Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2011, Article ID 928194, 25 pages
doi:10.1155/2011/928194

Research Article

Possible Intervals for T- and M~-Orders of Solutions
of Linear Differential Equations in the Unit Disc

Martin Chuaqui,’ Janne Grohn,? Janne Heittokangas,?
and Jouni Rittya?

1 Departamento de Matemdticas, Pontificia Universidad Catélica de Chile, Casilla 306,
Correo 22 Santiago, 6904411 Macual Santiago, Chile

2 Department of Physics and Mathematics, University of Eastern Finland, P.O. Box 111,
80101 Joensuu, Finland

Correspondence should be addressed to Janne Heittokangas, janne.heittokangas@uef.fi
Received 19 May 2011; Accepted 5 July 2011
Academic Editor: Jean Michel Combes

Copyright © 2011 Martin Chuaqui et al. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

In the case of the complex plane, it is known that there exists a finite set of rational numbers
containing all possible growth orders of solutions of f® + ax_1(z) f*D +.-- + a;(z) f' + ao(z) f =
0 with polynomial coefficients. In the present paper, it is shown by an example that a unit
disc counterpart of such finite set does not contain all possible T- and M-orders of solutions,
with respect to Nevanlinna characteristic and maximum modulus, if the coefficients are analytic
functions belonging either to weighted Bergman spaces or to weighted Hardy spaces. In contrast
to a finite set, possible intervals for T- and M-orders are introduced to give detailed information
about the growth of solutions. Finally, these findings yield sharp lower bounds for the sums of T-
and M-orders of functions in the solution bases.

1. Introduction

This research is a continuation of recent activity in the field of complex differential equations.
In particular, the present paper concerns linear differential equations of the type

fO4ra @) f %Y+ ra(2)f +an(z)f =0, (1.1)

where the coefficients ay(z), ..., ax-1(z) are analytic functions in the unit disc D := {z : |z| <
1} of the complex plane C. A variety of publications in the existing literature illustrate that
the connection between the growth of coefficient functions and the growth of solutions is
relatively well understood. On the one hand, the growth estimates in [1] have been proven
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to be instrumental tools in estimating the growth of solutions when the growth of coefficients
is known. On the other hand, proofs of the converse direction have taken advantage of the
method of order reduction as well as different types of logarithmic derivative estimates.

For an analytic function in I, it is known that T- and M-orders of growth, with respect
to Nevanlinna characteristic and maximum modulus, are not equal in general. This is in
contrast to the corresponding case in C. Hence, there are two distinct cases in D to work
with. First, if the growth of solutions is measured by using the T-order, then it is natural
to express the other growth aspects by means of integration as well. In particular, it is
reasonable to consider coefficient functions belonging to some weighted Bergman spaces and
use integrated estimates for logarithmic derivatives [2]. Second, if the growth of solutions
is measured by using the M-order, then it is natural to express the other growth aspects by
means of the maximum modulus function. In particular, it is sensible to restrict the growth
of the maximum modulus of coefficient functions, which leads to weighted Hardy spaces,
and work with estimates for the maximum modulus of logarithmic derivatives involving
exceptional sets [3].

The main focus of this paper is in improving the lower bounds for the growth of
solutions of (1.1) given in [2, 3] and explore some consequences, which are motivated by
the following observations.

By the classical results in C making use of Newton-Puiseux diagram, there is a finite
set containing the possible growth orders of solutions of (1.1) assuming that coefficients are
polynomials. In particular, Gundersen-Steinbart-Wang showed that this finite set consists
of rational numbers obtained from simple arithmetic with the degrees of the polynomial
coefficients in (1.1) [4, Theorem 1]. Their proof relies on classical Wiman-Valiron theory in C.
Even though a recent unit disc counterpart of Wiman-Valiron theory [5] has been successfully
applied to differential equations, the possible orders of solutions of (1.1) in D have been
obtained only by assuming that coefficients are a-polynomial regular. These a-polynomial
regular functions have similar growth properties than polynomials in the sense that maximal
growth is attained in every direction. However, they appear to be only a relatively small
subset of the Korenblum space, which characterizes finite-order solutions of (1.1) in D [6,
Theorem 6.1]. Note that in the case of C, all solutions of (1.1) are of finite order if and only if
coefficients are polynomials [7, Satz 1].

In the present paper, it is shown by an example that a unit disc counterpart of the
finite set constructed by Gundersen-Steinbart-Wang does not contain all possible orders of
solutions of (1.1), provided that the coefficients belong either to weighted Bergman spaces
or to weighted Hardy spaces. In contrast to a finite set, we introduce possible intervals for
T-orders and M-orders, giving detailed information about the growth of solutions. Finally,
these findings are applied to estimate the sums of T- and M-orders of functions in the solution
bases of (1.1) from below.

2. Results and Motivation

The results concerning T- and M-orders of solutions of (1.1) are given, respectively, in
Sections 2.1-2.2 and 2.3-2.4. Due to the similarities of the assertions, we omit the proofs of
results regarding M-orders of solutions of (1.1), excluding the sketched proof of Theorem 2.5
in Section 7.

Let (D) and H(D) denote the sets of all meromorphic and analytic functions in D.
For simplicity, we write a* := max{a, 0} forany a € R, |f(z)| < |g(z)] if there exists a constant
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C > 0 independent of z such that [f(z)| < C|g(z)|, and f(z) ~ g(z) if there exist constants
C1 > 0 and C; > 0 independent of z such that C;|g(z)| < [f(z)] < Ca|g(2)].

2.1. Growth of Solutions with Respect to Nevanlinna Characteristic

The T-order of growth of f € M(ID) is defined as

log™'T (r, f)

—log(1-r)’ 2.1)

or(f) :=limsup

r—1-

where T(r, f) is the Nevanlinna characteristic of f. For p > 0 and a > -1, the weighted Bergman
space Al consists of those f € H (D) for which

£ 1L = (fD F@I(1- |z|2)“dm<z>)1/p <. 22)

Functions of maximal growth in Al are distinguished by denoting f € AP if q =
inf{a >-1: f € AL}
If the growth of the coefficients is expressed by means of integration, then it is natural

to consider the growth of solutions of (1.1) with respect to T-order.

g<a<oo

Theorem A (see [2, Theorems 1 and 2]). Suppose that a; € Aif/(kfj), where aj > 0 for j =
0,...,k—1, and denote ay. := 0.

(i) Let 0 < a < oo. Then all solutions f of (1.1) satisfy or(f) < a if and only if
max;-o,. k-1{a;} < a.
(ii) All nontrivial solutions f of (1.1) satisfy

] A I)((_l{a]‘}. (23)

(iii) If g € {0,...,k — 1} is the smallest index for which a; = maxj,. k-1{a;}, then each

,,,,,

solution base of (1.1) contains at least k — q linearly independent solutions f such that
or(f) = ag.
. 1/(k=j) . . 1/(k=j),
The assumption a; € A, in Theorem A(i) cannot be replaced by a; € A, *; see
[8]. We refine Theorem A and then further underscore its consequences.

Theorem 2.1. Suppose that a; € Az(k_j), whereaj > -1forj=0,...,k=1,andletq € {0,...,k-1}

,,,,,

(1.1) contains at least k — s linearly independent solutions f such that

k- s — Qj
min {—( S),<a a]) +
j=s+1,...k

,,,,, i—s “f} <or(f) <ag, (2.4)

where ay == —1.
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The case s = 0 clearly reduces to Theorem A(ii). If s = g, then the condition a; =

,,,,,

min {M}m {M} 5)
k i—q j=g+1,...k ]—q

where the minimum is attained for j = k. Hence the assertion of Theorem 2.1 for s = g is
contained in Theorem A(iii). Our contribution is to extend the first inequality in (2.4) for
s€{1,...,9—-1}. Theorem 2.1 is proved in Section 4, and the sharpness and the special cases
k =2 and k = 3 are further discussed in Section 3.1.

then all solutions in each solution base of (1.1) are of zero T-order by Theorem A(ii). Suppose
that a;>0.In order to state the following corollaries of Theorem 2.1, we denote

_ . (k—S)(tXS—LI]-) B
Pr(s) := g}llgk{jfs+a7 , s=0,...,q, (2.6)
where a; := —1. Moreover, we define
s*:=min{s € {0,...,q} : Br(s) > 0}. (2.7)

Remark that pr(q) > 0, since (2.5) implies a; = fr(q).

Corollary 2.2. Suppose that a; € A}t;(k_j), where aj > =1 forj=0,...,k=1,andletq € {0,... k-
1} be the smallest index for which ay = maxj=,.. k-1{a;} > 0. Then each solution base of (1.1) admits

at most s* < q solutions f satisfying or(f) < pr(s*). In particular, there are at most s* < q solutions

f satisfying or (f) = 0.

To estimate the quantity Z;‘zl or(f;) by using Theorem 2.1, we set

yr(j) = max{pr(0),....6r(j)}, j=0,....q. (2.8)

Evidently yr(j) >0 forj € {s*,...,q},and yr(j) <0forj € {0,...,s* - 1}.

Corollary 2.3. Suppose that a; € A},,]((k_i), whereaj > -1forj=0,...,k—1,andlet q € {0,..., k-
1} be the smallest index for which ay = max;j=o,. k-1{aj} > 0. Let {f1,..., fr} be a solution base of
(1.1). If g = O, then Z;‘:l or(fj) = kao, while if g > 1, then

9-1 k
(k=q)ag+ >, yr(j) < D or(fj) < kay. (2.9)
j=s* j=1

Note that the sum in (2.9) is considered to be empty, if s* =gq.
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2.2, Gundersen-Steinbart-Wang Method for T-Order

We proceed to give an alternative statement of Theorem 2.1 and its corollaries by modifying

the key steps in [4]. This yields a natural way to define possible intervals for T-orders of

solutions of (1.1). As a consequence, we get a useful estimate following from Corollary 2.3.
Set 6 := (aj+1)(k—j) forallj=0,...,k-1.Lets; € {0,...,k—1} be the smallest index

.....

B max 10104 (2.10)
k—s1  j=0..k1| k-] ' '

If s; cannot be found, then all solutions of (1.1) are of zero T-order by Theorem A(ii).
Otherwise, for a given s, m € N, let 5,441 € {0,..., s, — 1} be the smallest index satisfying

- 5 -6
Osma =Oom _ s {’—S’”} > 1. (2.11)

Sm — Sm+1 j=0yees5m=1 Sm—]

Eventually this process will stop, yielding a finite list of indices sy, ..., s, such that p < k and
§1> 83 >+ > 5, > 0. Further, set

6, — 0

Br(t) = >—22 -1, t=1,...,p, (2.12)

St-1 — St

where sj := k and 6 := 0. Due to resemblance between (2.12) and [4, Equation (2.4)], it seems
plausible that the possible nonzero T-orders of solutions of (1.1) in the unit disc case could be
found among the numbers Br(t), where t = 1,...,p. However, Example 3.1 shows that this is
not the case.

The following lemma allows us to view the results in Section 2.1 in a new perspective.
In particular, Lemma 2.4 emphasizes the connection between Br and yr.

Lemma 2.4. One has the following:
(i) Br(1) > Br(2) > --- > Br(p) > 0;

(i) pr(st) = Br(t) forallt € {1,...,p};

(iii) yr(q) = Br(1), yr(j) = Br(t) forall sy < j < sy and t € {2,...,p}, and yr(j) < 0 for all
j<sp.In particular, sp = s*.

By relying on Lemma 2.4, Theorem 2.1, and Corollary 2.2, we proceed to state possible

intervals for T-orders of functions in solution bases of (1.1) in the case a; € A}[// (k=i ), where
aj > -1forj=0,..., k-1 In fact, each solution base of (1.1) contains the following:

(i) at least k — sy solutions f satistying or(f) = Br(1);
(ii) at least k — s; solutions f satisfying or(f) € [Br(t), Br(1)] fort=2,...,p;

(iii) at most s, solutions f satisfying or(f) € [0, Br(sp)).
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For the following application, let { f1, ..., fx} be a solution base of (1.1). Knowing the possible
intervals for T-orders, we get

k
> or(fj) 2 (k—=s1)Br(1) + - + (sp-1 = sp) Br(p) +5p - 0= 65, +5, — k. (2.13)
p=1

In view of Lemma 2.4, the lower estimates in (2.9) and (2.13) are equal.

Finally, we point out a useful consequence of (2.13). If s, = 0, then 6sp +5s, = bo. If
sp > 0, then (6 - 6sp) /sp < 1by (2.11), and 65p + 5, > 60. Hence, in both cases we can state
that

k
> 0r(fj) > 66, + 5~k > 60— k > aok, (2.14)
j=1

,,,,,

2.3. Growth of Solutions with Respect to Maximum Modulus
Alongside of the T-order, we may also define the M-order of growth of f € H (D) by

log*log"M(r, f)

—log(1-r) (2.15)

om(f) = lim sup

where M(r, f) = max-|f(z)| is the maximum modulus of f. It is well known that the
inequalities

or(f) <om(f) <or(f) +1 (2.16)

are satisfied for all f € H#(D), and all possibilities allowed by (2.16) can be assumed [9,
Theorems 3.5-3.7]. A function f € H(D) is said to belong to the weighted Hardy space HY, if
there exists a > 0 such that

sup <1 - |z|2>’x |f(z)| < 0. (2.17)

zeD

Functions of maximal growth in (,,, H® are distinguished by denoting f € H, if p =
inf{a > 0: f € Hy}. Remark that H§® = H* is the space of all bounded analytic functions
in D. The union U, HY is also known as the Korenblum space +#~* [10], and since [11] H}? is
also known as G,.

If the growth of coefficients is measured by means of maximum modulus estimates,
then it is natural to consider the growth of solutions with respect to M-order.

Theorem B (see [3, Theorem 1.4]). Suppose that a; € H?;/H)(k—j)’ wherep; > -1forj=0,..., k-
1, and denote py := -1.
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(i) Suppose that

[ k(po-pj)
]{rlunk{ f +pir>1, (2.18)

and let 1 < a < oo. Then all solutions f of (1.1) satisfy om(f) < a if and only if
max;-o, k-1{pj} < a.

(ii) All nontrivial solutions f of (1.1) satisfy om(f) < maszo,_,,,k_l{p;}, and

'rrlﬁnk{m +p]-} <max{om(f),1}. (2.19)
=1

(iii) Suppose that (2.18) holds. If q € (0O,...,k — 1} is the smallest index for which
pg = maxj-o,. k-11p;j}, then each solution base of (1.1) contains at least k — g linearly
independent solutions f such that op(f) = pg.

To conclude [3, Equation (4.17)] in the proof of Theorem B, the inequality [3,
Equation (1.9)], corresponding to (2.18), must be strict. By a simple modification of the proof
of Theorem B, the assumption (2.18) can be relaxed to

]_:Brpl"a,i(_l{p]-} >1, (2.20)

which allows us to apply Theorem B(iii) also in the case that there are solutions f satisfying
om(f) < 1. To see that (2.20) is in fact a weaker assumption than (2.18), we refer to [2,
Example 10], which is further considered in Section 3.2. In this case

k(pn — p:
_rrllink{(rlo—_p]) +p,~} =4, max {p;}>1. (2.21)
j= j=0.

Note that by taking j = k in (2.18), we obtain pg > 1. Hence (2.18) implies (2.20).
Theorem 2.5 corresponds to Theorem 2.1.

Theorem 2.5. Suppose that a; € H‘(’;ﬁl)(k#), where pj > =1 for j = 0,...,k =1, and let q €

{0,...,k = 1} be the smallest index for which p; = maxj=,. k-1{pj}. If s € {0,...,q}, then each

,,,,,

solution base of (1.1) contains at least k — s linearly independent solutions f such that

min {(IC—S;(_%;O]-)%_W} <max{om(f),1}. (2.22)

j=s+1,...k
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Note that (2.22) gives information on oy (f) only in the case when the minimum in
(2.22) is strictly greater than 1. The case s = 0 in Theorem 2.5 reduces to Theorem B(ii), and
the case s = g reduces to Theorem B(iii) with the assumption (2.20), since now

[ (k=) (ps—p))
;—55‘%?.*{ i +pj(=Pq= j:g{}é}g_l{r’] b (2.23)
where the minimum is attained for j = k. For a similar argumentation, see (2.5). Our

contribution is to extend (2.22) for s € {1,...,q4 — 1}. The proof of Theorem 2.5 is sketched
in Section 7, and the sharpness and the the special cases k = 2 and k = 3 are further discussed
in Section 3.2.

then all solutions f in each solution base of (1.1) satisfy op(f) < 1by Thec;i;;sm B(ii). Suppose
that p; > 1. In order to state the following corollaries of Theorem 2.5, we denote

| (k=s)(ps —pj) _
Pm(s) = ]_ISIHI’Ik{ ]——s +pjt, s=0,...,q (2.24)
where pj := —1. Moreover, we define
s :=min{s € {0,...,q} : Bm(s) > 1}. (2.25)

Remark that fa1(q) > 1, since (2.23) implies p; = frm(q).

Corollary 2.6. Suppose that a; € H‘(’;/_H)(kﬁ.), where pj > =1 forj =0,...,k =1, and let q €
{0,..., k — 1} be the smallest index for which p; = maxj=o,. x-1{p;} > 1. Then each solution base of
(1.1) admits at most s* < q solutions f satisfying opm(f) < Pm(s*). In particular, there are at most

s* < g solutions f satisfying oam(f) < 1.

To estimate the quantity Z;‘:l om(fj) by using Theorem 2.5, we set
ym(j) == max{pm(0),...,pm(j)}, j=0,...,q. (2.26)

Evidently ym(j) > 1 forj e {s*,...,q},and ym(j) < 1forje {0,...,s* - 1}.

Corollary 2.7. Suppose that a; € H?;]_H)(k_j), where pj > =1 forj = 0,...,k =1, and let q €

{0,...,k — 1} be the smallest index for which p; = maxj=, k-1{pj} > 1. Let {f1,..., fx} be a
solution base of (1.1). If g = 0, then Z;(:l om(fj) = kpo, while if g > 1, then

q-1 k
(k=@)pg+ D, ym(j) < D om(fj) < kpg- (2.27)
j=s* j=1

Note that the sum in (2.27) is considered to be empty, if s* = g.
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2.4. Gundersen-Steinbart-Wang Method for M-Order

We proceed to give an alternative statement of Theorem 2.5 and its corollaries by modifying

the key steps in [4]. This yields a natural way to define the possible intervals for M-orders of

solutions of (1.1). As a consequence, we get a useful estimate following from Corollary 2.7.
Set 6; := (pj+1)(k—j) forallj =0,...,k—1.Lets; € {0,...,k—1} be the smallest index

.....

k—-s1 j=0,.,

6.
O _ max 1{ —]} > 2. (2.28)

If s; cannot be found, then all solutions f of (1.1) satisfy om(f) < 1 by Theorem B(ii).
Otherwise, for a given s, m € N, let 5,441 € {0,..., s, — 1} be the smallest index satisfying

- 5; — 6
Osma ~Osm _ s {’—f"}>2. (2.29)

Sm — Sm+1 j=0,..i8m=1 Sm—]

Eventually this process will stop, yielding a finite list of indices sy, ..., s, such that p < k and
§1 > 83 > -+ > s, > 0. Further, set

==, t=1,...,p, (2.30)

where s := k and 6, := 0. By Example 3.1, it is possible that (1.1) possesses a solution f of
Me-order strictly greater than one such that oap(f) #Bm(t) forallt=1,...,p.

The following lemma, which can be proved similarly than Lemma 2.4, allows us to
view the results in Section 2.3 in a new perspective.

Lemma 2.8. One has the following:

(i) Bm(1) > Bm(2) > -+ > Bpm(p) > 1
(ii) Pm(st) = Bym(t) forallt € {1,...,p};
(iii) ym(q) = Bm(1), ym(j) = Bm(t) forall sy < j < spyand t € {2,...,p}, and yam(j) < 1 for
all j < sp. In particular, s, = s*.

By relying on Lemma 2.8, Theorem 2.5, and Corollary 2.6, we proceed to state possible

intervals for M-orders of functions in solution bases of (1.1) in the case a; € HZ’;]_ 1) (ki) where

pj > —1forj=0,...,k - 1.In fact, each solution base of (1.1) contains the following:

(i) at least k — s1 solutions f satisfying oa(f) = Ba(1);
(ii) at least k — s; solutions f satisfying om(f) € [Bm(f), Bm(1)] fort =2,...,p;
(iii) at most s, solutions f satisfying oar(f) € [0, Bar(sp)).
For results of the same type, we refer to [12, Theorem 1] and [13, Corollary 1]. To

compare (i) and (ii) to the estimates given in [13, Corollary 1], note that there is -1 in (2.30)
instead of -2 in [13, Equation (1.3)]. Evidently, assertions (i) and (ii) improve the estimates
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given for the M-orders of solutions in [13, Corollary 1]. Moreover, by means of (2.16) we
see that (i) and (ii) reduce to [13, Corollary 1], if we consider the growth of solutions of (1.1)
with respect to T-order.

For the following application, let { fi,..., fi} be a solution base of (1.1). Knowing the
possible intervals for M-orders, we get

K
> om(fj) = (k= s1)Bum(1) + -+ (5p-1 = Sp)Bum(p) +5p - 0= 6, +5, — k. (2.31)
j=1

Corresponding to the case in Section 2.2, by means of Lemma 2.8 we see that the lower
estimates in (2.27) and (2.31) are equal.

Finally, we point out a practical estimate, which is a consequence of (2.31). If s, = 0,
then 65, + s, = 60 — sp. If 5, > 0, then (69 — 65,) /sp < 2by (2.29), and 65, + 5, > &9 — 5. Hence,
in both cases we can state that

k
> om(f;) = 60— sp—k > pok — 5. (2.32)
=1

We conclude that if s; = 0, then the equalities hold in (2.32), since in this case s, = 51 = 0.
Note that if (2.18) holds, then we can conclude that s, = 0.

3. Sharpness Discussion
3.1. Sharpness of Theorem 2.1

We may assume that max;-,. x-1{a;} > 0, for otherwise all solutions are of zero T-order. If
k = 2, then the statement of Theorem 2.1 is contained in Theorem A, and all the assertions are
sharp [2, Examples 3 and 6].

If k = 3, then we have three different cases to consider.

(A1) If a1, ap < a, then all nontrivial solutions f of (1.1) satisfy or(f) = ap. In this case
s=0=gq.

(A2) If @y < a7 and ap < ay, then in every solution base { fi, f2, f3} of (1.1) there are at
least two solutions f1 and f; such that or(f;) = a; for both j = 1,2, and all solutions

fj satisfy

3 1
or(fj) > min{Bzxo -2y, %0~ 02, ao}, j=1,2,3. (3.1)

Inthiscases=0ors=1=gq.

(A3) If ap, a1 < ap, then in every solution base {fi, f2, f3} of (1.1) there is at least one
solution f; such that or(f1) = ap, two solutions f; and f, such that

or(fj) > min{2m - as, a1}, j=1,2, (3.2)

and all solutions f; satisfy (3.1). In thiscase s =0,s =1,0ors =2 =g.
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It is clear that the assertion in (A1) is sharp, and so are the ones in (A2) by [2, Example
10]. Moreover, [2, Example 9] shows that the assertions in (A3) are sharp fors = 0and s = 2.
Example 3.2 shows the sharpness of the assertions in (A3) for s = 0,1,2. That is, in all cases
there exists a solution for which the lower bound for the T-order of growth is attained.

3.2. Sharpness of Theorem 2.5

We may assume that max;-,. x-1{pj} > 1, for otherwise all solutions f of (1.1) satisfy
max{om(f),1} =1, and we cannot conclude anything from (2.22). If k = 2, then the statement
of Theorem 2.5 is contained in Theorem B, and all the assertions are sharp by [2, Examples 3
and 6]. In the case of [2, Examples 3 and 6], for > 1, linearly independent solutions f; and
f2 satisty om(f1) = p and om(f2) = p + 2. Moreover, a; € H?;ﬁl)(Z—i)’ where pgp = f+1 and
p1 = P+ 2. Note that max{pyg,p1} = p1 = p+2 > 1, and hence g = 1. An easy computation
shows the sharpness for s = 0 and for s = g = 1. In the case of [2, Example 6], for g > 1,
linearly independent solutions f; and f, satisfy om(f1) = B and om(f2) = . Moreover,
aj € H?;j+1)(2_].), where py = p and p; = -1/2. Note now that max{po,p1} = po = p > 1,
and hence g = 0. This example shows the sharpness for s = g = 0. For another example, see
[3, Example 2].
If k = 3, then we have three different cases to consider.

(B1) If p1, p2 < po, then s = 0 = g, and all nontrivial solutions f of (1.1) satisfy oam(f) = po
by (2.23).

(B2) If pg < p1, and p» < py, then in every solution base { f1, f», f3} of (1.1) there are at
least two solutions f1 and f, such that oa(f;) = p1 for both j = 1,2, and all solutions
fj satisfy

. 3 1 .
max{om(fj),1} > mm{Spo -2p1, P - Epz,po}, i=1,2,3. (3.3)

Inthiscases=0ors=1=gq.

(B3) If po,p1 < p2, then in every solution base {fi, f2, f3} of (1.1) there is at least one
solution f; such that op(f1) = p2, two solutions f; and f; such that

max{onp(f;),1} > min{2p1 —p2, 1}, j=12, (3.4)

and all solutions f; satisfy (3.3). In thiscase s =0,s =1,0ors =2 =g.

It is clear that the assertion in (B1) is sharp. By [2, Example 10], we see that the asser-
tion in (B2) corresponding to s = 1 is sharp. In this case, for § > 1, linearly independent
solutions f1, f>, and f3 satisfy oap(f1) = om(f2) = p and om(f3) = 0. Now a; € H?;j+1)(3_j),
where po = (2/3)f, p1 = p+2, and p, = 0. Moreover, by [2, Example 9], we see that the
assertions in (B3) are sharp for s = 0 and s = 2. In this case for f > 1, linearly indepen-
dent solutions f1, f2, and f3 satisty om(f1) = om(f2) = p and om(f3) = 2p. Moreover, a; €
H‘(’;]_ )G-)7 where py = (4/3)p, p1 = B, and p, = 2p. Example 3.2 shows the sharpness of the
assertions in (B3) for s = 0,1,2. That is, in all cases there exists a solution for which equality
holds in (2.22).
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3.3. Examples

Example 3.1 shows that a unit disc counterpart of the finite set constructed by Gundersen-
Steinbart-Wang does not contain growth orders of solutions of

f'+ai(z)f +ao(z)f =0, (3.5)

if coefficients belong either to weighted Bergman spaces or to weighted Hardy spaces.

Example 3.1. Let a, p € R be constants satisfying 1 < f < a < 2f — 1. Then the functions

fiz) =01 —z>“+ﬂexp<<1fz)a+ <11>ﬂ>

(3.6)
- 1y
fo(z) = (1-2)"Pexp <1 +Z>
are linearly independent analytic solutions of (3.5), where
__ P pla+3p)(y+z) aa+p)
(@) = 1+22%  Q-na+22?  (1-27°
ap pla+p)
- 3.7
-2 (12 (-2 37
01(2) = 26 a a+2p-1

- +
1+2)""f (1-z)* 1-z

belong to H(D), and y = (a + -2)/(a+3p) € (0,1/2).

It is clear that a; € Az(z_] ), where ap = f—1and a; = a — 1. We calculate that s; = 1,
sp =0,Br(1) = a-1, and Br(2) = 2f — a — 1. Hence [2f — a — 1,a — 1] is the only possible
interval for T-orders of solutions of (3.5). Since or(f2) = p — 1, we conclude that the T-order
of a solution does not have to be one of the endpoints.

On the other hand, it is also clear that a; € H‘(’;j 1)) where pg = pand p; = a. We
calculate that s; = 1, s, = 0, Bm(1) = a, and Bap(2) = 2p — a. Hence [2f — a, a] is the only
possible interval for M-orders of solutions of (3.5). Since op(f2) = B, we conclude that the
M-order of a solution does not have to be one of the endpoints.

The following example demonstrates the sharpness of Theorems 2.1 and 2.5 in the case

that they do not reduce to known results.

Example 3.2. Let f > 1, and denote g(z) = (5/(1 - z))p. Then the functions

fi2) = -2 exp(g(z))), j=1,23, (3.8)
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are linearly independent solutions of f” + a»(z) f” + a1(z) f' + ao(z) f = 0, where

ax(z) = %, a1 (2) = %, ay(2) = (1’5333(—5((?()2)) (39)
are such that
Py() = 54B¢% - 27p¢7 - 24B¢° + (108 +54)¢° — (82 + 63)¢* + 3p¢°
+ (228 +39)5% - (68 +24)¢ +6,
Pi(g) = 10847 + 7262¢° + (2767 - 54p) % + (27p - 13567) &
+ (24P + 156%)8° + (64p% 108 - 18)¢7 + (21 + 826 - 5142 ¢* 10

- (3p+1547) 5% + (3147 - 226 - 13) 2+ (8 + 65 — 1447 ){ + 26> - 2,
Py(¢) = 108¢M" —234¢10 +126¢7 + 123¢8 — 276¢7 + 183¢° — 104¢° + 40¢*
- 6C3 - 4€2/
Q(g) = —18¢° +21¢* —13¢% + 8¢ — 2.
The zeros of Q(¢) lie in the open disc of radius 1 + 21/18 centered at the origin by [14, Lem-

ma 1.3.2]. Since |g(z)| > |5/(1 — z)| >5/2 > 39/18 for all z € D, we conclude that ay, a1, a; €
H(D). In fact, the coefficients ag, a1, and a; satisfy

na(2) ~ <1 1 Z>3ﬂ+1, n1(z) ~ <1 1 Z)5ﬂ+2, 2o(z) ~ (1 1 Z>6ﬂ+3, G11)

in a neighborhood of z = 1, while they are bounded in a neighborhood of any boundary point
inoD \ {1}.

Note that a; € AZ(S_’), where ay =3 -1, a1 = (5/2)f -1, and ap = 23 — 1. Evidently
or(fj) = pj —1for j =1,2,3. We deduce that there is one solution f3 such that or(f3) = a> =
3p -1, two solutions f; and f3 such that

or(fs) >or(f2) =min{2a; —ap, a1} =24 -1, (3.12)

and three solutions fi, f», and f3 such that

O'T(f3) > O'T(fz) > GT(fl) = min{3(x0 - 20!1, %ao - %az,ao} = ﬂ -1. (313)

That is, in all cases s = 0,1,2 there exists a solution for which the lower bound in (2.4) is
attained. Further, this example is in line with Corollary 2.2, since all solutions fi, f,, and f3
are of strictly positive T-order, and in this case s* = 0.
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Now yr(0) = pr(0) = -1, yr(1) = pr(1) =2 -1, and yr(2) = pr(2) = 3p - 1. It follows
that for the solution base { f1, f>, f3} equality holds in the first inequality in (2.9), and for the
solution base { f1 + f3, f> + f3, f3} equality holds in the last inequality in (2.9). This shows the
sharpness of Corollary 2.3.

On the other hand, a; € HE’;]_ 1)) where py = 3, p1 = 5p/2, and py = 2p. Evidently

om(fj) = pj for j = 1,2,3. We deduce that there is one solution f3 such that oap(f3) = p2 =
3p > 1, two solutions f, and f3 such that

O'M(f3) > O'M(fz) = min{2p1 _PZ/Pl} = Zﬂ > 1, (314)

and three solutions fi, f,, and f3 such that
. 3 1
GM(f3) > O'M<f2) > O'M(fl) = m1n{3p0 - Zpl, EPO - Epz,po} = ﬂ (315)

That is, in all cases s = 0,1,2 there exists a solution for which the lower bound in (2.22) is
attained. Further, this example is in line with Corollary 2.6, since all solutions fi, f,, and f3
are of M-order strictly greater than 1, and in this case s* = 0.

Now yam(0) = fm(0) = B, ym(1) = Bm(1) = 28, and ym(2) = fm(2) = 3p. It follows
that for the solution base { fi, f2, f3} equality holds in (2.27), and for the solution base { f; +
f3, f2+ f3, f3} upper bound for the sum of M-orders is attained. This shows the sharpness of
Corollary 2.7.

4. Proof of Theorem 2.1
The following lemma on the order reduction procedure originates from C.

Lemma C (see [4, Lemma 6.4]). Let fo1, fo2, .., fom be m > 2linearly independent meromorphic
solutions of

y® +ag 12y Y+ v agp(z)y =0, k>m, (4.1)

where ayo(z), ..., aok-1(z) are meromorphic functions in D. For 1 <p < m -1, set

frum\ .

f p-11

Then fpa, fp2-- -, fpm—p are linearly independent meromorphic solutions of

Y P 4+ app 1 (DY PV 4+ a0(2)y = 0, (*3)
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where
k-p+1 n f’g;i{l) (Z)
o 4y () 44
p,i(2) n§1<]-+1> p-1n(2) fp-11(2) .

forj=0,...,k—p-1 Herea,in(z)=1foralln=0,...,p.

Lemma D (see [15, Lemma E(b)]). Let k and j be integers satisfying k > j >0, and let € > 0. If f
is meromorphic in D such that ot (f) < co, and f1 #0, then

,

/ (k=j)

f k)(z) ( _ |Z|)0T(f)+5dm(z) < o0. (45)

)

4.1. Case s =1

Let k > 3, g > 2, s = 1, and pr(1) > 0, since otherwise there is nothing to prove.
In particular, if &y < 0, then (2.4) is trivial, since by taking j = k in (2.6), we obtain
Ppr(1) < aq <0.Let {fo1, foz, .-, fox)} be asolution base of (1.1), and assume on the contrary
to the assertion that there exist s + 1 = 2 linearly independent solutions fg; and fi» such that
max{or(fo1),0r(fo2)} =t 0 < pr(1). Then the meromorphic function g := (fo,1/ fop)' satisfies

or(g) < 0. Moreover, Lemma C implies that g satisfies

5+ ana(2)gh Y 4+ arp(2)g =0, (+6)
where
£ /on @)
. — i + n - 4.7
@1(2) = aoja (2) n§2<]‘+1>a0, =) fo1(z) (47

forj=0,1,...,k -2, and aox(z) = 1. Therefore

(n-1)
a0 (2)] < Jaso(2)] + ﬁ;(’f) g (2)] % , (48)
where
ann(2)] < %‘ Hae@|E B ran@EE], e
since g satisfies (4.6). Putting the last two inequalities together, we obtain
k-1 f<” Dz
s 2 5 S ]| £ b (Z) (4.10)
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Let € > 0. Raising both sides to the power 1/(k — 1) and integrating over the disc D(0, r) of
radius r € (0,1) with respect to (1 —|z|*)* “dm(z), we obtain

[ @D (1= 1) dm(z)
D(0,r)

k-1 B G) 1/(k-1) e
< ng ID |a1,]~(z)|1/(k 1) gg(g) (1 _ |z|2> dm(z) i)
e 1/(k—1)
1/(k-1) f( 1) 1.2 x-e
aun @ = (z) (1-121)" “dm(z).

To deal with the second sum in (4.11), consider

Fon e [1
f |agq(z)[/*D 3} 5 (1-|z|2)‘” ‘dm(z), n=2,...k (4.12)
By Lemma D,
(k- 1) 1/(k—1)
I = f 3‘01(z) (1— |z|2> dm(z) < oo (4.13)

for ¢ > 0 being small enough since or(fo1) < o < fr(1) < aj. Moreover, by Holder’s
inequality, with indices (k —1)/(k —n) and (k —1)/(n — 1), we have

I < <J’D (g n(2)[/ € (1 B |Z|2>a"+£dm(z)>

(k-n)/(k-1)

1/(n-1) (n-1)/ (k-1) (4.14)

(n— 1)
0,1 2 wi (n)
1-|z dm(z
[ fo,1(z (1- 1) " dmiz)
forallm=2,...,k -1, where
- s — An 2k —n -
winy = =@ =) o 2k-n=s (4.15)
n-s n-s
1/(k-n)

The first member in the product is finite since ap, € A, foralln = 2,...,k — 1 by the
assumption, and so is the second one for ¢ > 0 small enough since

(k—1) (a1 —an)
n

O'T(fO,l) <o<pr(l) < 1 +a, n=2,...,k-1, (4.16)

by the antithesis. Thus 3*_, I, is finite for £ > 0 being small enough.
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To deal with the first sum in (4.11), denote

; 1/(k-1)
B 1k-1)| 89 (2) 2\ %€ .
Ji=| a2 eh (1-|z| ) dm(z), j=1,...,k-1. (4.17)
D
Lemma D implies that
(k1) () |/ w-e
Jeo1 = f gg(—zg) (1 - |z|2> dm(z) < oo (4.18)
D

for € > 0 being small enough since or(g) < o < fr(1) < a1. Moreover, by (4.7) we have

1/(k-1)| & ('( z) D A
]] ~ |¢107+1( )| g(z) <1 - |Z| > dm(z)
(n—j-1) o 1/(k-1)
( ) (])(Z) a1—€
1/(k-1)] /01 g 2
aon(z 1-|z dm(z (4.19)
_]J s (0| B S (1) dmea)
k-1
= K] + Lj,k + Z Lj,n

n=j+2

forallj=1,...,k~-2.Since max{or(g),or(fo1)} <o < pr(1), we deduce that K; behaves like

I;41 and hence Sk2K j < oo for € > 0 being small enough. Moreover, by Holder’s inequality,
with indices (k- 1)/(k - j—1) and (k- 1)/j, and Lemma D we have

1

for all ] = 1 ...,k —2when ¢ > 0 is sufficiently small. It remains to consider the double sum
Z Z _]+2 L;,. By Holder’s inequality, with indices (k —1)/(k —n) and (k- 1)/(n - 1), we
have

1/ (k- 2\ %t € (ko) (e=1)
Lin< ([ a1/ (1-128)" “am(=))
D
1/(n-1)
)

1/(k-j-1) (k=j-1)/(k-1)

(1- |z|2>m_€dm(z)

(k—j-1)
01 " (z)

fo1(z)

(4.20)

g(j)(z) 1
8(2)

j j/(k-1)
(1- |z|2)“1 Edm(z)> <

(n-1)/(k-1) (4.21)
(n)
(1-1=F)" " dmz) :

D, .
g(])(z)

RCT
8(2)

fo1(z)
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where w1 (n) is defined in (4.15). The first term in the product is bounded for all € > 0 since
agn € A% & forallnm =3,...,k-1 by the assumption. One more application of Holder’s
inequality, with indices (n —1)/(n - j — 1) and (n — 1)/, together with Lemma D and the
antithesis shows that also the second term in the product is bounded for € > 0 being small
enough, and thus Z Jykd —j+2 Ljn < oo for £ > 0 being small enough.

We have proved that the right-hand side of (4.11) is uniformly bounded for all r €
(0,1), if € > 0 is small enough. However, ag; € Al/ (k=) by the assumption, and hence the
left-hand side of (4.11) divergesasr — 1". Contradlctlon follows.

4.2, Case s > 1

Letk >3,9>2,s>1,and fr(s) > 0, since otherwise there is nothing to prove. In particular,
it follows that a; > 0. Let {fo1, fo2,..., fox} be a solution base of (1.1), and assume on the
contrary to the assertion that there exist s + 1 linearly independent solutions fy, ..., fos+1
such that

O = max{oT (fO,l)/ ...,0T (f0,5+1) } < ‘BT(S). (422)

Then the meromorphic functions fi,; = (fo,j+1/ fo1)' satisfy or(f1;) <o forallj=1,...,s. This
in turn implies that fp; = (f1,j+1/ f11) satisfy or(f,;) < oforall j =1,...,s - 1. In general,
or(fnj) <oforallj=1,...,s-n+landn=1,...,s. Moreover, as in the case s = 1, Lemma
C implies

1) (2)
For(2)

—s+1
Fr (z) ‘

k /n
|a0,s(z)| < |al,s—1(z)| + Z <S>|a0n(z)|

n=s+1

1/ n
<lazsa(2)|+ D] <s ~ 1> |la1,n(2)]

P f11(2)
k é” ) (x
03 (e
<.
oo o Fars™ ()
S|as,0(z)|+%n_§_m<s_ >|amn( W | (4.23)

where

k-s-1

(k-s)
f ( Z| sm(2)]

laso(z)] < (4.24)

f(m)
|
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Putting these inequalities together, we obtain

s kem-1 f(n s+m)( ) f(k s)(z)
@I EX 3 lann(l| T+ 3T (4.25)

Let € > 0. Raising both sides to the power 1/ (k — s) and integrating over the disc D(0, r) with
respect to (1 — |z|?)* “dm(z), we obtain

[ @00 (1 ) ()
D(0,r)

s k- m 1 1/(k ) f(n s+m) 1/(k—s) -
< ,;) n=stl mf | @ (2)] fm,l(z) (1 ~Iz| ) dm(z)
b9 |47 (4.26)
+,§JD ffm,l(z) <1— |Z|2>as_gdm(z)

s k-m-1

=D D Lunt+ D, I
m=0

m=0 n=s+1-m

Lemma D and the antithesis imply that 3;,_, J;» < oo for € > 0 being small enough. Hence,
in order to obtain a contradiction with (4.26) and the assumption aos € AZ (k_s), it suffices to
show that I,,, < oo forallm =0,...,sandn =s+1-m,...,k—m—1when ¢ > 0 is sufficiently
small.

By Holder’s inequality, with indices (k —s)/(k —n) and (k —s)/(n — s5), we have

. (k-n)/(k-s)
I, < q jaou(@)Y 4 (1 2P)" +€dm(z)>
D

1/ (n—s) (n-s)/ (k-s) (4.27)
)

s (1)
(1- |z|2)“’ " dm(z)
foralln =s+1,..., k-1, where ws(n) is defined in (4.15). The first member in the product is
finite since ag, € A% k=) gorall m = s + 1,...,k — 1 by the assumption, and so is the second
one for € > 0 being small enough, since

f(n S)
fo,1(Z)

GT(fO,l)S0<ﬂT(S)Sw+an, n=s+1,..., k-1, (4.28)

n-s
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by the antithesis. In the general case Lemma C gives

f(n s+m) 1/(k*5)
— 1/(k-s) R as—¢€
o= [ a5 D (e e
k 1 (my-n— 1) 1/ (k-s)
—m+ J‘ |am n (z)|1/(k s) f (Z)
ni= n+1 ' fm 1,1(2)
f(n s+m) 1/(k—5)
as—€
T (Z) <1 - |z|2> dm(z) (4.29)
m,1
k-m+1 k-m+2 f(nz - l) 1/(k*5)
Z Z J‘ |am_2,n2(z)|1/(k—s) m-2,1
m=n+1 np=n1+17 D fm 2,1 Z)
f("l n— 1)( ) f(n s+m) 1/(k—5) .
' 1-1zP) " dm(z),
Fran(2) fm,l(z) (1-1=7) (2)
and finally
k-m+1 k-m+2 k
Lnn < Z Z Z K(n,mny,...,ny), (4.30)
ni=n+1 np=n1+1 =Ny +1
where
(M—m_1—1) 1/ (k=s) (my=n1-1) 1/ (k-s)
K(n,m Nyy) _J‘ lag (Z)|1/(k s)| 701 - ( ) ] fm_2,11 (2)
7 77 tm 0,1 f o1 (Z) —fm72,1 (z)
(4.31)
f(nl—n D(z) 1/(k=s) f(n s+m) 1/(k—s>
as—¢
1-1z[*) " dm(z).
fne1a(2) fm,l(z) < 12| ) (2)

If n,, = k, then ay,,, (z) =1, and general form of Holder’s inequality with indices

m—S Ny — S Ny — S N — 8

’ PR , 4.32
Ny — N1 — 1 N1 —pn — 1 n-n-1ln-s+m ( )

together with Lemma D shows that K(n,n4,...,n,) < o for € > 0 being small enough. If
M, < k, then an appropriate application of Holder’s inequality with indices (k - s)/ (k — 1,,)
and (k — s)/(n, — s) separates the coefficient from the solutions. The first term is finite by
the assumption, and the second term can seen to be finite by another application of general
form of Holder’s inequality with indices (4.32). This gives the desired contradiction, since
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the left-hand side of (4.26) diverges as r — 1~ and the right-hand side of (4.26) is uniformly
bounded for all » € (0, 1).

5. Proof of Corollary 2.3

The upper bound in (2.9) follows directly from Theorem 2.1. To conclude the lower bound in
(2.9), assume that solutions f, ..., fx are given in increasing order with respect to T-order of
growth; that is, or(f1) < --- < or(fx). By applying Theorem 2.1 with s = 0, ..., g, we get the
following sequence of successive statements. For all solutions f in the solution base, we have
pr(0) < or(f); for k — 1 solutions f in the solution base, we have pr(1) < or(f), ending up
with the fact that k — g solutions f in the solution base satisfy a, = ffr(q) = or(f). Hence we
have yr(0) = pr(0) < or(f1), yr(1) = max{pr(0),pr(1)} < or(f2) continuing to

yr(q-1) = max{pr(0),..., pr(q - 1)} < or(fy)- (5.1)

Note that a; = yr(q). To see this, note that ffir(s) < as for every s = 0,...,q, which
follows by taking j = k in (2.6), and hence

ag = Pr(q) <yr(q) =max{pr(0),...,pr(q)} <max{ay,...,a,} = ay. (5.2)

The assertion follows by noting that if j € {0,...,s* — 1}, then yr(j) <0, and we only have the
trivial estimate or(f;) > 0.

6. Proof of Lemma 2.4

Letme {1,...,p}. By (2.11), we obtain

6]' - 6sm_-1 < 65,,, - 65m71 (61)

Sm-1—] = Sm-1—Sm

for all 0 < j < s,,-1, and the inequality (6.1) is strict for all 0 < j < s,,. This estimate will be
repeatedly needed later on.

6.1. Proof of Lemma 2.4(i)

Let1 <t <p—1. Note that Br(t) > 0 by definition. Since s, < s¢,

Os, — 6 Os,,, — O
Br(t) -Br(t+1) = —2L — el
St-1 — St St — St+1

St+1

(6.2)

_ St-1 ~ St <6st - 05, , _ 05,1 = O, ) >0

St — St+1 St-1 — St St-1 — St+1

by (6.1), which proves the assertion of Lemma 2.4(i).
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6.2. Proof of Lemma 2.4(ii)

Since max,.. k-1{aj} = a5, >0, we get

-~ <asl—aj>+aa} “a = 2 1), (63)

. k
Pr(s) = ]:srlr}—llnk{ i k-s1

j-s1

where the minimum is obtained with j = k. This proves the claim for f = 1.
Assume that t € {2,...,p}. To prove the claim, we need the following observations. If
me {1,...,t -1}, then by (6.1) we get

s, — Os,,., _ 05, = Os,, _ Sm-1~Sm <65m - 05,4 _ s, = Os,,., > > 0. (6.4)
Sm-1 — St Sm — St Sm — St Sm-1— Sm Sm-1 — St
On the other hand, if m € {1,...,t}, then
6s, —0; 65 — O
.Sm ] Z m m-1 (65)
]~ Sm Sm-1—Sm

forall s, < j < 5,-1. To verify (6.5), we consider the following two cases. If j = s,,,-1, then the
equality in (6.5) holds. If j < s,,_1, then by using (6.1), we obtain

bs,, — 6]' _ Os,, = 0s,,, _ 5j =051 Sm-1 -
'_Sm '_Sm Sm—_' -_Sm

J J 1] ] 66)
> 05, = O, 05, =05, Sm1— ] _ 8s,, = Os,.
B j_sm Sm-1— Sm j_sm Smfl_sm/

which proves (6.5).
To complete the proof of
. 65t B 6] 651‘ - 65&1
Pr(st) = 7=srﬂ¥f.,k{ SEra 1} = s 1=DBr(), (6.7)

we argue as follows. First, we show that fr(s;) > Br(t). If s; < j < s4-1, then (6.5) holds for
m=t1f j> s, thenletm e {1,...,t -1} be the smallest index such that s,, < j. From (6.1),
(6.4), and (6.5), we obtain

] — St Sm — St ] — St

j—Sm Sm — St

6st_6j_65l_65m =j_5m<65m_6f_5st_6sm>

(6.8)

S ].— Sm <6sm B 55,,,,1 _ 6St B 6Sm—'l ) >0,

] — St Sm-1— Sm Sm-1 — St
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which together with (6.4) shows that

6% ~ % > Os = O > > 05 = Osr . (6.9)
J—St Sm = St St-1 = St

Second, we note that equality in (6.7) follows by taking j = s;_1.

6.3. Proof of Lemma 2.4(iii)

.....

o)
Br(1) = kf"q ~1=a,=y(q). (6.10)

Lett € {2,...,p}. We proceed to prove that yr(j) = Br(t) for all s; < j < s;-1. Evidently,
yr(j) = max{pr(0),...,Br(j)} = Pr(s:). By Lemma 2.4(ii), we conclude that yr(j) > Br(t). To
prove that yr(j) < Br(t), it is enough to show that pr(m) < Br(t) for all m € {0,...,j}. Since
m + 1 < s4_1, we obtain by appealing to (6.1) that

6"1_6' m — Os sp — Os;
pr(m) = min { ]—1}§6 6"1—1<6t 6”—1=BT(t). (6.11)

jem+l, k| j—m Si_1—m T S41— 5S¢

If s, > 0, then for all m € {0,...,s, — 1} we have

Om — 6;
j—-m

pr(m)= min {

j=m+1,...k

Em — O
-1t < £ -1<0 (6.12)
sp—m

by (2.11). Hence yr(j) = max{fr(0),...,pr(j)} <0forall j < s,. As a consequence we see that
sp = 8"

7. Proof of Theorem 2.5

Our proof of Theorem 2.5 is parallel to the proof of [3, Theorem 1.4], and hence we only
outline the argumentation. We may assume that k >3,9>2,s€ {1,...,g—1}, and fm(s) > 1
for otherwise there is nothing to prove by Theorem B; see the discussion after Theorem 2.5.
In particular, if p; < 1, then (2.22) is trivial, since by taking j = k in (2.24), we obtain f(s) <
ps < 1. On the contrary to the claim, assume that (1.1) admits s + 1 linearly independent
solutions fo1,..., fos+1 such that

GM(fO,t) <a:= ﬂM(S), t= 1,...,S+1. (71)

Remark that if & < 1, then there is nothing to prove in (2.22); so we may assume that a > 1.
Now max{f,1} < a, where f := max;=1, s+1{om(fos)} < oo.
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Lete, 6 € (0,1). Now [3, Lemma 4.3] for m = s + 1 implies that there exists a solution

fs1#0 of
FE9 4 ag s (z) fE5D 1ot ag1(z) f +asp(z) f =0 (7.2)
of the from f;1 = gs1/hs1, where gy 1, hs1 € H(D) and
max{on(gs1), om(hs1)} <max{p, 1} <a. (7.3)

It is easy to see that a = f(s) yields (k —)p; < (k—s)ps — (I —s)aforalll € {s+1,..., k}.

Hence, by [3, Lemma 4.3] and the assumption ag; € H(p )(kj)r We get

, j=1...,k-s-1, (7.4)

1 (ps+1) (k=s)—j(a+1)+e
1—r>

M(r, a,j) < <

forall r € [0,1) \ E, where the set E satisfies the upper density condition:

D(E) := lim sup

r—1-

m(EN[r,1))
1-r

<6<l (7.5)

Here m(Q) is the Lebesque measure of the set Q. We note that set E may not be the same at
each occurrence; however, it always satisfies (7.5).
Let € (6,1). If we apply [3, Lemma 4.4] and use [3, Lemma 4.1] for the coefficient

aps € H(p 1) (kos) WE conclude that for £ > 0 being small enough, we have

1 (ps+1) (k—s)-¢
) (7.6)

M >
(o) 2 (15
for all r € F \ E, where the set F ¢ [0,1) satisfies D(F) > 7. In particular, we have D(F\E) >
n-06>0.

On the other hand, by substituting f = f,; in (7.2) and by applying [3, Corollary 4.2]
to fs1, it follows that

e
f 1(2)

laso(z)] <

1 (ps+1)(k—s)-2¢
7.7
<(=m) 77

f(ks) k-s—1
LSS

forall z € D, |z| ¢ E. By comparing (7.6) to (7.7), we get a contradictory inequality:
(ps+1)(k—s)—e< (ps+1)(k—s)—2e. (7.8)

This shows that each solution base of (1.1) contains at least k—s solutions f satisfying oa(f) >

Pm(s).
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