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The essential norm of any operator from a general Banach space of holomorphic functions on the
unit ball in C” into the little weighted-type space is calculated. Some applications of the formula
are given.

1. Introduction and Preliminaries

Characterizing the compactness of composition or weighted composition operators, their
differences, and Toeplitz operators between Banach spaces of analytic functions has attracted
attention of numerous authors, and there has been a great interest in the matter of calculating
or estimating essential norms of operators, see, for example, [1-8]. Motivated by this line of
investigations, the first two authors calculated in [3] the essential norm of any operator acting
between weighted-type spaces or between Bloch spaces on the unit disk and also estimated
it on the weighted-Bergman space AL (D).

We obtain a formula for the essential norm of any operator into a weighted-type
space on the unit ball in C" whose domain space belongs to a general class of Banach
holomorphic function spaces, thus extending to the case of the unit ball some results in [3].
Some applications of our main results are given.

Let B be the open unit ball in the euclidian complex-vector space C" and H(B) the
space of all holomorphic functions on B. The pseudohyperbolic distance between z,u € B is
denoted by p(z,u) (see [9] for more details). If X is a Banach space, by Bx we denote the
closed unit ball in X.
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Let v be a positive continuous function on B (weight). The weighted-type space (or
Bergman space of infinite order) H (B) = H is defined by

HY = {f eH®) : ||fllye = sugv(z)|f(z)| < oo}. (1.1)

The little weighted-type space H)(B) = HY consists of all f € H® such that

lim o(2)| £ ()] =0. (12)

With the norm || - ||g=, both are Banach spaces. The norm topology of H is finer than the

topology T of uniform convergence on compact subsets of B. For v,(z) = (1—|z[*)%, a > 0, the

standard weighted-type spaces, which we denote by H and HY, are obtained. These spaces

appear in the study of growth conditions of analytic functions, see, for example, [10, 11].
The Bloch-type space B, (B) = B, consists of all f € H(B) such that

bu(f) = sup 4(2) |9 (2)] < oo, (1.3)
where yu is a weight,
L of —
Rf(z) = szg(z) =(Vf(2),z) (1.4)
j=1 i

is the radial derivative of f, and V f is the complex gradient of f.
The little Bloch-type space B, o(B) = B0 consists of all f € B, such that

Jim e (2) [?%f(z)| =0. (1.5)

Both are Banach spaces with the norm || f[[5, = |f(0)| + b,(f). For the standard weight v,
p > 0, we get the p-Bloch space B? and the little p-Bloch space B}.

The standard weighted-Bergman space AZ(IB%) = AZ, p > -1, p > 1, is the set of all
analytic functions on B such that

p
171, = [ 1r@Pe(1- 1) ave) <co, 1.6

where dV (z) is the normalized volume measure on Band cg =I'(n+f +1)/n!T'(f +1).

A weight v is radial if it satisfies v(z) = v(|z|) for every z € B. Throughout this paper
we assume that all weights v are typical, that is, they are radial, nonincreasing with respect
to |z| and such that lim;|_.;-v(z) = 0. Many results on weighted-type spaces of analytic
functions and on operators between them are given in terms of the so-called associated weights
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(see [10]) and in terms of the weights. For a weight v the associated weight ¥ is defined as
follows

5(2) = (sup{1f @ f € HE, If e <1)) - (1.7)

For a typical weight v the associated weight o is also typical. Furthermore, for each z € B

thereis an f, € HY, || fz|lg= < 1, such that f.(z) = 1/9(z), and the same holds for the space

H). It is known that H? = HZ and H, g = H), that is, they are isometrically isometric [10].
We say that a weight v satisfies condition (L1) if it is radial and

1- 2—(k+1)
inf o )

L (L1)

For radial weights v satisfying condition (L1), we have that v and o are equivalent, that is,
there is a C > 1 such that v < ¥ < Cv. Recently Lusky and Taskinen [12] have shown, among
other results, that HY is isomorphic to cy.

Since the closed unit ball By« is a compact subset of (H (B), 7), a result of Dixmier-Ng
[13] gives that the subspace of (HZ)"

Gy = {le (HY)" : 1| Bz is T-continuous} (1.8)

is a predual of HY, that is, (G¥)* = HZ. Clearly the evaluation functional at z € B, defined
by 6.(f) = f(z), belongs to G. The norm of 6, is denoted by ||6;||,. Moreover, the set {5, :
z € B} is a total set, that is, its linear span is norm dense in G. More precisely, the next
isomorphism result is due to Bierstedt and Summers.

Lemma 1.1 (see [11]). The map f + [l — (I, f)] is an onto isometric isomorphism between HF
and (G)* and the restriction map | — |y gives rise to an isometric isomorphism between G5 and
(Hp)".

Similarly to the corresponding result in the one variable [14], one can prove the
following.

Lemma 1.2. Suppose > -1 and y > 0. Then (A},)* is isomorphic to H)
(f8)y, - f f@ZEcpyvpey (D)AV(2), feHE, ge Al (19)
B

Moreover, under the pairing (f, &), with g € HY and f € Ay, we also have that (HY)" is isomorphic

to A},.

For z,w € B, let

K (w) = (1.10)

(1 _ <w, Z>)n+ﬂ+1 :
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Then the kernel function K%' clearly belongs to H$ and to A;. It has the reproducing

property

f(z) = fo(w)Kg(w)cﬂvﬂ(w)dV(w), z€eB, (1.11)

for every function f € Aé (see [9, Theorem 2.2]). As a direct application we get that g(w) =
(KL, 8)s, forall g € AL and f(w) = (f,Kly"), forall f € HE.
Let E be a Banach space of analytic functions on B containing the constant functions.

We denote its norm by || - ||g. With || - |- we denote the norm of its Banach dual space E*.
Consider the following conditions on E.

(C1) There are positive constants s and C such that

A1l

()

(C2) The analytic polynomials are dense on E.

(C3)

(C4)

(C5) There is a C > 0 such that || f||r < C||fl| for all f € E, where || f|lo = sup_|f(2)l,
the supremum taken in the extended real line.

|f(z)|<C for every f € E, and for each z € B. (1.12)

16zll- — oo, when |z| — 1.

The linear span of the set {5 : z € B} is dense in E*.

It follows from (C1) that the closed unit ball Br is 7-bounded, hence it is an
equicontinuous and a 7-relatively compact set. Moreover, we have the following.

Proposition 1.3. Assume that E satisfies conditions (C1) and (C5). Then the contraction operators
K, : E — E given by

K, (f)(z):=f(rz), 0<r<1, (1.13)

are well defined and compact.

Proof. Each given f € E may be approximated uniformly on compact subsets by the sequence
(Sk)ken, of its Taylor polynomials at 0. Therefore, Sx(rz) — f(rz) uniformly on Bask — oo.
Further, (Sk(7z))yey, C E is a Cauchy sequence by (C5), so it converges to some element in E.
Hence K, (f) € E.

Moreover K, is compact. Indeed, any sequence (fi),,ex C Br has a T-convergent
subsequence, say itself, to an element g € H(B). Therefore (f,,(rz)),,en converges uniformly
on B to g(rz), and again (C5) yields that (K,(fm))ey is @ Cauchy sequence in E that
converges to K, (g). O

We consider another condition on E.

(C6) For every f € E, we have |[K,(f)|le < ||fllg forO<r < 1.
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Remarks. (a) Note that (C6) implies that || K[|~ £ = sup ;. 1Ky (f)lle < 1.
(b) By (C1) every functional at z € B,,, 6, : E — C, is bounded, and therefore

16:(f)] < ll6-

e\l fllg,  for every f € E. (1.14)

(c) Spaces like HY, the little Bloch space, Hardy spaces H? and weighted-Bergman
spaces Az fulfill conditions (C1)-(C6). For H?, s = n/p, and for AP we have that s = (n + B+

ﬂ/
1)/p (see [9]).

Let X and Y be Banach spaces. The essential norm of a bounded operator T is the
distance in the operator norm from T to the compact operators, that is,

IT||, =inf{||T + K||x_y : K is compact}. (1.15)

We write A < B if there is a positive constant C, not depending on properties of A and
B, such that A < CB. We also write A = B whenever A < Band B < A.

2. The Essential Norm of Operators
The next proposition is an extension of Proposition 2.1 in [5].

Proposition 2.1. Assume that E satisfies conditions (C1)—(C6). Then there exists a sequence
(L) en of compact operators on E such that

(i) forany 0 <t <1,

Jim  sup sup|(I - L) (f)(2)| = 0; 1)
[l l=l<t '
(ii)
limsup||I = Ly||p_ g < 1. (2.2)

m— oo

Proof. We prove that for every 0 < f < 1 and ¢ > 0 there is a compact operator L : E — E such
that

I -Lllp_p<1+2¢ (2.3)
and
sup sup|(I-L)f(z)| <e. (2.4)
IfllE<1 |zI<t

When this is done, a standard diagonal argument by taking a sequence (¢,) T 1 and a sequence
of positive numbers (g,) | 0 will give the result.
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The operator L will be constructed as a suitable finite convex combination of the
operators K, and therefore by Proposition 1.3, it will be compact.

The operators I - K, : (H(B), 7) — (H(B), ) are continuous, and for each f € H(B),
we have that (I - K,)f — 0in (H(B),7) when r — 1. By the Banach-Steinhaus theorem for
Fréchet spaces (I — K,) — 0 uniformly on relatively compact subsets of (H(B),7) asr — 1,
thus in particular on Bg. Hence, if we pick s; such that t < s; < 1, we have

lim sup sup|(I-K;)f(z)|=0.

sl

(2.5)

Since Bg is an equicontinuous set, the operator 6 : B — E*, z — 0. is continuous, so
we can find zy € B such that SUP|,1s, 16211 = |6z, ||E-- Moreover we have the inequalities

1 _16=(1)]

e Il

< [|62

o (2.6)

Therefore, we find an r; € (0,1) such that

(I~ Kn)f (=) .{5, : }

sup sup ——=———— < min
1620l

2.7)
Ifl<atzies  16=lle

Since the bounded set {6./]|6:|g- : z € B} is equicontinuous in E*, the weak*-
topology coincides on it with the coarser one of the convergence on the dense subset of the
polynomials, and also with the finer one of the uniform convergence on relatively compact
sets in E. Moreover, observe that for each polynomial P,

lim <L P> lim ﬂ =0, (2.8)

E=1\[16zlg-"" /  E=106zllg

since condition (C3) holds and P is bounded on B.
This means that lim,|,16-/1|6:||g- = 0 on relatively compact sets in E, in particular on
K, (Bg). Hence there is an s, > s; such that for each f € Bg, we have

6:(K,,
B

S E. 29
|z|>s2 ”(SZ”E* ( )

Therefore,

|(I B Kfl)f(z)l

sup sup 5.

s s

<l+e. (2.10)

E*



Abstract and Applied Analysis 7

We can continue in this way and find two strictly increasing sequences (sx) and (rk)
satisfying

I-K,
sup supw <min{g, € }’ 211)
Iflest fese 1OzllE: 162,12
I1-K,
sup sup w <1+e. (2.12)
Iflest fzzsin Ozl
Let m > 1/¢ and put
1 m
L= EgKW' (2.13)

Then by (2.11) and the fact that ||62,||g+ > ||6z]|g- for |z| < s1, we have that (2.4) holds since

sup sup|(I -L)f(z)] < —Z sup sup|(I-K,,)f(z)| <e. (2.14)
Iflle<1 |z|<t M flle< |2l<s:

Now we show that (2.3) holds. Similarly to above, we have that

a-Df@) _,

sup sup (2.15)
I flle<t |zl<t (162l
Moreover, by (2.12), if s; < |z| < si41 and || f||g < 1, then
I-K,
=kof@l (216)
1621l
except possibly for k = I, in which case
I-K,)f(z
W ST -Kp)fllg <M =Ky llp_g <2 (2.17)
z 1| E*
Hence, we get forall z € B and || f||g < 1 that
|- L)f(Z)I |U-K)f)] | 1|0 -K)f()]
- <1+2e. 218
61 ,§, Bl Tm el 218)
In light of condition (C4), we have
I-L
I -L|lg_ g =sup|(I-L)" O =sup sup m <1+2e. (2.19)
zeB 16211 z€B || flle<1 (1621l

Thus we also have (2.3), and the statement is proved. O
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Next we state a formula for the norm of any operator from E to either H? or H). We
omit its proof.

Theorem 2.2. Suppose T : E — HZ is a bounded operator. Then

1T (62) |-

z€eB

Since many operators can be written as weighted composition operators we state the
following useful result. As usual, uCy(f) = u - (f o ¢) where u is an analytic function on B
and ¢ is an analytic self-map of B.

Corollary 2.3. IfuC, : E — H° is a bounded weighted composition operator, then
”uC‘P”E—>H{j° = su§|u(z)|5(z)||6(p(z)||E*. (2.21)
ze

Example 2.4. Let E = AP, B>-1,p>1withl/p+1/q=1and 9,(z) = va(z) = (1 - |z]*)%,

a > 0. Then, since for all f € AZ and z € B,
/1L
|f(2)] < NI (2.22)
(1-121)
and since equality is attained at
(n+1+p)/p
() 223
fz(w) - (1 _ (wlz>)2(n+1+ﬁ)/p, ( ’ )
we get
1
1601l 41 = ANy (2.24)
(1-le@I%)
So we get

[|uCy| (1- ) ) (2.25)
Usollar - gz = SUP 1P /p :
” = (1- |

Now we are ready for our main result. Compare it with Theorem 2.2.

Theorem 2.5. Assume that E satisfies conditions (C1)-(C6). If T : E — HY is a bounded operator,
then

T (62)

IT|l, = limsu E
¢ P61,

|z] =1~

(2.26)
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Proof. 1f

¢ :=lim supm, (2.27)
-1 ozl

then the same reasoning as in the first part of [3, Theorem 3.1] shows that ||T||, > ¢.
To prove the reverse inequality, let (L,),y be the sequence provided by
Proposition 2.1. Then

ITll, <IT =T o Lullg_ po, (2.28)
for all m € N.
Next, we estimate
limsup||T =T © Ln||g -, pg- (2.29)
m— oo

Fix 0 <t <1and f in the unit ball of E. Then
[[To(I-L)1(f)(2)| = [{6 [T o (I~ La)](f))| = (T = L) o T*(62), /)| (230)

The sequence (I-L},),,ey € £(E*) is bounded because of (2.2) in Proposition 2.1. Since
for each fixed z € B, and using (2.1) in Proposition 2.1

Jim (1= L) 62l = lim_ sup |1~ L) () @) =0, (231)

the sequence (I — L},),,cny converges to zero on every point in the total set {6, : z € B} C E*
as m — oo. So we appeal to the Banach-Steinhaus type theorem [15, III 4.5] to conclude that
(I - L},),ueny converges to zero uniformly on compact subsets of E*. In particular on the image
{T*(62) : |z| £t} C E* of the compact set {5, : |z| < t} C G, that is,

0= lim sup |(I-Ly)(T*(6)llp- = lim  sup sup [((I-L;) o T"(62), )] (230

T |z)<t) THlIf <ty (Izl<t)

Therefore since the weight ¥ is bounded,

lim sup sup |[To(I-Lu)](f)(z)|5(z) =0. (2.33)

TN fles1) {lzIst)

On the other hand, for |z| > ¢, and as in the proof of [3, Theorem 3.1]

= *(62) |l g
sup |[T'o (1~ L)] () (2)[5(2) < 11~ Lylp .y -sup -0

2.34
(Iflle<1) st 10zl (2:34)
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Therefore,

limsup||T =T o Ly||g_, o = limsup sup sup |[T o (I - Ly)](f)(2)|5(2)

mee m—oo (|| flle<1}{lzl<1)
=limsup sup sup |[To(I-Ly,)](f)(z)|o(z)
m—oo {||fle<1}{|z|>t) (2.35)
< limsup||T = Lflp_. p - sup - OlEn
m— Tzt 1621l
Applying Proposition 2.1 in (2.35) and letting t — 1 we obtain ||T||, < €. 0

Corollary 2.6. Assume that E satisfies conditions (C1)~(C6). If uC, : E — HY is a bounded
weighted composition operator, then

[uCy |l = lim suplu(2){7(2) 189l - (2.36)

Proof. We apply Theorem 2.5 and just use that (uC,)*(6:) = u(z)d,() and that ||6.]l, =
1/0(z). O

Example 2.7. If E = HY, then from Corollary 2.6 we get the following extension of the one-
dimensional result in [5, Theorem 2.2]

”qu,”e = hmsupw

-1 W(p(2) 237)

Corollary 2.8. Let F be a Banach space of analytic functions in B that is isometrically isomorphic
to the bidual of a space E satisfying conditions (C1)—(C6). Assume that E has the \-metric
approximation property or is a dual space. Let T : F — HZ be a bounded operator such that
T(E) C HY and whose restrictions to bounded subsets of F are T- continuous. Then

||T*(6z) F*

], = lim sup

2.38
R T (2.38)

Proof. To see that T = (T E)**, it suffices to remark that T is weak*-weak* continuous, that is,
to check that I o T € E* for all I € GJ. And for this, it is enough to check that [ o T is weak*
continuous on the closed unit ball Bg- of F = E**, a fact that follows from observing that on
(Br, w*) the weak*-topology coincides with the Hausdorff coarser one 7, for which both T
and [ are also continuous on bounded sets.

Since E has the A-metric approximation property or is a dual space, we may use Axler
et al. [16] to obtain that ||T|l. = [|(T,)"|le = [T} |le. From this and Theorem 2.5 the corollary
follows. U

Notice that spaces like H?, the Bloch space and BMOA satisty the assumptions on F
in the above corollary.
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Corollary 2.9. Let f > =1,y > 0 and assume that T : Ay — Aj is a bounded operator. If T'(HY) C

HY, where T' : HP — Hy is the dual operator with respect to the duality (-,-). , then

(=),

|T]|, = limsup L. (2.39)

2l —1- | KPP

1
Ap

Proof. Note that ||K5+Y|| = (1-1z»)7. Let T HY be the restriction to H$ of T'. Then we can
apply Theorem 2.5 so that

(Hy)* (2.40)

| (i) 60
= limsup

¢ I6-1l,,

!
|70

For ||fllmz <1, f € H) and z € D,

(T 5000 = 1r @) = [(kETp) =T (RE)p) | an

Since by [12] H? is isomorphic to ¢y, we obtain that

, (2.42)

e

Tl = || (T'p0)°

~ T’
= [T

as wanted. O

Now we apply Theorem 2.5 to bounded operators on the subspaces of p-Bloch and
little p-Bloch spaces consisting of all f such that f(0) = 0. We denote the spaces by B” /C and
Bg/ C correspondingly. Similar subspaces of H;* and HS are denoted by H;*/C and Hﬁ/ C
correspondingly.

Observe that for any z € B, ||6z||(,3§)* <1+ ”62”(8(’:/@)*‘ Hence Bg/(C being a subspace of
Bg fulfills conditions (C1)—(C6).

Set 6.(f) := (1 - |z)PRf(z) for z € Band f € B,/C.

Corollary 2.10. (a) Let T : Bg /C — Bg /C be a bounded operator. Then

T*(6-)

1), = lim sup|

2l =1

(b) Let T : B?/C — BP/C be a bounded operator such that Bg/ C is an invariant subspace
for T and whose restrictions to the bounded subsets are T-T continuous. Then

ITll, = lim sup|| 7*(52)

|z] =1~

B /0y (2.44)
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Proof. LetR : B? /C — H;,”/(Cbe defined by R(f)(z) = %f(z). Thenboth SR and R : Bg/(C —
HS/(C are onto isometries (see, e.g., [17]). Therefore, if we put L = RoT, we have ||L||. = ||T|l.-
Since [|6z|l», = (1 - 1z*) 7, and R(f)(z) = R*(6:)(f) we also have that

g < ||6(zTI,,p> =T < ||56ZT|UP> =T((1-127) ' ®©6)) =T(6:).  (43)

Hence, || T*(62)ll 7 /¢y = IL*(6=/116zllo) | 5 /)

Now for (a), apply Theorem 2.5 to L. For (b), observe that L(Bé7 /C) C HS and also
that the quotient norm on B} /C coincides with b,, and therefore using the quotient and the
subspace duality, (735/ C)™ = BP/C. Moreover, L is T-T continuous on bounded sets, because
R preserves the 7-7 continuity. Then use Corollary 2.8. O

For a given ¢ € H(B), g(0) = 0 and a holomorphic self-map ¢ of B, the following
integral-type operator on H (B) is introduced in [17]

1
Py (f)(2) = fo f (w(tZ))g(tz)?, feH(B), z€B. (2.46)

This operator has also been studied later, for example, in [6, 8, 18, 19]. For a closely
related operator see also [20]. In [6] Stevi¢ calculated the essential norm of the operator Pg :

A; — By. Motivated by this result we calculate here the essential norm of the operator Plf :

AZ — By,0/C, but in terms of the associated weight of .

Corollary 2.11. Assume that p > -1,p > 1, g € H(B), g(0) = 0, ¢ is a holomorphic self-map of B
and P(f : AZ — By,0/C is bounded. Then

fi(z)|g(2)]
) e ) /p (2.47)

|72

= limsup

A=t (1= o))’
Proof. Since %Pg(f)(z) = f(p(z))g(z), we have %Pg = gCy : AZ — Hg/(C. From this and
the fact that the operator R is an onto isometry between B, o/C and H/(j/ C it follows that

||P(§||e = ||gCylle- By Corollary 2.6, we have

8Cll. = H‘lzilljll{plg(Z) @) [18pa || 43 (2.48)
where 1/p +1/q = 1. Therefore equality (2.47) follows simply bearing in mind (2.24). O
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