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A rate of complete convergence for weighted sums of arrays of rowwise independent random vari-
ables was obtained by Sung and Volodin (2011). In this paper, we extend this result to negatively
associated and negatively dependent random variables. Similar results for sequences of ¢-mixing
and p*-mixing random variables are also obtained. Our results improve and generalize the results
of Baek et al. (2008), Kuczmaszewska (2009), and Wang et al. (2010).

1. Introduction

The concept of complete convergence of a sequence of random variables was introduced by
Hsu and Robbins [1]. A sequence {X,,, n > 1} of random variables converges completely to
the constant 0 if

> P(Xy—6>€) <o Ve>0. (1.1)

n=1

In view of the Borel-Cantelli lemma, this implies that X,, — 6 almost surely. Therefore, the
complete convergence is a very important tool in establishing almost sure convergence of
summation of random variables as well as weighted sums of random variables. Hsu and
Robbins [1] proved that the sequence of arithmetic means of independent and identically
distributed random variables converges completely to the expected value if the variance of
the summands is finite. Erdos [2] proved the converse. The result of Hsu-Robbins-Erdos is a
fundamental theorem in probability theory and has been generalized and extended in several
directions by many authors.

Ahmed et al. [3] obtained complete convergence for weighted sums of arrays of row-
wise independent Banach-space-valued random elements.
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We recall that the array {X,;, i > 1, n > 1} of random variables is said to be stochas-
tically dominated by a random variable X if

P( X > x) <CP(IX|>x) Vx>0, Vi>1 n>1, (1.2)

where C is a positive constant.

Theorem 1.1 (Ahmed et al. [3]). Let { Xy, i > 1, n > 1} be an array of rowwise independent ran-
dom elements which are stochastically dominated by a random variable X. Let {a,;, i>1, n > 1} be
an array of constants satisfying

supla,i| = O(n™)  for some y >0, (1.3)
21

> lani| = O(m*)  for some a <. (1.4)
i1

Suppose that there exists 6 > 1 such that 1+ a/y <6 < 2. Let p# -1 -aand v =max{l+ (1 +a+
B)/y,6}. IfEIX|” < o0 and 321 aniXyi — 0 in probability, then

(o)
Z am'Xni

i=1

Znﬁp< > €> <o Ve>0. (1.5)
n=1

Note that there was a typographical error in Ahmed et al. [3] (the relation 6 > 0 should
be 6 > 1). If p < -1, then the conclusion of Theorem 1.1 is immediate. Hence, Theorem 1.1 is
of interest only for > -1.

Baek et al. [4] extended Theorem 1.1 to negatively associated random variables.

Theorem 1.2 (Baek et al. [4]). Let {X,;, i > 1, n > 1} be an array of rowwise negatively associated
random variables which are stochastically dominated by a random variable X. Let {a,;, i >1, n > 1}
be an array of constants satisfying (1.3) and (1.4). Suppose that there exists 6 > 0 such that 1+ a/y <
6<2 Letfp>-1landv=max{l+Q+a+p)/y,6}. fEX,; =0, foralli>1and n > 1, and

E|X|log|X| <00, forl+a+p=0,
(1.6)
EX["<o, forl+a+p>0,

then

(o)
Z anani

i=1

i;ﬁ’P( > e> <o Ve>0. (1.7)

n=1

Sung and Volodin [5] improved Theorem 1.1 as follows.

Theorem 1.3 (Sung and Volodin [5]). Suppose that p > 1. Let {Xyi, i > 1, n > 1} be an array of
rowwise independent random elements which are stochastically dominated by a random variable X. Let
{ani, i >1, n> 1} bean array of constants satisfying (1.3) and (1.4). Assume that 3,720, X — 0
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in probability. If

E|X|log|X| <o, forl+a+p=0,
(1.8)
E|x|1+(1+“+ﬂ)/)’ < o0, fOT’ 1+a +ﬂ > 0/

then (1.5) holds.

In this paper, we extend Theorem 1.3 to negatively associated and negatively depen-
dent random variables. We also obtain similar results for sequences of ¢-mixing and p*-mix-
ing random variables. Our results improve and generalize the results of Baek et al. [4], Kucz-
maszewska [6], and Wang et al. [7].

Throughout this paper, the symbol C denotes a positive constant which is not neces-
sarily the same one in each appearance. It proves convenient to define log x = max{1,Inx},
where In x denotes the natural logarithm.

2. Preliminaries

In this section, we present some background materials which will be useful in the proofs of
our main results.
The following lemma is well known, and its proof is standard.

Lemma 2.1. Let {X,, n > 1} be a sequence of random variables which are stochastically dominated
by a random variable X. For any a > 0 and b > 0, the following statements hold:

(i) EIXal"I(1Xal < b) < C{EIX|*I(IX]| < b) + b*P(IX| > b)},
(ii) E|Xn|"I(|Xn| > b) < CE|X|"I(|X]| > b).
Lemma 2.2 (Sung [8]). Let X be a random variable with E|X|" < co for some r > 0. For any t > 0,
the following statements hold:
(1) Z;‘f’:ln‘l‘t‘SEle”&I(le <n') <CE|X]|" forany 6 >0,
(ii) X%, n"WOE|X|°I(|X| > n') < CE|X[ for any & > 0 such that r — 6 > 0,
(iii) 32, n M P(|X| > n') < CE|X]'".

The Rosenthal-type inequality plays an important role in establishing complete con-
vergence. The Rosenthal-type inequalities for sequences of dependent random variables have
been established by many authors.

The concept of negatively associated random variables was introduced by Alam and
Saxena [9] and carefully studied by Joag-Dev and Proschan [10]. A finite family of random
variables {X;, 1 <i < n} is said to be negatively associated if for every pair of disjoint subsets
Aand Bof {1,2,...,n},

Cov(fi(Xi, i € A), f2(X;, j €B)) <0, 2.1)

whenever f and f, are coordinatewise increasing and the covariance exists. An infinite fam-
ily of random variables is negatively associated if every finite subfamily is negatively asso-
ciated.
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The following lemma is a Rosenthal-type inequality for negatively associated random
variables.

Lemma 2.3 (Shao [11]). Let {X,,, n > 1} be a sequence of negatively associated random variables
with EX, = 0 and E|X,|! < oo for some q > 2 and all n > 1. Then there exists a constant C > 0

depending only on q such that
q n n a/2
> < C{Zaxiw + <ZEX$> } (2.2)
i=1 i=1

E| max
1<j<n

The concept of negatively dependent random variables was given by Lehmann [12].
A finite family of random variables {Xj, ..., X,} is said to be negatively dependent (or nega-
tively orthant dependent) if for each n > 2, the following two inequalities hold:

j

>

i=1

n
P(Xi <x1,.., Xy <x) <] [P(Xi < 0),
i=1
l (2.3)
n
P(Xy>x1,..., X > x,) < [ [P(Xi > ),
i=1

for all real numbers x1, . . ., x,,. An infinite family of random variables is negatively dependent
if every finite subfamily is negatively dependent.

Obviously, negative association implies negative dependence, but the converse is not
true.

The following lemma is a Rosenthal-type inequality for negatively dependent random
variables.

Lemma 2.4 (Asadian et al. [13]). Let {X,,, n > 1} be a sequence of negatively dependent random
variables with EX,, = 0 and E|X,|7 < co for some q > 2 and all n > 1. Then there exists a constant
C > 0 depending only on q such that

q n n q/2
| < C{ZE|X1-|‘7 + <ZEX$> } (24)
i=1 i=1

For a sequence {X,, n > 1} of random variables defined on a probability space (£,
¥, P), let ¥ denote the o-algebra generated by the random variables X,;, X;,11, . . ., X;,. Define
the ¢-mixing coefficients by

p(n) =sup sup(|P(B| A) = P(B)|, A€ FL, P(A)20, BEFE, ). 25)

The sequence {X,, n > 1} is called ¢-mixing (or ¢-mixing) if ¢p(n) — Oasn — co.
Forany S C N, let 5 = 0(X;, i € S). Define the p*-mixing coefficients by

p*(n) = sup corr(f,g), (2.6)
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where the supremum is taken over all S,T C N with dist(S,T) > n, and all f € Ly(¥s) and
g € Ly(%r). The sequence {X,,, n > 1} is called p*-mixing (or p-mixing) if there exists k € N
such that p*(k) < 1.

Note that if {X,,, n > 1} is a sequence of independent random variables, then ¢(n) = 0
and p*(n) =0foralln > 1.

The following lemma is a Rosenthal-type inequality for ¢-mixing random variables.

Lemma 2.5 (Wang et al. [7]). Let {X,,,n > 1} be a sequence of @-mixing random variables with
EX, = 0and E|X,|? < oo for some g > 2 and all n > 1. Assume that 322 ,¢'/?(n) < oo. Then there
exists a constant C > 0 depending only on q and ¢(-) such that

q n n q/2
.19 2
E<@%§ > < C{§E|X,| + <§Exi> } (2.7)

The following lemma is a Rosenthal-type inequality for p*-mixing random variables.

j

>
1

i=

Lemma 2.6 (Utev and Peligrad [14]). Let {X,, n > 1} be a sequence of random variables with
EX, = 0and E|X,|? < oo for some g > 2 and all n > 1. If p*(k) < 1 for some k, then there exists a
constant C > 0 depending only on q, k, and p*(k) such that
i q n n q/2
> < C{ZE|X,~|‘7 + <ZEX$> } (2.8)
i=1 i=1

2Xi

E| max
Isjsn|i3

3. Main Results

In this section, we extend Theorem 1.3 to negatively associated and negatively dependent
random variables. We also obtain similar results for sequences of ¢p-mixing and p*-mixing ran-
dom variables.

The following theorem extends Theorem 1.3 to negatively associated random vari-
ables.

Theorem 3.1. Suppose that p > —1. Let {Xp;, i > 1, n > 1} be an array of rowwise negatively asso-
ciated random variables which are stochastically dominated by a random variable X. Let {a,;, i > 1,
n > 1} be an array of constants satisfying (1.3) and (1.4). If EX,; = 0 foralli > 1 and n > 1, and
(1.8) holds, then

j
Zanixni

i=1

iin <sup

n=1 jz1

> e> <o Ve>D0. (3.1)

Proof. Since a,; = a}; — a,., we may assume that a,; > 0. Fori > 1 and n > 1, define

X! = X ([Xoi] < 1)+ 0 I (Xi > 17) =V [(Xp < —11Y), X' =Xu-X... (32

Then {X],, i > 1, n > 1} is still an array of rowwise negatively associated random variables.

Moreover, {a,;X,,;, i > 1, n > 1} is also an array of rowwise negatively associated random
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variables. Since EX,;; = 0 for alli > 1 and n > 1, it suffices to show that

>e><oo,
>€><OO.

j
Z Ani (X;ﬁ - EX;;‘)
i-1

I = ZnﬂP<sup
n=1

j21

(3.3)

j
Z ani(X,; — EX;)
i1

o0
I = ZnﬂP<sup
n=1

21

We will prove (3.3) with three cases.

Casel (1+(1+a+p)/y =1(@.e., 1+a+p =0)). For I, we get by Markov’s inequality, Lemmas
2.1-2.3, (1.3), and (1.4) that

2

j
(X, ~ EX),)
i=1

I < e’ZZnﬁE sup
n=1 j=1

<CY P> |aul’E|X,;|*  (by Lemma 2.3)
n=1 =1

[ee) [ee] 3.4
< CZnﬁZ|ani|2{E|X|ZI(|X| <n") +n¥P(IX| > nY)} (by Lemma 2.1) G4
n=1 i=1

< Cinﬂn‘yn"‘{ EIXPI(X| < n') + n¥ P(|X]| > nv)} (by (1.3) and (1.4))
n=1

< CE|X|1+(1+a+ﬂ)/y < 0.

The fifth inequality follows from Lemma 2.2.
For I, we get by Markov’s inequality, stochastic domination, and (1.4) that

o0 j
L <e' Y nPEsup| Y an(X), - EX})

n=1 j21 |i=1
[o0) [ee)
<2e7' > 1P |aulE| X |
n=1 i=1

<CY P Y anlEIX[I(1X] > n')

n=1 =1

<CY P n*EIX|I(1X| > n")

n=1

= Cin‘lilﬂXH(iY <|X|<@E+1)7)

n=1 i=n
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=CYEX|IGE <[X|<@i+1)") > n!
i=1 n=1

< CEX|log|X]| < oo.
(3.5)

Case2 (1 <1+ (1+a+p)/y <2). Asin Case 1, we have that I; < CE|X|"*"**P/V < o0,
Similar to I; in Case 1, we have that

]
L <CY n™PEIX|I(|X| > n")

n=1

=CY ™ PN EX|I(i" < [X] < (i+1)")
n=1 i=n (3.6)

=CYEXIGE <[X|<@i+1)) D nF

i=1 n=1
S CE|Xll+(1+a+ﬂ)/)’ < 0.

Case 3 (1+ (1 +a+p)/y >2). For I;, we take t > 0 sufficiently large such that (y —a)(1 + (1 +
a+p)/y+t)/2>1+ p. Then we obtain by Markov’s inequality and Lemma 2.3 that

1+(1+a+p) /y+t

]
Z Ani (X;u - EX;”)
i=1

[ee]
L < e PN WP E sup
n=1 j=1

o] [*e]
< CZnﬂZE | aniX:,i |1+(1+a+[5)/y+t
n=1 =1 (3.7)

+ CZnﬂ <Z]§|am~X,’1i|2
n=1 i=1

> (I+(1+a+p)/y+t)/2

=: I3 + Iy.
Similar to I; in Case 1, we obtain that

I; < Cznﬂn—y((1+a+ﬂ)/y+t)na {E|X|1+(l+a+ﬁ)/y+t1(|x| < ny) + ny(1+(1+u+ﬁ)/y+t)P(|X| > le)}

n=1

— CznflfytEp(|1+(1+a+ﬂ)/y+t1(|X| < ny) + Cznu+ﬁ+yp(|X| > le) (38)

n=1 n=1

< CEIX|1+(1+:1+[5)/Y < 0.
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Noting E|X;”.|2 < CE|X|*, we obtain by (1.3) and (1.4) that

> (I+(+a+p) /y+t)/2

Iy < Cinﬂ (cmxfimmﬁ

n=1 i=1

(3.9)
< Cinﬂ<CE|X|2n"_Y

n=1

(1+(A+a+p) /y+t) /2
) <o,

since (y —a)(1+ (1 +a+p)/y+1t)/2-p > 1. Hence, I; < oo. As in Case 2, we obtain I, <
CE|X|1+(1+a+ﬂ)/y < 0. 0

Remark 3.2. The moment condition of Theorem 3.1 is weaker than that of Theorem 1.2. Also,
the conclusion of Theorem 3.1 implies the conclusion of Theorem 1.2. Hence, Theorem 3.1
improves Theorem 1.2. Moreover, the method of the proof of Theorem 3.1 is simpler than
that of the proof of Theorem 1.2.

Corollary 3.3. Let {X,;, i > 1, n > 1} bean array of rowwise negatively associated random variables
which are stochastically dominated by a random variable X. Let {ay;, i > 1, n > 1} be a Toeplitz array

satisfying

sup|ani| = O(nl/t*‘s) for some t >0, 6> 0. (3.10)

i>1

If
EX|<oo, forO0<t<l,
E|X|log|X| < oo, fort=1, (3.11)
EIX|"TN0 < on, fort>1,

then

0 j

ZP max|> @, Xl >en'’t ) <o Ve > 0. (3.12)

P AN A =1

Proof. For the case 0 < t < 1, the result can be easily proved by

£ j © j
ZP(max Zam-Xm- > enl/t> < e’lzn‘l/tE max| > aniXni
=\ Tgj<n |4 . 1<j<n| &
n=1 i=1 n=1 i=1
[e'e) n
< €_1Zn_1/t2|ani|E|Xni| (313)
n=1 i=1

<CEX| D n ' < oo

n=1
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For the case t > 1, we let by; = a,nY/t. Observe that

suplewl =0(n?), 3ol = 0(w ). (3.14)
i=1

i>1

By Theorem 3.1 witha = -1/t, =0, y = 6, and a,, replaced by b,;, we get that

o J
> P max| Y bui(Xpi - EXpi)| >€ ) <o Ve>0. (3.15)
n=1 \'9*|ia
To complete the proof, we only prove that
i
J =:max| » byEX,;| — 0, (3.16)
I<j<n |4
but J < 37, |bu|E[Xn| < CE|X|n Yt — 0asn — oo. O

Remark 3.4. When 0 < t < 1, Corollary 3.3 holds without negative association. Kucz-
maszewska [6, Corollary 2.4], proved Corollary 3.3 under the stronger moment condition
E|X|1+1/5 < oo.

The following theorem extends Theorem 1.3 to negatively dependent random vari-
ables.

Theorem 3.5. Suppose that p > —1. Let {Xyi, i > 1, n > 1} be an array of rowwise negatively depen-
dent random variables which are stochastically dominated by a random variable X. Let {a,;, i > 1,
n > 1} be an array of constants satisfying (1.3) and (1.4). If EX,;; = 0 foralli > 1 and n > 1, and
(1.8) holds, then (1.7) holds.

Proof. The proof is the same as that of Theorem 3.1 except that we use Lemma 2.4 instead of
Lemma 2.3. O

If the array {X,;, i >1, n > 1} in Theorem 3.1 is replaced by the sequence {X,, n > 1},
then we can extend Theorem 3.1 to ¢-mixing and p*-mixing random variables.

Theorem 3.6. Suppose that p > —1. Let {X,,, n > 1} be a sequence of @-mixing random variables
which are stochastically dominated by a random variable X. Let {ay;, i > 1, n > 1} be an array of
constants satisfying (1.3) and (1.4). Assume that 37 ,¢'/?(n) < co. IFEX,, = 0 forall n > 1, and
(1.8) holds, then

j
> aniX;

i=1

inﬂ p <sup

n=1 j>1

> e> <oo Ve>0. (3.17)
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>oo

Proof. Since EX,, = 0 for all n > 1, it suffices to show that

j
D ani (X (Xl < n") — EXI(1Xi| < m"))

inﬂP <sup

n=1 j21 |i=1
. (3.18)
00 ]
Znﬁp<sup > an(XI(1Xi] > n') - EXI(Xi| > n"))| > €> < oo.
n=1 j21 [i=1

The rest of the proof is the same as that of Theorem 3.1 except that we use Lemma 2.5 instead
of Lemma 2.3 and it is omitted. O

Remark 3.7. Can Theorem 3.6 be extended to the array {X,;, i > 1, n > 1} of rowwise ¢-
mixing random variables? Let {¢,(i), i > 1} be the sequence of ¢p-mixing coefficients for the
nth row {X,1, Xy, ...} of the array {X,;}. When we apply Lemma 2.5 to the nth row, the cons-
tant C depends on both g and ¢, (). That is, the constant C depends on n. Hence we cannot

extend Theorem 3.6 to the array by using the method of the proof of Theorem 3.1.

Corollary 3.8. Let {X,,, n > 1} be a sequence of p-mixing random variables which are stochastically
dominated by a random variable X. Let {ay;, i > 1, n > 1} be a Toeplitz array satisfying (3.10).
Assume that 32102 (n) < co. If (3.11) holds, then

ZP(?S% 2 X

> en'! > <o Ve>0. (3.19)

Proof. The proof is the same as that of Corollary 3.3 except that we use Theorem 3.6 instead of
Theorem 3.1. O

Remark 3.9. When 0 < t < 1, Corollary 3.8 holds without ¢-mixing. Wang et al. [7, Theo-
rem 2.5] proved Corollary 3.8 under the stronger moment condition E|X|™(2/&1+1/8}

Theorem 3.10. Suppose that p > —1. Let {X,,, n > 1} be a sequence of p*-mixing random variables
which are stochastically dominated by a random variable X. Let {ay;, i > 1, n > 1} be an array of
constants satisfying (1.3) and (1.4). If EX,, = 0 for all n > 1, and (1.8) holds, then (3.17) holds.

Proof. The proof is the same as that of Theorem 3.6 except that we use Lemma 2.6 instead of
Lemma 2.5. O

Remark 3.11. Likewise in Remark 3.7, we also cannot extend Theorem 3.10 to the array by
using the method of the proof of Theorem 3.1.
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