, respectively.

" kel,

In particular, when py = p for all k, then we have the spaces
[V.nfp] = [Vas],  [VAge| =g [Vase| =[Vas] L e

which were introduced and studied by Malkowsky and Savas in [10]. Further, when \,, = n,
forn=1,2,3,... thesets [V, A, f],and [V, \, f] are reduced to [¢(f)] and [¢y(f)] respectively,
see [7]. Now, if we consider f(x) = x, then one can easily obtain

[Vo, )"P]o = {x : lim%z [ %o (m) |pk uniformly in m},

" kel,
[Vo, A, p] = {x cx—dec [\70, )L,p]ofor some ¢ € (C}, (2.5)

Vo, L p], = {x : sup%z [ %0k |7 < oo}.

n,m n kGIn

If pr = 1 for all k, then we can obtain the spaces [V;, A],, [Vs, 1], and [V;, A] .. Throughout
this paper, we use the notation f (|xx|)"* instead of { f(|xk|) }*.

If p € Ly, then it is clear that [V, A, f,pl,, [Vo, A, f,pl, and [V,0, 4, f,p] . are linear
spaces over the complex field C.

Lemma 2.1. Let f be any modulus. Then

Vo, floo = €5 (f) = {x €w: (f(|xcr(m])) € € }- (2.6)

Proof. Let x € [V, A, f] .. Then there is a constant M > 0 such that

1 1
ylf(|xck(m>|) < sup - D ([xokm|) <M, (2.7)

M kel,
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for all m, and so (f (|xsk(m)|)) € les. Let x € €5,(f). Then there is a constant M > 0 such that
(f (Xotgm|)) < M for all k and m, and so

1 1
er(|xak(m>|)SMf21SM/ (2.8)
" kel, " kel,
for all m and n. Thus x € [V;, A, f]_,. This completes the proof. O

If x € [Vo, A, f,pl, with (1/X,) Sper, f(1Xok(m) — €e|)P* — 0asn — oo uniformly in m,
then we write xx — I[V5, A, f,p].

The following well-known inequality ([11], page 190) will be used later.

If 0 < px < suppx = H and C = max(1,2H71), then

|ak + b < Clal™ + [bil™ }, (2.9)

for all k and ay, by € C.
In the following theorem, we prove x, — ¢ implies xx — ¢ € [V,, A, f,p] and we also
prove the uniqueness of the limit £. To prove the theorem, we need the following lemma.

Lemma 2.2 (see [2]). Let px > 0, gx > 0. Then c,(q) C co(p), if and only if, limy _, o inf pi /gi > 0,
where co(p) = {x : |xk|’* — 0as k — oo}.

Note that no other relation between (px) and (gi) is needed in Lemma 2.2.

Theorem 2.3. Let limy_, o infpr > 0. Then x; — € implies x, — € € [Vi, A, f,p]. Let
limg oopr =7>0.If xx — € € [V, A, f,pl, then € is unique.

Proof. Let x, — €. By the definition of modulus, we have f(|xx — ¢|]) — 0. Since
limy _, » inf px > 0, it follows from the above lemma that f(|xi — ¢|)P* — 0 and consequently,
xx — €€ [Vs, f,p]

Let limg_, opx = 7 > 0. Suppose that xi, — &1 € [V, A, f,p], xk — & € [Vs, A, f,p] and
|61 — &2)P* = a > 0. Now, from (2.9) and the definition of modulus, we have

%Zf(lel - &)™ < %Zf(lxoum) -a|)™

mkel, " kel,
(2.10)
C
+ A—Zfﬂxok(m) - &)™
" kel,
Hence,
1 -
T 2 f e - el =o. (2.11)

kel,
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Further, f(|¢1 — €,|)’* — f(a)" as k — oo and, therefore,

Jim — Zf(% - &) = f(a)". (2.12)

" kel,

From (2.11) and (2.12), it follows that f(a) = 0 and by the definition of modulus, we have
a = 0. Hence ¢; = ¢, and this completes the proof. O

Theorem 2.4. (i) Let O < infy px < px < 1. Then,
Vo, A, f,p] € [Vo, A, f]- (2.13)
(ii) Let 0 < px < supy px < 0. Then,
[Vo, A, f] € [Vo, A, f,p]- (2.14)

Proof. (i) Let x € [V,, A, f,p]. Since 0 < infy px <1, we get

S (o — e} < 1 3 (F (otom — €))7, 215

" kel, " kel,

and hence x € [V;, A, f].
(ii) Let p > 1 for each k, and sup,. px < 0. Let x € [V, A, f]. Then, foreach k,0 < e <1,
there exists a positive integer N such that

1
)L—Z{f(|xak(m)—€e|)} <e<l, (216)

M kel,

for all m > N. This implies that

1 1
yz{f(|xak<m> ee|) )™ TZ f([Xorom) — €e|) }. (2.17)
keI, kel,
Therefore, x € [V;, A, f, p]. This completes the proof. O

Finally, we conclude this paper by stating the following theorem. We omit the proof,
since it involves routine verification and can be obtained by using standard techniques.

Theorem 2.5. [V;, A, f,p], and [V, A, f,p] are complete linear topological spaces, with paranorm
g, where g is defined by

g(x)—sup<)t Z{f(lxok<m>|)}pk> : (2.18)

" kel,

where M = max(1, {sup, pk}).



8 Abstract and Applied Analysis
Acknowledgment

The authors express their sincere thanks to the referee(s) for careful reading of the paper and
several helpful suggestions.

References

[1] G. G. Lorentz, “A contribution to the theory of divergent sequences,” Acta Mathematica, vol. 80,
pp. 167-190, 1948.

[2] L ]J. Maddox, “Spaces of strongly summable sequences,” The Quarterly Journal of Mathematics, vol. 18,
pp. 345-355, 1967.

[3] P. Schaefer, “Infinite matrices and invariant means,” Proceedings of the American Mathematical Society,
vol. 36, pp. 104-110, 1972.

[4] M. Mursaleen, “Matrix transformations between some new sequence spaces,” Houston Journal of
Mathematics, vol. 9, no. 4, pp. 505-509, 1993.

[5] W. H. Ruckle, “FK spaces in which the sequence of coordinate vectors is bounded,” Canadian Journal
of Mathematics, vol. 25, pp. 973-978, 1973.

[6] L J. Maddox, “Sequence spaces defined by a modulus,” Mathematical Proceedings of the Cambridge
Philosophical Society, vol. 100, no. 1, pp. 161-166, 1986.

[7] E. Savas, “On some generalized sequence spaces defined by a modulus,” Indian Journal of Pure and
Applied Mathematics, vol. 30, no. 5, pp. 459-464, 1999.

[8] L. Leindler, “Uber die verallgemeinerte de la Vallée-Poussinsche summierbarkeit allgemeiner
orthogonalreihen,” Acta Mathematica Academiae Scientiarum Hungaricae, vol. 16, pp. 375-387, 1965.

[9] E Nuray and E. Savas, “On strong almost A-summability with respect to a modulus and statistical
convergence,” Indian Journal of Pure and Applied Mathematics, vol. 23, no. 3, pp. 217-222, 1992.

[10] E. Malkowsky and E. Savas, “Some J\-sequence spaces defined by a modulus,” Archivum
Mathematicum, vol. 36, no. 3, pp. 219-228, 2000.

[11] I.]J. Maddox, Elements of Functional Analysis, Cambridge University Press, Cambridge, UK, 1970.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



