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We introduce a new modified Halpern iteration for a countable infinite family of nonexpansive
mappings {T,} in convex metric spaces. We prove that the sequence {x,} generated by the pro-
posed iteration is an approximating fixed point sequence of a nonexpansive mapping when
{T,} satisfies the AKTT-condition, and strong convergence theorems of the proposed iteration to
a common fixed point of a countable infinite family of nonexpansive mappings in CAT(0) spaces
are established under AKTT-condition and the SZ-condition. We also generalize the concept of W-
mapping for a countable infinite family of nonexpansive mappings from a Banach space setting to a
convex metric space and give some properties concerning the common fixed point set of this family
in convex metric spaces. Moreover, by using the concept of W-mappings, we give an example of a
sequence of nonexpansive mappings defined on a convex metric space which satisfies the AKTT-
condition. Our results generalize and refine many known results in the current literature.

1. Introduction

Let C be a nonempty closed convex subset of a metric space (X, d), and let T be a mapping
of C into itself. A mapping T is called nonexpansive if d(Tx, Ty) < d(x,y) for all x,y € C. The
set of all fixed points of T is denoted by F(T), thatis, F(T) = {x € C: x = Tx}.

In 1967, Halpern [1] introduced the following iterative scheme in Hilbert spaces which
was referred to as Halpern iteration for approximating a fixed point of T:

Xp1 =agu+ (1—-a,)Tx, VneN, (1.1)
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where x1,u € C are arbitrarily chosen, and {a,} is a sequence in [0, 1]. Wittmann [2] studied
the iterative scheme (1.1) in a Hilbert space and obtained the strong convergence of the it-
eration. Reich [3] and Shioji and Takahashi [4] extended Wittmann's result to a real Banach
space.

The modified version of Halpern iteration was investigated widely by many mathe-
maticians. For instance, Kim and Xu [5] studied the sequence {x,} generated as follows:

Yn = AnXy + (1 —an)Txy,

(1.2)
Xpe1 = Pt + (1= Pu)yn VneN,

where x1,u € C are arbitrarily chosen and {a,}, {f,} are two sequences in [0, 1]. They proved
the strong convergence of iterative scheme (1.2) in the framework of a uniformly smooth
Banach space. In 2007, Aoyama et al. [6] introduced a Halpern iteration for finding a common
fixed point of a countable infinite family of nonexpansive mappings in a Banach space as
follows:

X1 = agu+ (1—a,)Tyx, Vn €N, (1.3)

where x1,u € C are arbitrarily chosen, {a,} is a sequence in [0,1], and {T,} is a sequence
of nonexpansive mappings with some conditions. They proved that the sequence {x,} gen-
erated by (1.3) converges strongly to a common fixed point of {T,}. In 2010, Saejung [7] ex-
tended the results of Halpern [1], Wittmann [2], Reich [3], Shioji and Takahashi [4], and
Aoyama et al. [6] to the case of a CAT(0) space which is an example of a convex metric space.
Recently, Cuntavepanit and Panyanak [8] extended the result of Kim and Xu [5] to a CAT(0)
space.

Takahashi [9] introduced the concept of convex metric spaces by using the convex
structure as follows. Let (X, d) be a metric space. A mapping W : X x X x[0,1] — X is said to
be a convex structure on X if for each x,y € X and A € [0, 1],

d(z, W(x,y,1)) <Ad(z,x)+ (1-1)d(z,y), (1.4)

forall z € X. A metric space (X, d) together with a convex structure W is called a convex metric
space which will be denoted by (X, d, W). A nonempty subset C of X is said to be convex if
W(x,y,\) e Cforall x,y € C and A € [0,1]. Clearly, a normed space and each of its convex
subsets are convex metric spaces, but the converse does not hold.

Motivated by the above results, we introduce a new iterative scheme for finding a
common fixed point of a countable infinite family of nonexpansive mappings {T,} of C into
itself in a convex metric space as follows:

Yn = W(u/ Thxy, an)/

(15)
Xn+l = W(ynr Tnyn/ﬂn) Vn eN,

where x;,u € C are arbitrarily chosen, and {a,}, {$,.} are two sequences in [0, 1]. The main
propose of this paper is to prove the convergence theorem of the sequence {x,} generated
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by (1.5) to a common fixed point of a countable infinite family of nonexpansive mappings in
convex metric spaces and CAT(0) spaces under certain suitable conditions.

2. Preliminaries
We recall some definitions and useful lemmas used in the main results.

Lemma 2.1 (see [9, 10]). Let (X, d, W) be a convex metric space. For each x,y € X and X, 11, A, €
[0, 1], we have the following.

(i) W(x,x,A) =x,W(x,y,0) =yand W(x,y,1) = x.
(i) d(x, W (x,y,0)) = (1= Dd(x, y) and d(y, W (x, y,1)) = Ad(x, y).
(iii) d(x,y) = d(x, W(x,y, 1)) + d(W(x,y, L), y).

)
)
)
(iv) [l = dald(x, y) <d(W(x,y, 1), W(x, y, \2)).

We say that a convex metric space (X, d, W) has the property:

(C)if W(x,y,\) =W(y,x,1-1) forallx,y € Xand A € [0,1],

(D ifdW(x,y, M), W(x,y,A2)) <M —Ald(x,y) forall x,y € X and Ay, A, € [0,1],
H) ifdW(x,y,1),W(x,z,1)) <(1-\)d(y,z) forall x,y,z € X and A € [0,1],
)

S)if dW(x,y, 1), W(z,w,\)) < Ad(x,z) + (1 - V)d(y,w) for all x,y,z,w € X and
A e [0,1].

From the above properties, it is obvious that the property (C) and (H) imply continuity
of a convex structure W : X x X x [0,1] — X. Clearly, the property (S) implies the property
(H). In [10], Aoyama et al. showed that a convex metric space with the property (C) and (H)
has the property (S).

In 1996, Shimizu and Takahashi [11] introduced the concept of uniform convexity in
convex metric spaces and studied some properties of these spaces. A convex metric space
(X,d, W) is said to be uniformly convex if for any ¢ > 0, there exists & = 6(¢) > 0 such that
forall ¥ > 0 and x,y,z € X with d(z,x) < r, d(z,y) < r and d(x,y) > re imply that
d(z,W(x,y,1/2)) < (1 - 6)r. Obviously, uniformly convex Banach spaces are uniformly
convex metric spaces. In fact, the property (I) holds in uniformly convex metric spaces, see
[12].

Lemma 2.2. Property (C) holds in uniformly convex metric spaces.

Proof. Suppose that (X, d, W) is a uniformly convex metric space. Let x,y € X and A € [0,1]. It
is obvious that the conclusion holds if A = 0 or A = 1. So, suppose A € (0, 1). By Lemma 2.1(ii),
we have

d(x,W(x,y,4)) = (1-Dd(x,y),  d(y,W(xyd)) =Ad(xy),

2.1)
dx,W(y,x,1-1)) = (1-Vd(xy),  dly,W(y,x1-1))=2d(xy).

We will show that W(x,y,1) = W(y,x,1 — 1). To show this, suppose not. Put
z1 = W(x,y,A) and z, = W(y,x,1-1). Letry = (1 -V)d(x,y) >0, » = Ad(x,y) > O,
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€1 = d(z1,2z2)/m, and & = d(z1,2z2)/ 1. It is easy to see that €1,&, > 0. Since (X,d, W) is
uniformly convex, we have

d(x,w(zl,zZé»Sr1<1—6<e1)>, d(y,W(zl,zL%))sw(l—é(ez)). (22)

By A € (0,1), we get x #y. Since 6(¢1) > 0 and 6(e2) > 0, then

d(x,y) < d(x,W<zl,zz, %)) + d(y,W(zl,zz, %))

<r(1-06(e1)) +12(1 - 6(e2)) (2.3)
<r+nmn
=d(x,vy).

This is a contradiction. Hence, W(x,y,1) = W(y,x,1-1). O

By Lemma 2.2, it is clear that a uniformly convex metric space (X, d, W) with the prop-
erty (H) has the property (S), and the convex structure W is also continuous.

Next, we recall the special space of convex metric spaces, namely, CAT(0) spaces. Let
(X, d) be a metric space. A geodesic path joining x € X to y € X (or, more briefly, a geodesic
from x to y) is a map ¢ from a closed interval [0,I] C R to X such that ¢(0) = x,¢(l) = y
and d(c(t1),c(t2)) = |t1 — to| for all t1, £, € [0,1]. In particular, c is an isometry and d(x,y) = I.
The image a of c is called a geodesic (or metric) segment joining x and y. When unique, this
geodesic is denoted [x, y]. The space (X, d) is said to be a geodesic metric space if every two
points of X are joined by a geodesic, and X is said to be uniguely geodesic if there is exactly one
geodesic joining x and y for each x,y € X. A subset Y of X is said to be convex if Y includes
every geodesic segment joining any two of its points.

A geodesic triangle A (x1, X2, x3) in a geodesic metric space (X, d) consists of three points
x1,%2,x3 in X (the vertices of A) and a geodesic segment between each pair of vertices (the
edges of A). A comparison triangle for geodesic triangle A (x1,x2,x3) in (X, d) is a triangle
A(x1,%2,%x3) : =A (X1,X2,%3) in the Euclidean plane E? such that dge (xi,xj) = d(x;,xj) for
i,j€{1,2,3}.

A geodesic metric space is said to be a CAT(0) space if all geodesic triangles satisfy the
following comparison axiom. Let A be a geodesic triangle in X, and let A be a comparison
triangle for A. Then A is said to satisfy the CAT(0) inequality if for all x,y € A and all com-
parison points X,y € A, d(x, y) < dg2 (X, ).

If z, x, y are points in a CAT(0) space and if m is the midpoint of the segment [x, y],
then the CAT(0) inequality implies

d(z,m)? < %d(z,x)z + %d(z,y)z - }Ld(x, y)%. (CN)

This is the (CN) inequality of Bruhat and Tits [13], which is equivalent to

d(z,Ax @ (1-1)y)” < Ad(z,%)?+ (1 -V)d(z,y)* - A1 - V)d(x,v)>, (CN¥)
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forany A € [0,1], where Ax® (1 - 1)y denotes the unique point in [x, y]. The (CN*) inequality
has appeared in [14]. By using the (CN) inequality, it is easy to see that the CAT(0) spaces
are uniformly convex. In fact [15], a geodesic metric space is a CAT(0) space if and only if
it satisfies the (CN) inequality. Moreover, if X is CAT(0) space and x,y € X, then for any
A € [0,1], there exists a unique point Ax @ (1 — A)y € [x, y] such that

d(z,Axe (1-1)y) < Ad(z,x) + (1 -N)d(z,v), (2.4)

for any z € X. It follows that CAT(0) spaces have convex structure W(x,y, 1) = Ax® (1-1)y.
It is clear that the properties (C), (I), and (S) are satisfied for CAT(0) spaces, see [15, 16]. This
is also true for Banach spaces.

Let u be a continuous linear functional on [, the Banach space of bounded real se-
quences, and let (a1, ay, . ..) € I*. We write p,(a,) instead of y((ay, ay,...)). We call p a Banach
limit if p satisfies ||| = u(1,1,...) = 1 and p,(a,) = pn(an1) for each (ay, az,...) € I*. For a
Banach limit y, we know that liminf, . .a, < y,(a,) <limsup,_,  a, forall (a,ay,...) € [*.
Soif (ay,ay,...) € I with lim,, . ,a, = ¢, then u,(a,) = c, see also [17].

Lemma 2.3 ([4], Proposition 2). Let (aj, ay,...) € I®® be such that p,(a,) < 0 for all Banach limit
u. Iflimsup, | (ans1 —ay) <0, thenlimsup, ,_a, <O0.

Lemma 2.4 ([6], Lemma 2.3). Let {s,} be a sequence of nonnegative real numbers, let {a,} be a se-
quence of real numbers in [0,1] with 377, a, = oo, let {8, } be a sequence of nonnegative real numbers
with 3021 6n < oo, and let {y, }be a sequence of real numbers with limsup, _, ¥y, < 0. Suppose that

Sni1 S (I —ap)sy+ anyn +6, VneN. (2.5)

Then lim,, _, .S, = 0.

Lemma 2.5 ([18], Lemma 1). Let (X, d, W) be a uniformly convex metric space with a continuous
convex structure W : X x X x [0,1] — X. Then for arbitrary positive number € and r, there exists
1 = 1(e) > 0 such that

d(z,W(x,y,1)) <r(1-2min{),1-A}7), (2.6)

forallx,y,z€ X, d(z,x) <r,d(z,y) <r,d(x,y) >re,and X € [0,1].

Remark 2.6. The above lemma also holds for a uniformly convex metric space with the prop-
erty (H).

3. Main Results

The following condition was introduced by Aoyama et al. [6]. Let C be a subset of a complete
convex metric space (X, d, W), and let {T,,} be a countable infinite family of mappings from
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C into itself. We say that {T,} satisfies AKTT-condition if

Z sup{d(Tps12,Tyz) : z € B} < oo, (3.1)

n=1

for each bounded subset B of C. If C is a closed subset and {T,} satisfies AKTT-condition,
then we can define a mapping T : C — C such that Tx = lim,,_,,T,x for all x € C. In this
case, we also say that ({T,,},T) satisfies AKTT-condition. By using the same argument as in
[6, Lemma 3.2], we have the following lemma.

Lemma 3.1. If ({T,,}, T) satisfies AKTT-condition, then lim,,_, ., sup{d(Tz, T,z) : z € B} = 0 for
all bounded subsets B of C.

Theorem 3.2. Let C be a nonempty closed convex subset of a complete convex metric space (X, d, W)
with the properties (1) and (S). Let {T,} be a family of nonexpansive mappings of C into itself such that
Moy F(T) #9. Suppose that {x,} is a sequence of C generated by (1.5), and let {a,} and {B,} be
sequences in [0, 1] which satisfy the conditions:

(CHO0<a, <1, limyoay, =0, 37 a, =coand 37 |ay1 — ay| < oo,

(C2) Bn € (b, 1] for some b € (0,1) and X771 |Prs1 — Pl < co.
Suppose that ({T,,}, T) satisfies AKTT-condition. Then limy, _, o d (Xp+1, Xn) = 0 and lim,, _, . d(Tx,,
x,) =0.

Proof. Let p € N;~; F(Ty). By the definition of {x,} and {y,}, we have

d(xns1,p) = AW (Y, TuYn, ). P)
< Pud(yn,p) + (1= Pn)d(Tuyn, p)
<d(Yn p)
= d(W (1, T, xn, @), P) (32)
< a,d(u,p) + (1 - a,)d(Tuxn, p)
< ad(u,p) + (1= a,)d (0, p)
<max({d(u,p),d(xn,p)}-

By induction on n, we obtain that d(x,,p) < max{d(u,p),d(x1,p)} foralln € Nand all p €
N1 F(T,). Hence, the sequence {x,} is bounded and so {y,}, {Tuxs}, {Tnyn} are bounded.
It follows by condition (C1) that

d(ynr Tnxn) =d(W(u, Tuxy, an), Tnxn) = and(u, Tyx,) — 0. (3.3)



Abstract and Applied Analysis 7

By the definition of {x,} and {y,}, we have

A(Yn, Yn-1) = AW (u, Tpxp, an), W (u, Ty1 X1, €n-1))
<dW (u, Tyxn, an), W (u, Tyxn-1, ay))
+d(W(u, Tyxp-1,0,), W(u, Tp1x4-1, ay))
+d(Wu, Tyaxn-1,a0), W, Tio1xp-1, @n-1))
< (1= an)d(Tuxn, Tuxn-1) + (1 — an)d(Tuxn-1, Tn-12n-1)
+ |ay — ap-1ld(u, Ty-1Xn-1)
< (1= an)d(xn, xp-1) + (1 = an)d(Tuxp-1, Tp-1Xn-1)
+ |y — an-a|d(u, Ty-1Xp-1)
< (1= an)d(xn, xn-1) + d(Tpxn-1, Tp-1Xn-1)
+lan — apa|d(u, Tp-120-1),
A(xni1, xn) = AW (Yn, Tun, Br), W (Yn-1, Tn-1Yn-1, Pn1))
<d(W (Y, TuYn, Bn), W (Yn-1, Tu-1Yn-1, Pn))
+d(W (Yn-1, Tn-1Yn-1,n), W (Yn-1, Tu-1Yn-1, Pu-1)) (34)
< Pnd (Y, Yn1) + (1= Bn)d(TuYn, Tu-1Yn-1)
+ |Bn = Bu-1|d(Yn-1, Tn-1Yn-1)
< Bnd(Yn, Yn-1) + (1= Bn) (A(Tuin, Tuyn-1) + A(Tnyn-1, Tu-1Yn-1))
+ |Bn = Bu-1|d(Yn-1, Tn-1Yn-1)
< Pud(Yn, Yn-1) + (1= Pn) (A(Yn, yn1) + A(Tuyn-1, Tn-1Yn1))
+|Bn = Bu-1|d(Yn-1, Tn-1Yn-1)
<d(Yn, Yn-1) + d(Tuyn-, Tn1Yn-1) + | Bn = Bu-1|d (Yn-1, Tu1 Y1)
< (1 - an)d(xn, Xp-1) + d(TnXn-1, Tn-1Xp-1)
+|ay — apo1|d(u, Tpoaxp-1) + d(Tpyn-, Tn-1Yn-1)
+|Bn = Pno1|d(Yn-1, Tue1Yn-1)
< (1= an)d(xn, Xp-1) + (|an = an_1| + | Bn = Pua | )M

+ d(Tnxn—lr Tn—lxn—l) + d(Tnyn—lr Tn—lyn—l)r

where M = max{sup,d(u, T;,-1Xn-1),5up, d(Yn-1, Tn-1Yn-1) }.
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PUtﬁng 6y = (|lay — apa| + |ﬂn - ﬂn—1|)M +d(Tuxp-1, Tuo1Xp-1) + d(Tn]/n—l/ Tn—lyn—l); we
have

Z‘Sn < MZG“n — |+ |ﬂn - ﬂn—ll) + Z sup{d(Tnz, Tn-12) : z € {xk}}
n=2 n=2 n=2

(3.5)
+ Zsup{d(Tnz,Tn_1z) cz € {yk}}
n=2
Hence, it follows from conditions (C1), (C2), AKTT-condition, and Lemma 2.4 that
lim d(x,41,x,) = 0. (3.6)
Now, observe that
d(xn+1/ yn) = d(W<]/n/ Tnyn/ ,Bn)/ ]/n)
= (1= Bu)d(Yn Tuyn) (37)
<(1-b) (d(yn/Tnxn) +d(Tyxn, Tpxni1) + d(T"x”H'T"y”)) .
< (1 - b) (d(ynr Tnxn) + d(xn/ xn+1) + d(anr yn))
We obtain
1-b
d(xn+1/ ]/n) < T(d(yn/ Tnxn) + d(-xn/ xn+1))- (38)
This implies by (3.3) and (3.6) that lim,, _, ,xd(x+1, ¥») = 0. Therefore, we have
d<xnr ]/n) < d(xn/ xn+1) + d(xn+1/ yn) — 0. (39)
Since
A(Tuxn, xn) < A(TuXn, Yn) + A(Yn, Xn), (3.10)
it follows by (3.3) and (3.9) that
lim d(T,x,, x,) = 0. (3.11)
By (3.11) and Lemma 3.1, we get
A(Txy, x,) < d(Txy, Tyxy) + A(Tpxy, x,)
(3.12)

<supl{d(Tz, Tyz) : z € {xk}} + d(Thxy, xn) — 0.
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Next, we consider a convergence theorem in CAT(0) spaces. The following two lem-
mas obtained by Saejung [7] are useful for our main results.

Lemma 3.3. Let C be a closed convex subset of a complete CAT(0) space X, and let T : C — C bea
nonexpansive mapping. Let u € C be fixed. For each t € (0,1), the mapping Sy : C — C defined by
Six =tu® (1 -t)Tx for x € C has a unique fixed point x; € C, that is, x; = Syxy = tu ® (1 — t)Txy.

Lemma3.4. Let C, T be as the preceding lemma. Then F(T) # ( if and only if { x;} remains bounded as
t — 0. In this case, the following statements hold:

(i) {x:} converges to the unique fixed point z of T which is nearest to u;

(i) d(u,z)* < Und(u, xn)? for all Banach limit y and all bounded sequences {x,} with
lim,, _, o d(x,, Tx,) = 0.

Previously, we know that CAT(0) spaces have convex structure W (x,y, 1) = \x @ (1 -
A)y and also have the properties (C), (I), and (S). Thus, we have the following result.

Theorem 3.5. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let {T,} be
a family of nonexpansive mappings of C into itself such that (-, F(T,) # 0. Suppose that u,x; € C
are arbitrarily chosen and {x,} is a sequence of C generated by

Yn=0,u® (1 —a,)Tyx,,

(3.13)
Xn+l = ,Bnyn D (1 - ,Bn)Tn]/n Vn e N,

where {a,} and {p,} are sequences in [0,1] which satisfy the conditions (C1) and (C2) as in
Theorem 3.2. Suppose that ({T,},T) satisfies AKTT-condition. Then lim, _, od(xp41,%,) = 0 and
lim, oo d(Txy, x,) = 0.

Theorem 3.6. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let {T,,} be
a family of nonexpansive mappings of C into itself such that ;4 F(Ty) #0. Suppose that {x,} is
a sequence of C generated by (3.13), and let {a,} and {B,} be sequences in [0, 1] which satisfy the
conditions (C1) and (C2) as in Theorem 3.2. Suppose that ({T,,},T) satisfies AKTT-condition and
F(T) = ;21 E(T,). Then {x,} converges strongly to a common fixed point of {T, } which is nearest
to u.

Proof. By Theorem 3.5, we have lim, _, .d(Tx,, x,) = 0. For each t € (0,1), let z; be a unique
point of C such that z; = tu ® (1 — t)Tz;. It follows from Lemma 3.4 that {z;} converges to
a point z € F(T) which is nearest to u, and

d(u,z)* < Hnd(u, x,)>  for all Banach limits U, (3.14)

thatis, p,(d(u, z)2 —d(u, xn)z) < 0. Moreover, by Theorem 3.5, we get lim,, _, o d(Xp11, x,) = 0.
It follows that

lim sup(<d(u,z)2 ~d(u, xml)z) - (d(u, z)% —d(u, xn)2>> = 0. (3.15)

n—oo
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By limy, —, od(T;xp, x,,) = 0 and Lemma 2.3, we obtain

nmsup(d(u,z)2 —(1-ay)d(u, Tnxn)2> = limsup(d(u,z)z —d(u, xn)2> <0. (3.16)

n—oo n—oo

Finally, we show that lim,, _, ,d(x,, z) = 0. By the definition of {x,} and {y,}, we have

A1, 2)? = d(Butn ® (1= Pu)Tuyn, 2)°

< (Bud(yn,2) + (1= Pu)d(Tuyn, 2))*

< d(yn,z)2 =d(a,u® (1-a,)Tpxn, z)*
(3.17)
< apd(u, 2)* + (1 - a,)d(Tyxn, 2)* — an (1 — a,)d(u, Tpxy)?

< a,d(u,2)* + (1 - ap)d(xn, 2)* = an(1 = @) d(u, Tux, )

= (1-a)d(x,, 2) + an (d(w,2)’ = (1 = @)1, T,x,)?).

This implies by >,;2; a, = oo, inequality (3.16), and Lemma 2.4 that lim,_, ,,d(x,, z)2 =0.
Hence, {x,} converges to z € F(T) = (;=; F(T,) which is nearest to u. O

Corollary 3.7 (see [7], Theorem 8). Let C be a nonempty closed convex subset of a complete CAT(0)
space X. Let {T,,} be a family of nonexpansive mappings of C into itself such that (\;2; F(Ty) # 0.
Suppose that u, x, € C are arbitrarily chosen and {x,} is a sequence of C generated by

Xpi1 =a,u®(1-a,)T,x, VneN, (3.18)

where {a,} is a sequence in [0, 1] which satisfies the condition (C1) as in Theorem 3.2. Suppose that
({T,}, T) satisfies AKTT-condition and F(T) = (\;21 F(Ty,). Then {x,} converges strongly to a com-
mon fixed point of {T, } which is nearest to u.

Proof. By putting 3, = 1 for all n € N in Theorem 3.6, we obtain the desired result. O

In 2009, Song and Zheng [19] introduced a condition in Banach spaces for a countable
infinite family of nonexpansive mappings which is different from AKTT-condition and also
give some examples of a family of mappings that satisfies this condition. Now, we state this
condition in CAT(0) spaces, and it is referred as SZ-condition as follows. Let C be a nonempty
closed convex subset of a complete CAT(0) space X. Suppose that {T,} is a family of non-
expansive mappings from C into itself with (- F(T,,) # 0. We say that {T,} satisfies SZ-con-
dition if, for any bounded subset K of C, there exists a nonexpansive mapping T of C into
itself such that

nlgn sup{d(T(Tyx), Tox) : x € K} =0, F(T) = ﬁF(Tn). (3.19)
*® n=1

Theorem 3.8. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let {T,} be
a family of nonexpansive mappings of C into itself such that (\,—, F(T,) # 0 and satisfies SZ-condition.
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Suppose that {x,} is a sequence of C defined by (3.13) with lim, _, d(xn+1, x,) = 0. Let {a,} and
{Bn} be sequences in [0, 1] which satisfy the following conditions:

(C3) 0<a, <1, lim, oy, =0, and 3,774 ay = 00,
(C4) lim,,_, 3 = 1.

Then {x,} converges strongly to a common fixed point of {T,} which is nearest to u.

Proof. As in the proof of Theorem 3.2, we have that {x,} and {T,x,} are bounded. Since
{T,} satisfies SZ-condition, there exists a nonexpansive mapping T of C into itself such that
lim,, _, osup{d(T (Tyx), Tpx) : x € {xx}} = 0and F(T) = (-, F(T). By the definition of {x,}
and {y,}, we have

d(xns1, Tuxn) = d(Buyyn ® (1= Pu) Tulyn, TuXn)
< Bnd(Yn, Tuxp) + (1= Bn)d(Tuyn, Tnxn)
< Bnd(Yn, Tuxn) + (1 = Bn)d(Yn, xn) (3.20)
= Pud(anu ® (1 = an) TyXn, Tyxn) + (1= B)d(anut & (1 = ctn) TuXn, Xn)

< Brand(u, Tpxy) + (1= ) (@nd (1, x) + (1 — an)d(Tpxn, x,)).
It follows from condition (C3) and (C4) that

lim d(x,41, Tyxy,) = 0. (3.21)

Since

d(xn+1/ Txn+1) < d(xn+1/ Tnxn) + d(Tnxn/ T(Tnxn)) + d(T(Tnxn)/ Txn+1)

(3.22)
< 2d(xps1, Tuxn) + sup{d(T(Tyx), Tnx) : x € {xx}},
this implies by (3.21) and SZ-condition, we have
lim d(x,, Tx,) =0. (3.23)
From lim,, _, ,d(xp+1, x,,) = 0 and
d(xn/ Tnxn) S d(xn/ xn+1) + d(xn+1r Tnxn)r (324)
it follows that
lim d(x,, T,x,) = 0. (3.25)

n— oo

By using the same arguments and techniques as those of Theorem 3.6, we can show that {x,}
converges to a common fixed point of {T,,} which is nearest to u. O
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Corollary 3.9. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let {T,} be
a family of nonexpansive mappings of C into itself such that (N, F(T,) # 0 and satisfies SZ-condition.
Suppose that {x,} is a sequence of C defined by (3.18) with lim,, _, ,od(xp+1,x,) = 0. Let {a, } be a se-
quence in [0, 1] which satisfies the condition (C3) as in Theorem 3.8. Then {x,} converges strongly
to a common fixed point of {T,} which is nearest to u.

Proof. By putting f, = 1 for all n € N in Theorem 3.8, we obtain the desired result. O

4. W-Mapping in Convex Metric Spaces

In Theorems 3.2, 3.5, and 3.6 and Corollary 3.7, to obtain a convergence result, we have to as-
sume that ({T,,},T) satisfies AKTT-condition. In general, one cannot apply these results for
a sequence of nonexpansive mappings. However, we give an example of a sequence {T,} of
nonexpansive mappings satisfying AKTT-condition.

Let {T,,} be a family of nonexpansive mappings of C into itself, where C is a convex
subset of a convex metric space (X, d, W). We now define mappings U1, Uyy, ..., Uy, and
S, as follows. For {\,} a sequence in [0,1] and x € X,

Uynx = W(Tux, x,Ay),
un;n—lx = W(Tn—l un;nxr X, J\n—l)/

un;n—Zx = W(Tn—Zun;n—l X, X, /\n—Z)r

un;kx = W(Tkun,'k+1x/ X, -)‘k)l (41)
U1 = W(TieaU e, x, A1),

un}Zx = W(Tlen;3x/ X, -)LZ)/
SnX = lln;lx = W(Tﬂlmzx, X, .)Ll)

Such a mapping S, is called the W-mapping generated by T, T, ..., T, and Ay, Ay, ..., Ay

In 2007, Shimizu [18] generalized W-mapping which was introduced by Takahashi
[20] from Banach spaces to convex metric spaces. Then, the following result is obtained by
using the same proof as in of [18, Lemma 2].

Lemma 4.1. Let C be a nonempty closed convex subset of a uniformly convex metric space (X, d, W)
with a continuous convex structure W : X x X x [0,1] — X. Let T1, T, ..., Tn be nonexpansive
mappings of C into itself such that ﬂnN:1 F(T,) #0 and let Xy, Ay, ..., AN be real numbers such that
0 <A <1foreveryn = 1,2,...,N. Let SN be the W-mapping of C into itself generated by
Ty, Ty, ..., Tnand Ay, Ay, ..., An. Then F(Sn) = NN, F(Ty).

Next, we consider the W-mapping given by a countable infinite family of nonexpan-
sive mappings in a uniformly convex metric space.
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Lemma 4.2. Let C be a nonempty closed convex subset of a complete uniformly convex metric space
(X, d, W) with the property (H). Let {T,} be a family of nonexpansive mappings of C into itself such
that ;4 F(T,) #0, and let A1, Ay, . .. be real numbers such that 0 < A, < b < 1 for every n € N. Then
forevery x € C, and k € N, limy,_, ooU k- x exists.

Proof. Let x € C and p € (;-; F(T},). Fix k € N. Then for any n € N with n > k, we have

AUns1kx, Unix) = d(W (Tl nsrk41%, X, M), W (Tl g1 X, X, A))
< Med (T a1, Tl g1 )
< Med (U 1601, U1 X)
= ed(W (Tks1Uns1k2%, X, A1), W (Tt Uner2x, X, Aies1))

S )LkAkJrl d (un+1;k+2xr un;k+2x)

< )LkJ\kJrl e )tnfl d(un+1;nx/ un;nx)

(4.2)
= -/\lek+1 e )‘n—ld(W(Tnun+l;n+1x/ X, )Ln)/ W(Tnx/ X, )Ln))
S )Lk/\k+1 e )‘nd(Tnun+l;n+1xr Tnx)
< )Lk)LkH e )‘nd(un+1;n+lx/ x)
= Mehisr -+ Lad (W (Ts1x, X, dis), X)
= Medies1 - L d (T x, x)
< Mediat -+ At (A(Tpaax, p) +d(p, x))
<2d(p, x)b""”z.
Thus for m > n,
d(um;er un;kx) < d(um;kx/ um—l;kx) + d(um—l;er Um—Z;kx) et d(un+1;kx/ un;kx)
<2d(p, x)b" V2 124 (p, x)bm 2K 4y 2d (p, x) bR 43)
m—1
=2d(p,x) > b2
j=n
It follows that {U,xx} is a Cauchy sequence. Hence, lim,, _, U .k x exists. O
Using the above lemma, one can define mappings U« and S of C into itself as
Ugpex = lim Uykx, Sx = lim Sp,x = lim U, x, (4.4)

n—oo n—oo n—oo
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for every x € C. Such a mapping S is called the W-mapping generated by T;,T>,... and
A, Ag,

Lemma 4.3. Let C be a nonempty closed convex subset of a complete uniformly convex metric space
(X,d, W) with the property (H). Let {T,,} be a family of nonexpansive mappings of C into itself such
that Ngeq F(Ty,) #0, and let A1, Ay, ... be real numbers such that 0 < A, < b < 1 for every n € N. Let
S be the W-mapping generated by Ty, T, ... and Ay, Ay, .. .. Then, S is a nonexpansive mapping and
F(S) = N2y F(Ty).

Proof. First, we show that S is a nonexpansive mapping. For x, y € C, we have

d(Snx’ Sny) = d(W(Tlun}le x/ )‘1)/ W(Tlun;zy/ ]// A1))
< Md(Tilpox, TiU,py) + (1 - M)d(x,y)
< Md(lln;zx, Un;Zy) + (1 - )Ll)d(x, y)

< Mo A d (WX, Uy ) + (1= Midy - Ao1)d(x, y)
=My Ly d (W (T, x, 1), W(Tuy, v, An) ) + (1 = Mida -+ Myor)d(x, y)
< Mda Ayt dnd (T, Tyy) + A da - Ayt (1= L) d (x, )
+(1-Ada- - Aym)d(x,y)
<d(x,y).
(4.5)

This implies that S, is a nonexpansive mapping, and we have d(Sx, Sy) = lim,_,,d(S,x,
Say) < d(x,y). Thus, S is also a nonexpansive mapping.
Finally, we show that F(S) = ;-1 F(Tn). Let p € N;oy F(T,). Then, it is obvious that
Upp = p for all n, k € N with n > k. So we have U xp = p for all k € N. Therefore, we have
Sp = Uyp = p, and hence, N;2; F(T,) € F(S). We now show that F(S) C N2, F(T,). Let
x € F(S) and let p € N;2; F(T,,). Then we have
d(SnP/ Snx) = d(un;lpz un;lx)
= d(p, W(Tllln;zx, X, )Ll))
< )le(p, Tlun;zx) +(1- )Ll)d(]f’, x)

< )le(p, Un;zx) +(1- Al)d(;?,x)

S Mhdy - Mead (p, Ungex) + (1= Mdy -+ Memn)d (p, x)
=M Mead (p, W (Tl s x, x, Ak)) + (1= Mdp -+ Aeop)d (p, x)
< hdy - Mcaied(p, Tl x) + Adg -+ - Ao (1= Ag)d (p, x)
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+ (1 - )L])Lz . ')Lk_l)d(p, x)
=My d(p, Til e x) + (1= Ada -~ M)d (p, x)
< Mo hed (p, Uk x) + (1= Mdo -+ A)d(p, x)

Shdy--dyd(p, Uppnx) + (1= M-+ Apsg)d(p, x)

= Mida - Ayad (p, W(Tux, x, 4n)) + (1= Aida -+ L)d(p, x)

<Aoo Ay Xy d(p, Tux) + Mids -+ - Ly (1 - Ay)d (p, x)
+(1-Ada--- Aym)d(p, x)

=Mds - Ayd(p, Tux) + (1= Mida -+~ A)d(p, x)

<d(p,x).
(4.6)
Taking n — oo, we obtain
d(Sp,Sx) < Mdy - ead (p, W (Tl o1 X, x, Ai) ) + (1 = Mqdp -+ - Aemp )d (p, x)
<hdy - becdied (P, Tilloern x) + MAs -+ M (1= A)d(p, x)
+ (1 —)Ll)Lz"'.)Lk_l)d(p,x) (47)
=lido - ed(p, Til o1 ) + (1= Mdy -+ A)d(p, x)
<d(p,x).

Since p € ;21 F(T,) € F(S), we have d(Sp, Sx) = d(p,x). Then, for A, € (0,1), n € N, we
have

A(p, Tilkn1x) =d(p,x),  d(p, W(TilUwsks1x,x, M) = d(p, x), (4.8)

for every k € N. Suppose that T Uy x+1x#x. Then d(Tilopx,x) > 0. It follows by
Lemma 2.5, we have

d(p, W (Tl k1%, %, M) < d(p, x). (4.9)

This is a contradiction. Hence, TiU k11X = x. Since Uppr1X = W (TisaUpks2X, X, Ags1), we
have

Ugpix = Ji_{rc}oun,-kux = W(TiUgkr2X, X, A1) = x. (4.10)

So, we have x = TiUqx+1x = Tix for every k € N. This implies that x € (;; F(T}). Therefore,
we have F(S) C (Nyoq F(Th). O
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Lemma 4.4. Suppose that X,C,{T,}, {A,} are as in Lemma 4.3. Let S,, and S be the W-mappings
generated by T, Ty, ..., Ty and Xy, Ay, ..., Ay, and Ty, T, ... and Ay, Ay, . . ., respectively. Then ({S,},
S) satisfies AKTT-condition, and F(S) = ;=1 F(Sn).

Proof. Let B be a bounded subset of C and x € B. For p € N;>; F(T,), we have

d(sn+1xr Snx) = d(un+1;1x1 un;lx)
= d(W(Tlun+l}2xl X, )‘1)1 W(Tlun,'le X, )‘1))
< Md(Til 2%, Ti p2x)

< )le(un-i-l;le un;zx)

<My Ay d (U, Upnx)

= Mk Ly d(W (T Ui, X, An), W (T, x, A) (411)
<hdz - dnd(Uninex, x)

=Mdy - A d(W (Tyiax, x, M), x)

Shdy - A d (T x, x)

<My Ay (d(Tpax, p) +d(p, x))

<20d2 - Apad(p, x)

<2b™'d(p, x).

This implies

Z sup{d(Sp+1x,Syx) 1 x € B} < 0. (4.12)

n=1

Thus, ({S,},S) satisfies AKTT-condition. Moreover, from Lemmas 4.1-4.3, we obtain that
E(S) = Mz F(Sw). O

Remark 4.5. Lemmas 4.2 and 4.3 were proved in Banach spaces by Shimoji and Takahashi
[21], and Lemma 4.4 was proved in Banach spaces by Peng and Yao [22].

Remark 4.6. Suppose that X, C, {T,}, {1, } are as in Lemma 4.3. Let S,, and S be the W-map-
pings generated by I3, I, ..., T, and Ay, Ay, ..., Ay, and Ty, T, . .. and Ay, Ay, . . ., respectively. By
Lemma 4.4, we know that ({S,},S) satisfies the AKTT-condition and F(S) = (2, F(Sn).
Therefore, in Theorems 3.2, 3.5, and 3.6 and Corollary 3.7, the mapping T,, can be also replaced
by S, without assuming the AKTT-condition and F(S) = (", F(Sn).
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