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In this paper, we discuss the properties of the neutral operator (Ax)(t) = x(t) —cx(t - 6(t)), and by
applying coincidence degree theory and fixed point index theory, we obtain sufficient conditions
for the existence, multiplicity, and nonexistence of (positive) periodic solutions to two kinds of
second-order differential equations with the prescribed neutral operator.

1. Introduction

In [1], Zhang discussed the properties of the neutral operator (A;x)(t) = x(t)—cx(t-5), which
became an effective tool for the research on differential equations with this prescribed neutral
operator, see, for example, [2-5]. Lu and Ge [6] investigated an extension of A;, namely, the
neutral operator Ayx(t) = x(t)—-L; cix(t—6;) and obtained the existence of periodic solutions
for a corresponding neutral differential equation.

In this paper, we consider the neutral operator (Ax)(t) = x(t) — cx(t — 6(t)), where
c is constant and |c|#1, 6 € C}(R,R), and & is an w-periodic function for some w > 0.
Although A is a natural generalization of the operator A, the class of neutral differential
equation with A typically possesses a more complicated nonlinearity than neutral differential
equation with A; or A,. For example, the neutral operators A; and A, are homogeneous in the
following sense (A;x)'(t) = (A;x')(t) for i = 1,2, whereas the neutral operator A in general is
inhomogeneous. As a consequence many of the new results for differential equations with the
neutral operator A will not be a direct extension of known theorems for neutral differential
equations.

The paper is organized as follows: in Section 2, we first analyze qualitative properties
of the neutral operator A which will be helpful for further studies of differential equations
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with this neutral operator; in Section 3, by Mawhin’s continuation theorem, we obtain the
existence of periodic solutions for a second-order Rayleigh-type neutral differential equation;
in Section 4, by an application of the fixed point index theorem we obtain sufficient conditions
for the existence, multiplicity, and nonexistence of positive periodic solutions to second-order
neutral differential equation. Several examples are also given to illustrate our results. Our
results improve and extend the results in [1, 2, 4, 7].

2. Analysis of the Generalized Neutral Operator

LetCy, = {x € C(R,R) : x(t+w) = x(t), t € R} withnorm ||x|| = maxe[ow]|x(t)]. Then (Cy, ||-|I)
is a Banach space. A cone K in C, is defined by K = {x € C,, : x(t) > a||x||,for all t € R},
where a is a fixed positive number with « < 1. Moreover, define operators A, B : C,, — C,,

by

(Ax)(t) = x(t) — cx(t - 6(t)), (Bx)(t) = cx(t - 6(t)). (2.1)

Lemma 2.1. If |c|# 1, then the operator A has a continuous inverse A™! on C,, satisfying

M

o -1
f(t) +Zcff<s—] 6(D,-)>, for el <1, V feCy,,

CHICES I +’51(t)) - .
o) -1/ ]+1)f<5 +06(t) + 26(Di)>, for |c| > 1, Yf € Cy.
i=1

j=1

(2.2)
2) (AT HBOI< NI/ = lell, for all f € Co.
3) [y ICAT YDt < 1/[1=|ell [ If (Bldt, for all f € Co.
Proof. We have the following cases
Case1 (lc| <1). Lett-6(t) =sand Dj = s - Zf;ll 6(D;), j=1,2,.... Therefore,
, : =
Bix(t) = c]x<s - 26(Di)>;
i=1
(2.3)

i(%‘)(f) =f®)+ Zcff<s - Z6(D )>

j=0 j=1
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Since A = I — B, we get from ||B|| < |c| < 1 that A has a continuous inverse A™! : C,, — C,,
with

T=(I-B) =TI+ i’Bf = iBf, (2.4)
j=1 j=0
where BY = I. Then
% w j-1
(afm) =X [Bf|w® = Zc’f<s - Zé(Di)>, (25)
=0 i=0 i=1

and consequently

£l
- (2.6)

= lel’

|(a7r)w] =
j=0

f®] =
]

-1
' (S - ]Z(S(Dl)> <
=0 i=1

Moreover,

m(A-l f) (t)|dt = fw io(Bi f> (t)|dt
0 0 j=

[ee]

< Zf BIf) ()]t

j=0

5[

j=0

(2.7)

1f<s—26(D>>

1 w
<o), Vol
Case 2 (|c| > 1). Let
E:C, — Cy, (Ex)(t) = x(¢) - %x(t +6(t)),
(2.8)

B;:C, — C,, (Bix)(t) = %x(t +6(1)).

By definition of the linear operator B;, we have

. j-1
(Bif) ) = §f<s + 25@,.)), 29)
i=1
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where D; is defined as in Case 1. Summing over j yields

0 . 0 j-1
Z(B{f)(t) = f(6) + Z%f<s + Z6(Di)>.
j=1 i=1

j=0
Since ||B1|| < 1, we obtain that the operator E has a bounded inverse E},

E':C,—C, E'=(I-B)'=I+>B,
j=1

and for all f € C,, we get
(Ef)t) = fty+ X (BLF) ®).
=1
On the other hand, from (Ax)(t) = x(t) — cx(t — 6(t)), we have
1
(Ax)(t) = x(t) —cx(t=6(t)) = —c [x(t -6(t)) - Ex(t)] ,

that is,
(Ax)(t) = —c(Ex)(t - 6(1)).
Let f € C,, be arbitrary. We are looking for x such that

(Ax)(t) = f(b).

that is,
~e(EX) (- 5()) = ().
Therefore,
€00 =2 = ),
and hence

x() = () ® = i) + 3 (BL) () =
j=1

fA+6(t) g fE+6()
S —;‘B{f,

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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proving that A~ exists and satisfies

C

© 0 -1
(il - -2 +C6(t)) _$pf +c6(t)) _ fE+6) Z%f<s Y60+ ]26(D,~)>,
j=1 i=1

=1
t+0(t &
|[a7f] o] = _fE+5(0) ( ) ->— 1f<s+6 t) +Z6(D)> < ”f_”1.
=t ]|
(2.19)
Statements (1) and (2) are proved. From the above proof, (3) can easily be deduced. O
Lemma 2.2. If ¢ < 0 and |c| < &, one has for y € K that
ICI
Syl < ()@ < | [l (2.20)
Proof. Since ¢ <0 and |c| < @ < 1, by Lemma 2.1, we have for y € K that
o j-1
(Ay) B =yt + Zcfy<s - Zé(D,-))
j=1 i=1
, = ‘ -1
=yt + C]]/<S - Zﬁ(Di)> - > |C|’y<5 - 25(Di)>
j>1 even i=1 j>1 odd i=1
i i 2.21
>allyll+a > Jllyll-lyll X lef (2.21)
j>1 even j>1 odd
a lc|
- vl - T
ICI
> vl
O
Lemma 2.3. If ¢ > 0 and ¢ < 1 then for y € K one has
<(a'y) (2.22)
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Proof. Since ¢ >0and ¢ <1, a <1, by Lemma 2.1, we have for y € K that

. 2
(Ay) B =yt + Zcfy<s - Zé(Di>>
i=1

>1
> allyl| + allyl| 2.29)
i>1
o
=l
O

3. Periodic Solutions for Neutral Differential Equation

In this section, we consider the second-order neutral differential equation
(x(t) = ex(t = 6(1))" = f(£,x'() + g(t, x(t = (1)) + e(b), (3.1)

where 7,e € C, and [, e(t)dt = 0; f and g are continuous functions defined on R? and
periodic in t with f(¢,-) = f(t + w,-), g(t,") = gt +w,-), f(t,0) =0, f(t,u) >0, 0or f(t,u) <0
for all (t,u) € R?.

We first recall Mawhin’s continuation theorem which our study is based upon. Let X
and Y be real Banach spaces and L : D(L) ¢ X — Y a Fredholm operator with index zero,
where D(L) denotes the domain of L. This means that Im L is closed in Y and dimKer L =
dim(Y/Im L) < +oo. Consider supplementary subspaces Xj, Y7, of X, Y respectively, such
that X = KerL® X;,Y =ImLao Y, andlet P, : X — KerL and Q; : Y — Y denote the
natural projections. Clearly, Ker LN (D(L) N X;) = {0}, thus the restriction Lp, := L|p)nx, is
invertible. Let L;,! denote the inverse of Lp,.

Let Q be an open bounded subset of X with D(L)NQ #@. A map N : Q — Yissaid to
be L-compact in Qif Q1 N(Q) is bounded and the operator Ll‘,l1 (I-Q)N: Q — Xis compact.

Lemma 3.1 (Gaines and Mawhin [8]). Suppose that X and Y are two Banach spaces and L :
D(L) ¢ X — Y is a Fredholm operator with index zero. Furthermore, Q C X is an open bounded set,
and N : Q — Y is L-compact on Q. Assume that the following conditions hold:

(1) Lx# ANx, for all x e 0QND(L), L € (0,1);
(2) Nx ¢ ImL, for all x € 0Q2NKerL;
(3) deg{JO1N,QnKerL,0} #0, where ] : Im Q1 — Ker L is an isomorphism.

Then the equation Lx = Nx has a solution in QnD(L).

In order to use Mawhin’s continuation theorem to study the existence of w-periodic
solutions for (3.1), we rewrite (3.1) in the following form:

(Ax1)'(t) = x2(t),

(3.2)
x5(t) = f (£, X1 (1) + g(t, x1(t = 7(1))) +e(t).
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Clearly, if x(t) = (x1(t), x2(1))" is an w-periodic solution to (3.2), then x;(tf) must be an
w-periodic solution to (3.1). Thus, the problem of finding an w-periodic solution for (3.1)
reduces to finding one for (3.2).

Recall that C, = {¢ € C(R,R) : ¢(t + w) = ¢(t)} with norm ||@|| = maxie[o,w]|P(t)].
Define X =Y = C,, x Cy, = {x = (x1(-), x2(+)) € C(R,R?) : x(t) = x(t + w), t € R} with norm
llx|l = max{||x1]|, ||[x2]|}. Clearly, X and Y are Banach spaces. Moreover, define

L:D(L) = {x € C1<R,R2> x(t+w) =x(t), te R} CX—Y (3.3)
by
(Lx)(t) = <(A3f1) (t)> (3.4)
x; (t)

and N: X — Y by

(Nx)(b) = < 20 ) (3.5)
F(x () + gt x1(t—T(1) +e(t) ) '

Then (3.2) can be converted to the abstract equation Lx = Nx. From the definition of L, one
can easily see that

O ~ (“ [ v(s) A
Ker L = R, ImL = {er : L <y2(s)>ds_ <0>} (3.6)

So L is a Fredholm operator with index zero. Let Py : X — KerLand Q;:Y — ImQ; C R2

be defined by
 [(Ax)O) 1 (/)
Pix = ( %2(0) >, Qiy = ” J‘o <y2(s)>dS’ (3.7)

then Im Py=Ker L, Ker Q;=Im L. Setting Lp, = L|p()nker p, and Ll‘,l1 :ImL — D(L) denotes the

inverse of Lp,, then
. (A_lel)(f)>
Lily|(t) = ,
[t < (Fya) ()

t t
Fnl) = [ wiods,  [Fvl0 = [ s

From (3.5) and (3.8), it is clear that Q1N and L1_311 (I - Q1)N are continuous and Q; N (Q) is
bounded, and then L1_311 (I-Q1)N(Q) is compact for any open bounded Q C X which means
N is L-compact on Q.
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Now we give our main results on periodic solutions for (3.1).

Theorem 3.2. Suppose there exist positive constants K1, D, M, b with M > |e|| such that:

(H1) |f(t,u)] < Kqlu| +b, for (t,u) e R xR;

(Hy) sgnx - g(t,x) > |le||, for |x| > D;

(Hs) g(t,x) > =M, forx < -Dand t € R.
Then (3.1) has at least one solution with period w if 0 < w'/2(1+|c|)"/*/2K1 /(11 - |c|| - |c|61) < 1,
where 61 = MaXe[o,w] |6 ()].

Proof. By construction (3.2) has an w-periodic solution if and only if the following operator
equation

Lx=Nx (3.9)

has an w-periodic solution. From (3.8), we see that N is L-compact on Q, where Q is any
open, bounded subset of C,,. For A € (0,1] define

Q) ={x€eC,:Lx=ANx}. (3.10)

Then x = (x1, xg)T € Q satisfies

(Ax1)'(t) = Axa(t),

(3.11)
x5 (1) = Af (¢, x(t)) + Ag(t, x1(t — T(1))) + Ae(t).
We first claim that there is a constant ¢ € R such that
lx1(¢)| < D. (3.12)

In view of J'g) (Axl)'(t)dt = 0, we know that there exist two constants t;,f, € [0,w] such
that (Ax1)'(t1) > 0,(Ax1)'(t2) < 0. From the first equation of (3.11), we have x,(t) =

(1/0)(Ax1) (1), so

x2(t) = 1 (A%) (1) 20,
(3.13)
XQ(tz) = %(Axl)'(lj) < 0.

Let t3,t4 € [0, w] be, respectively, a global maximum and minimum point of x,(t). Clearly, we
have

x2(t3) 20, x5 (t3) =0,
(3.14)
x2(ty) <0, x5 (ty) = 0.
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Since f(t,x}) > 0or f(t,x}) <0, w.lo.g., suppose f(t,x}) >0, for (t,x]) € [0,w] x R. Then

-g(ts, x1(t3 - 7(t3))) — e(ts) = f(t,x](t3)) >0,

(3.15)
g(ts, x1(ts = 7(t3))) < —e(ts) < |le]|.
From (H;) we see that

x1(ts —7(t3)) < D. (3.16)

Similarly, we have
8(ts, x1(ts = 7(ta))) 2 —e(ts) > —|lell, (3.17)

and again by (H>),
x1(ts — 7(ts)) < -D. (3.18)

Case 1. If x1(t3 — 7(t3)) € (-D, D), define ¢ = t3 — 7(t3), obviously |x;(¢)| < D.

Case 2. If x1(t5 — T(t3)) < =D, from (3.18) and the fact that x is a continuous function in R,
there exists a constant ¢ between x1(t; — T(t3)) and x1(ts — T(t4)) such that |x;(¢)| = D. This
proves (3.12).

Choose an integer k and a constant f5 € [0,w] such that ¢ = wk + t5, then |x1(¢)] =
|x1(t5)| < D. Hence

lx1(t)] < D + J‘:|x’1(s)|ds. (3.19)

Substituting x,(t) = (1/1)(Axy)'(t) into the second equation of (3.11) yields

(FAM®) =175 0) + 1glxi(t - 0)) + et (3:20)
that is,
((Ax1) (1) = A2 £ (1, X, (1) + A2g(t, x1(t = (1)) + A2e(t). (3.21)

Integrating both sides of (3.21) over [0, w], we have

fo [f (£, x, (1)) + g(t, x1(t = T(t)))] dt = 0. (3.22)
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On the other hand, multiplying both sides of (3.21) by (Ax;)(t) and integrating over [0, w],
we get

f: (Ax) (1)) (Axa (8))dlt = - f: |(Ax) (1) 2dt = -2 f:f(t, X, (0) (Axy) (Bt

- A2 JW g(t, x1(t = T(t))(Axy) (H)dt — \? I: e(t)(Axy)(t)dt.
0
(3.23)

Using (Hy), we have
[ anyoPar < [ 176m @) - ente - s
[ ltenn =m0 - exat - S0l
[ letNn® - ex e - sy

< (1 +|c])||xall [K1 -[0 |} ()|t + bw + jo |g(t, x1(t = 7(t)))|dt + wlell|.

(3.24)
Besides, we can assert that there exists some positive constant N; such that
f |g(t, x1(t = 7(F))|dt < 2wN7 + wb + K4 f EAGIEE (3.25)
0 0
In fact, in view of condition (H;) and (3.22) we have
f {g(t,x1(t—7(t))) - Kq|xy(t)| - b}dt < I {gt,x1(t—7(t)) - | f(t, X ()]}t
0 0
v ) 3.26
<[stae-ron+saxma O
0
=0.
Define
Ey={te[0,w]:x1(t-7(t)) > D};
(3.27)

E;={te[0,w]:|x1(t-7(t))|<D}U{te[0,w]:xi(t-7(t) <-D}.
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With these sets we get

f |g(t,x1(t—r(t)))|dt§wmax{M, sup |g(t,x1)|}.
E te[040],x1 (t-7(£))|I<D
L {lgt, xi(t = 7(1)))| = Ki|x; ()| - b}dt
= L {g(t,x1(t—7(t))) - Ki|x|(t)| - b}dt (3.28)

< —L {g(txi(t-7(1) - K|} (t)| - bldt

S f {|g(t, x1(t—7(t))| + K1|x| ()| + b}dt,
E
which yields

f |g(t,x1(t—r(t)))|dt§f |g(t,x1(t—T(t)))|dt+f (K |x}(t)| +b)dt
Eq E 1UE;

E1U
(3.29)
= J‘ |g (&, x1(t - 7(t)))|dt + wb + Ky I EAGIES
E, 0
That is,
[Isttxne-ramia= [ Jg@xe-ropldes | Jgene-ronla
0 Eq E;
< zj |g(t, x1(t = 7(t)))|dt + wb + Ky f |, (t)|dt
Ez 0
SZaJmax[M, sup |g(t,x1)|] +wb+K1J‘ |} () |dt
te[0,0],|x1 (t=7(£))|<D 0
= Zle + wb + K1 f |x’1(t)|dt,
0
(3.30)

where N; = max{M, suptelolw],lxl(t_T(t))leg(t, x1)|}, proving (3.25).
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Substituting (3.25) into (3.24) and recalling (3.19), we get
f | (Ax1)'(t) |2dt < (1 + e])|x1lo <2K1 f |} (£)|dt + 2wb + 2wN7 + wn&?x]|e(t)|>
0 0 te[0,w
= (e (2Kafl [ |1 ()]t + 2eblaly + 20Ns il + ol max et )
0 W
<(1+]c]) [21(1 (D +I |x’1(t)|dt> f EAGIEL
0 0
+<2wb +2wN; + wmax |e(t)|> <D + J‘ EAG) |dt>]
tG[O,w] 0
w w 2 w
=(1+]c|) [2I<1DI | ) () |dt +2K1<f |x'1(t)|dt> + sz |} (1) |dt + N2D]
0 0 0

w 2 w
- 2K (1+ |c|)<fo |x’1(t)|dt> +(1+c))(Ns + 2K D) fo |, (t)|dt + (1 + |c[)NaD,
(3.31)

where N = 2wb + 2wN1 + w||e||. Since (Ax)(t) = x(t) — cx(t — 6(t)), we have

(Ax1)'(t) = (xa(t) — exa(t - 6(1)))’

= x| (t) — cx, (t — 6(t)) + cx, (t - 6(£))8(F)
(3.32)
= (Ax))(t) +cxy(t - 6(1)8' (1),

(Axy) (1) = (Ax1) () — cxy (t = 6(1)6' (D).

By applying Lemma 2.1, we have

f:|x;(t)|dt - f:|<A-1Ax'1)(t)|dt

Jo'|(Ax}) ()|t
- =l

o (3.33)
I8 Ax) (1) - e (¢ - 6(1)8' (1) dt

1= lell

o l(Aax) ()ldt +1ci6y [ | (1) |t
- 1= lell '
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where 81 = maxe[o,,]|6'(f)|. Since 0 < w'?(1 + |c|)1/2\/2K1/(|1—|c||—|c|61), then |1-|c||-|c|61 >
0, so we get

w ’ 172
fg)|(AX1)’(t)|dt wl/z(fo |(Ax1) (t)|2dt> . (3.34)

X, (t)]dt < <
Iol 10 [1—1ell = [clor 11— el = [cléy

Applying the inequality (a + b)* < ak + b* for a,b > 0,0 < k < 1, it follows from (3.31) and
(3.34) that

NEACIE
0

1/2

w 12 w o el (¢ 1/2
3 [(1+|c|) \/2I<1f0 |, ()]t + (1 +c]) <IO |x1(t)|dt> (335)

S—
1= lell -

x(N, +2K1D)Y2 + (1 + |c|)1/2N2D1/2].

Since w!/?(1 + |c|)1/2\/21<1/(|1 — le]l = |cl61) < 1, it is easy to see that there exists a constant
M; > 0 (independent of 1) such that

J‘ |} (1) |dt < M. (3.36)
0
It follows from (3.19) that

w
||x1|| <D +J |x’1(t)|dt <D+ M; = M,. (337)
0

By the first equation of (3.11) we have [’ x2(t)dt = [ (Ax;)'(t)dt = 0, which implies
that there is a constant t; € [0, w] such that x,(#1) = 0, hence ||x2]| < fg] |5, (t)|dt. By the second
equation of (3.11) we obtain

xXh(6) = Af (5, X, (5) + Ag(x1 (E— T(£))) + Ae(t). (3.38)

So, from (H7) and (3.25), we have

|x2|OSJ |f(t,x’1(t))|dt+f |g(t,x1(t—T(t)))|dt+J le(t)|dt
0 0 0 (3.39)

<2Ki1Mj +2wb + 2wN7 + w|le]| := M3.
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Let My = \/M2+M2+1, Q= {x = (x1,x2) : [lx1]] < My, ||x2]| < My}, then for all x €
0QNKerL

1 (@ x2(t)
Q:Nx = — J dt. (3.40)
wJo <f(t,x’1(t)) +g(t,x1(t—7(t))) +€(t)>

If Q1Nx =0, then x;3(t) = 0,x; = My or —My. But if x1(t) = My, we know

0= fw g(My)dt, (3.41)
0

that is, g(My) = 0. From assumption (H;), we know My < D, which yields a contradiction,
one can argue similarly if x; = —My. We also have Q1 Nx #0, that is, for all x € 0QNKer L, x ¢
Im L, so conditions (1) and (2) of Lemma 3.1 are both satisfied. Define the isomorphism ] :
Im@Q; — Ker L as follows:

J(x1,32)" = (o2, x1) " (3.42)

Let H(p,x) = px+ (1 - pu) JO1Nx, (1, x) € [0,1] xQ, then, for all (i, x) € (0,1) x (0QNKerL),

1 _ w

H(p,x) = <ﬂx1(t) + wﬂfo [f(t,x (1) + gt x1(t—T(1))) + e(t)]dt>. (3.43)
(n+ (1= p))xa(t)

We have fg] e(t)dt = 0. So, we can get

H(p ) = </4x1(t) . 1;#[‘0" [ (4, (1) +g(t,x1(t—T(t)))]dt>/
(n+ (1= p))xa(t)

V(p,x) € (0,1) x (0QNKerL).

(3.44)

From (H,), it is obvious that x" H (p, x) > 0, for all (i, x) € (0,1) x (0Q NnKer L). Hence
deg{JQi1N,QnNKerL,0} =deg{H(0,x), 2N KerL,0}
=deg{H(1,x),QNnKerL,0} (3.45)

=deg{l,QNnKerL,0} #0.

So condition (3) of Lemma 3.1 is satisfied. By applying Lemma 3.1, we conclude that equation
Lx = Nx has a solution x = (xl,xz)T on QN D(L), that is, (3.1) has an w-periodic solution
x1(8). O
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By using a similar argument, we can obtain the following theorem.
Theorem 3.3. Suppose there exist positive constants K1, D, M, b with M > |e|| such that:
(Hy) [f (£, w)| < Kilu| +b, for (t,u) € R x R;
(Hy) sgnx - g(t,x) > |le]l, for |x| > D,
(H3) g(t,x) <M, forx >Dandt € R,
then (3.1) has at least one solution with period w if 0 < w(1 + |c|)1/2\/2K1/(|1 — ||| = |cl6r) < 1.

Remark 3.4. 1f jg) e(t)dt#0 and f(t,0) #0, the problem of existence of w-periodic solutions to
(3.1) can be converted to the existence of w-periodic solutions to

(x(t) —cx(t=6(t))" = fi(t, X' (1)) + g1 (t, x(t - 7(t))) + ex (D), (3.46)

where fl (t/ x) = f(t/ x) - f(t/ 0)/ g1 (t/ x) = g(t/ x) + (1/(4.7) jg] e(t)dt + f(t/ O)/ and €1 (t) = e(t) -
1/w) f(‘)‘) e(t)dt. Clearly, fg’ ei(t)dt = 0 and fi(¢,0) = 0, and (3.46) can be discussed by using
Theorem 3.2 (or Theorem 3.3).

4. Positive Periodic Solutions for Neutral Equations

Consider the following second-order neutral functional differential equation:
(x(t) —cx(t = 6(t)))" = —a(t)x(t) + Ab(t) f (x(t - (1)), (4.1)

where 1 is a positive parameter; f € C(R, [0,0)), and f(x) > 0 for x > 0; a € C(R, (0,0))
with max{a(t) : t € [0,w]} < (r/w)* b € C(R,(0,00)), T € C(R,R), a(t), b(t), and 7(t) are
w-periodic functions.

Define the Banach space X as in Section 2, and let C;, = {x € C(R, (0,0)) : x(t + w) =
x(t)}. Denote

M =max{a(t) : t € [0,w]}, m =min{a(t) : t € [0,w]}, p= VM,

1 - cos(pw/2)

LZW, —ZﬁSIH(pw/z), k=l(M+m)+LM,

(4.2)

_ k—-+vk?-4LIMm a_l[m—(M+m)|c|]

k= 2LM ’ LM -|c|)

It is easy to see that M, m, ,L,1, k, ki > 0.
Now we consider (4.1). First let

70=EM, 700:M@, f ~ 1im£%, f = 1im 7%, (4.3)

x—=0 X x—ow X =0 o0 X = e X
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and denote

io = number of 0’s in(_o,?w>, i, = number of 0’s in(io,j_foo);

(4.4)
i, = number of o’s in(70,7w>, i,, = number of oo’s in<fo’f >

Q0

It is clear that i, 1’0,200, i € {0,1,2}. We will show that (4.1) has ip or i positive w-periodic
solutions for sufficiently large or small A, respectively.

In the following we discuss (4.1) in two cases, namely, the case where ¢ < 0 and ¢ >
—-min{k;,m/(M + m)} (note that ¢ > —m/(M + m) implies a > 0; ¢ > —k; implies |c| < a)
and the case where ¢ > 0 and ¢ < min{m/(M +m),(LM —Im)/((L —1)M - Im)} (note that
¢ <m/(M +m) implies a > 0; ¢ < (LM —Im)/((L — )M — Im) implies a« < 1). Obviously, we
have |c| < 1 which makes Lemma 2.1 applicable for both cases and also Lemmas 2.2 or 2.3,
respectively.

Let K = {x € X : x(t) > a||x||} denote the cone in X as defined in Section 2, where « is
just as defined above. We also use K, = {x € K : ||x|| <7} and 0K, = {x € K : ||x|| = r}.

Let y(t) = (Ax)(t), then from Lemma 2.1 we have x(t) = (A™'y)(t). Hence (4.1) can be

transformed into
y' () +a®) (A7) () = @) f((Ay) - T(1), (4.5)
which can be further rewritten as

y'(5) +a®y(®) - a)H(y®) = @) f((Ay) (t-T1), (4.6)

where H(y(t)) = y(t) - (A™'y)(t) = —c(A7'y) (t - 6(t)).
Now we discuss the two cases separately.

4.1. Case I

Assume ¢ < 0 and ¢ > —min{k;,m/(M +m)}.

Lemma 4.1 (see [7]). The equation
y'(H) + My(t) = h(t), heC), 4.7)

has a unique w-periodic solution

y(t) = e G(t,s)h(s)ds, (4.8)

t

where

cos f((w/2) +t—5)

Gts) = 2psin(Pw/2)

, se[bt+w] (4.9)




Abstract and Applied Analysis 17

Lemma 4.2 (see [7]). One has f:w G(t,s)ds = 1/M. Furthermore, if max{a(t) : t € [0,w]} <

(r/w)?, then 0 <1< G(t,s) < Lforallt € [0,w] and s € [t,t + w].

Now we consider
y'(t)+at)y(t) —at)H(y(t)) = h(t), heCl, (4.10)

and define operators T, H:X - X by

t+w

(Th)(t) = f G(t, s)h(s)ds, (ﬁy) (t) = M — a(b)y(t) + a() H (y(t)). (4.11)

t

Clearly T, H are completely continuous (Th)(t) > 0 for h(t) > 0 and IH|| < (M-m+M(|c|/(1-
lcD)))-

By Lemma 4.1, the solution of (4.10) can be written in the form
y(t) = (Th)(®) + (THy ) (). (4.12)

In view of ¢ < 0 and ¢ > —min{k;, m/(M + m)}, we have

M —m + m|c|

) < ] < M <o @
and hence
y(t) = (1-TH) T (0). (@14
Define an operator P : X — X by
(Ph)(t) = (I-TH) " (Th)(»). (4.15)

Obviously, for any h € C;,, if max{a(t) : t € [0,w]} < (r/w)?, y(t) = (Ph)(t) is the unique
positive w-periodic solution of (4.10).

Lemma 4.3. P is completely continuous and

M(1 - |cl)

(Th) () < (Ph)(t) < = — 0 e

IThl, VheC. (4.16)
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Proof. By the Neumann expansion of P, we have

—\ -1

P= (1—TH> T
= <I+Tﬁ+<Tﬁ>2+-~+<Tﬁ>n+--->T (4.17)

=T+TﬁT+(TE>ZT+---+<Tﬁ>"T+---.

Since T and H are completely continuous, so is P. Moreover, by (4.17), and recalling that
ITH|| < (M -m+mjc|)/M(1—-|c|) <1, we get

M1 - |e])

(Th)(t) < (Ph) (t) < m

ITh||. (4.18)

Define an operator Q : X — X by

Qy(t) = P(Wb()f ((47ly) ¢ - 7(1))). (419)

Lemma 4.4. One has Q(K) C K.

Proof. From the definition of Q, it is easy to verify that Qy(t +w) = Qy(t). For y € K, we have
from Lemma 4.3 that

Qu(t) = P(b)f((Ay)t-7(t)))

> T(Ab(t) f<<A’1y> (t - T(t))>>

b (4.20)
- AL G(t, s)b(s)f[<A-1y)(s - T(S))]ds

>l f: b(s) f[(A‘1y> (s - T(S))]ds.
On the other hand,

Q) = P(b f((Ay)Et-7(1))

<O () a-r))|
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Ma-le) I“w

m— (M + m)|c|te[ow]

G(t, s)b(s) f((A’1y> (s - T(S)))ds

t

M(1 - |c|) © -
< AmLL b(s)f((A 1y) (s - T(S)))ds.
(4.21)
Therefore,
I[m— (M
Qv > T oy - alloy), @22)
thatis, Q(K) c K. O

From the continuity of P, it is easy to verify that Q is completely continuous in X.
Comparing (4.6) to (4.10), it is obvious that the existence of periodic solutions for (4.6) is
equivalent to the existence of fixed points for the operator Q in X. Recalling Lemma 4.4, the
existence of positive periodic solutions for (4.6) is equivalent to the existence of fixed points
of Q in K. Furthermore, if Q has a fixed point y in K, it means that (A~'y)(t) is a positive
w-periodic solutions of (4.1).

Lemma 4.5. If there exists 1 > 0 such that

F((Ay)e-T@)) = (Ay) -7, forteOw], yeK, (4.23)
then
Q|| > Mﬂq ~ |CC2| fo b(s)ds|ly|, yeK. (4.24)

Proof. By Lemmas 2.2, 4.2, and 4.3, we have for y € K that

Qu() = P(bt)f((Ay)t-7(t)))
2 T(Wnf((Ay)E-71))

t+w

=] G )b(s)f((Ay)(s - 7(s)))ds (4.25)

> Ay fw b(s) <A’1y> (s - 7(s))ds
0

a—|c

> a1 519 fo b(s)ds||y]|
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Hence

a

—lel J'“’
>
1Qull > MnT—7 | bls)ds|ly

, yeK

Lemma 4.6. If there exists € > 0 such that

f<<A‘1y> (t— T(t))> < (A"1y> (t-1(t)e, forte[0,w], yeK,

then

LM [ b(s)ds

lQvll < re — vl

y €K.

Proof. By Lemmas 2.2, 4.2, and 4.3, we have

Q] <25 XS |
M( = [d])

< rma fo b(s) (A-1y>(s —17(s))ds

LM [ b(s)ds
e orrmya 1

Define

F(r) = max{f(t) 10t —rlcl }

fl(r)=min{f(t) ol o T } .

1-¢2 1-|c

Lemma 4.7. If y € 0K,, then

Q| = Aifi(r) jo b(s)ds.

gy g 1 fw b(s)f(<A-1y) (s - T(S)))ds

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

Proof. By Lemma 2.2, we obtain ((a—|c|)/(1-c?))r < (A"ly)(t-7(t)) < r/(1-|c|) for y € 0K,
which yields f((A™'y)(t — 7(t))) > fi(r). The lemma now follows analog to the proof of

Lemma 4.5.

O
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Lemma 4.8. If y € 0K, then

LML —|cE(r) (¢

Iyl < A = i ), P (432)

Proof. By Lemma 2.2, we can have 0 < (A7 y)(t - 7(t)) < r/(1 —|c|) for y € 0K,, which yields
F((AYy)(t=7(t))) < F(r). Similar to the proof of Lemma 4.6, we get the conclusion. O

We quote the fixed point theorem which our results will be based on.

Lemma 4.9 (see [9]). Let X be a Banach space and K a cone in X. For r > 0, define K, = {u € K :

llu|| < r}. Assume that T : K, — K is completely continuous such that Tx # x for x € 0K, = {u €
K:|ull =r}.

(1) If [|ITx|| > ||x|| for x € 0K, then i(T, K,, K) = 0.

(ii) If ||ITx| < ||x|| for x € 0K, then i(T, K,, K) = 1.

Now we give our main results on positive periodic solutions for (4.1).

Theorem 4.10. (a) If ip = 1 or 2, then (4.1) has iy positive w-periodic solutions for A >
1/ f1(D)1 [ b(s)ds > 0;

(b) Ifi, = 1or 2, then (4.1) has i_, positive w-periodic solutions for 0 < A < (m — (M +
m)|c))/LM(1 - [c)F(1) i’ b(s)ds;

(c) Ifie, = 0 0r iy = 0, then (4.1) has no positive w-periodic solutions for sufficiently small or
sufficiently large A > O, respectively.

Proof. (a) Choose 11 = 1. Take Ao = 1/ f1(r1)! J'g’ b(s)ds > 0, then for all A > 1y, we have from
Lemma 4.7 that

1Qull > lly|l, for y € 8K,,. (4.33)

Case 1. If 70 = 0, we can choose 0 < 7, < 1, so that f(u) < eu for 0 < u < 7, where the
constant € > 0 satisfies

LM [ b(s)ds -1 (434)
m— (M + m)|c|

Letting r» = (1 — |c|)72, we have f((A7ly)(t - 7(t))) < e(Aly)(t - 7(t)) for y € K,,. By
Lemma 2.2, we have 0 < (A™'y)(t - 7(t)) < |lyll/(1 = |c|]) £ 7, for y € 0K,,. In view of
Lemma 4.6 and (4.34), we have for y € 0K,, that

LM [ b(s)ds
IQul < de—— Ayl <yl (4.35)

m— (M +m)|c
It follows from Lemma 4.9 and (4.33) that

l(Q/ Krer) = 1/ I(Q/ Kn/K) = Or (436)
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thus i(Q, K,, \ K,,,K) = -1 and Q has a fixed point v in K,, \ K,,, which means (A~1y)(t) is
a positive w-positive solution of (4.1) for A > Ao.

Case 2. If ?OO = 0, there exists a constant H > 0 such that f(u) < eu for u > H, where the
constant ¢ > 0 satisfies

LM [ b(s)ds -1 (437)
m— (M + m)|c|
Letting r3 = max{2ry, H(1-c2)/(a—|c|)}, we have f((A™\y)(t—T(t))) < (A y) (t - T(t)) for
y € K,,. By Lemma 2.2, we have (A™'y)(t - 7(t)) > ((a - |c|)/(1 - ¢?))|lyl| > H for y € 0K,,.
Thus by Lemma 4.6 and (4.37), we have for y € 0K,, that

LM [} b(s)ds

IQyll < lgm”y” <[lyll- (4.38)
Recalling from Lemma 4.9 and (4.33) that
i(Q K., K)=1, i(Q,K,,K)=0, (4.39)

then i(Q, K, \ fn, K) =1 and Q has a fixed point y in K, \ er, which means (A™1y)(t) is a
positive w-positive solution of (4.1) for A > \.

Case 3. If 70 = 700 = 0, from the above arguments, there exist 0 < r; < 11 < 13 such that Q has
a fixed point y; (t) in K, \ K,, and a fixed point y»(t) in K, \ K,,. Consequently, (A y1)(t)
and (A™'y,)(t) are two positive w-periodic solutions of (4.1) for A > Ao.

(b) Let r;y = 1. Take Ay = (m — (M + m)|c|)/LM( - |c|)F(r1) j(;u b(s)ds > 0; then by
Lemma 4.8 we know if A < A then

Qv < llvll, v €odK,. (4.40)

Case 1. If ]_‘0 = oo, we can choose 0 < 7, < rq so that f(u) > nu for 0 < u < 7, where the
constant 7 > 0 satisfies

z- 'CZl J‘ b(s)ds > 1. (4.41)
1-c¢ 0

Aln

Letting 2 = (1 — |c|)72, we have f((A7ly)(t - 7(t))) > n(Aly)(t — 7(t)) for y € K,,. By
Lemma 2.2, we have 0 < (A™'y)(t—7(t)) < |lyll/(1-|c|) < 7> for y € K,,. Thus by Lemma 4.5
and (4.41),

a—|c| (¢
Qv > =5 [ “visyaslyll> . @42)
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It follows from Lemma 4.9 and (4.40) that

i(Q,K,,,K) =0, i(Q,K,,K)=1, (4.43)
which implies i(Q, K, \ K,,, K) = 1 and Q has a fixed point y in K,, \ K,,. Therefore, (A~'y)(t)
is a positive w-periodic solution of (4.1) for 0 < A < Ag.

Case 2. If f = oo, there exists a constant H > 0 such that f(u) > nu for u > H, where the
P
constant 7 > 0 satisfies

2 'CZl J‘ b(s)ds > 1. (4.44)
1-c 0

Aln

Letting r3 = max{2r, H(1-c?)/(a—|c|)}, we have FUA Y (t-7(1)) > (A y)(t—7(t)) for
y € K,,. By Lemma 2.2, we have (A™'y)(t - 7(t)) > ((a - |c|)/ (1 - ¢*))|lyl| > H for y € 0K,,.
Thus by Lemma 4.5 and (4.44), we have for y € 0K,, that

a—|c| (¢
Qv > =5 [ “visyaslyll> . (4.45)

It follows from Lemma 4.9 and (4.40) that

i(Q Ky, K)=0, QK K)=1 (4.46)
thatis, i(Q, K,, \ K,,, K) = -1 and Q has a fixed point y in K, \ K,,. That means (A ly)(b) is
a positive w-periodic solution of (4.1) for 0 < A < Ao.

Case 3. If j_"O = f = oo, from the above arguments, Q has a fixed point y; in K,, \ K,, and

a fixed point y, in K,, \ K,,. Consequently, (A~'y;)(t) and (A~'y2)(t) are two positive w-
periodic solutions of (4.1) for 0 < A < Ao.

(c) By Lemma 22, if y € K, then (A™'y)(t — 7(t)) > ((a« - |c])/(1 = 2))|ly|l > O for
t e [0,w].

Case 1. If iy = 0, we have]_‘O >0and f >0.Letb; = min{f(u)/u; u>0} >0, then we obtain

f(u) 2biu, uel0,+00). (4.47)

Assume y(t) is a positive w-periodic solution of (4.1) for A > Ay, where Ay = (1 —¢?)/Iby(a -
c]) fg) b(s)ds > 0. Since Qy(t) = y(t) for t € [0, w], then by Lemma 4.5, if A > 1y we have

a—|c

| w
Iyl = lQyll = b —3 _[0 b(s)dsl|y|l > |yl (4.48)

which is a contradiction.



24 Abstract and Applied Analysis

Case 2. If iy, = 0, we have 70 < oo and 700 < oo. Let by = max{f(u)/u: u >0} >0, then we
obtain

f(u) <bu, uecl0,). (4.49)

Assume y(t) is a positive w-periodic solution of (4.1) for 0 < A < Ay, where Ay = (m — (M +
m)|c|)/bLM fg) b(s)ds. Since Qy(t) = y(t) for t € [0, w], it follows from Lemma 4.6 that

LM [ b(s)ds
- o 0 T 450
lyll = llQyll < Ao —A = s vl < Dyl (4.50)

which is a contradiction. O

Theorem 4.11. (a) If there exists a constant by > 0 such that f(u) > byu for u € [0, +o0), then (4.1)
has no positive w-periodic solution for A > (1 - c?)/Iby(a - |c|) fé" b(s)ds.

(b) If there exists a constant by > 0 such that f(u) < byu for u € [0,+00), then (4.1) has no
positive w-periodic solution for 0 < A < (m — (M + m)|c|) /b, LM j'gj b(s)ds.

Proof. From the proof of (c) in Theorem 4.10, we obtain this theorem immediately. O
Theorem 4.12. Assume i, = i = i, = io = 0 and that one of the following conditions holds:

W fo<f

@ f,> for

@) fy<f <fosfu

8

®
[~
IA
L=
I
|
8
IA
|
o

If

1-¢? i< m— (M + m)|c| -
U= Icl) [y bls)ds max{f , fo f . F.0} LM [{'b(s)ds min{f , fo. f_f..} @5l)

—Q0

then (4.1) has one positive w-periodic solution.

Proof. We have the following cases.

Case 1. If]_‘0 < f ,then

1-¢? e m-(MEm)c|
folla=le)) [ b(s)ds f,LM [ b(s)ds”

(4.52)
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It is easy to see that there exists an 0 < € < f, such that

1-¢? << m— (M + m)|c|

(Foo —€)lt@=lcl) fy b(s)ds (f,+€) LM [ bis)ds

(4.53)

For the above ¢, we choose 71 > 0 such that f(u) < (j_fO +e)ufor0 < u < 7. Letting r =
(1 - |c|)71, we have f((A'y)(t - 7(t))) < (j_fo +€)(Aly)(t - 7(t)) for y € K,,. By Lemma 2.2,

we have 0 < (A™ly)(t—7(t)) < |lyll/(1 = |c|) £ 71 for K € OK,,. Thus by Lemma 4.6 we have
for y € 0K,, that

LM (' b(s)ds
191 <1(5, +€) 0y <y e

On the other hand, there exists a constant H > 0 such that f(u) > (700 —¢e)uforu > H.
Letting r, = max{2r;, H(1-c?)/(a—|c|)}, we have f((A'y)(t-7(t))) > (f .—€)(A'y) (t-7(t))
for y € K,,. By Lemma 2.2, we have (A™'y) (t—7(t)) > ((a—|c|)/(1-c2))|ly|l > H for y € 9K,,.
Thus by Lemma 4.5, for y € 0K,,

= a—lc| (¢
Qw07 ~e) T3 [ vyl > vl 459)
0
It follows from Lemma 4.9 that
i(Q,K,,K)=1, i(Q,K,,,K)=0, (4.56)

thus i(Q, K;, \ K;,,K) = -1 and Q has a fixed point v in K, \ K,.So (A7ly)(t) is a positive
w-periodic solution of (4.1).

Case 2. If j_‘o > foo, in this case, we have

1-¢? m— (M +m)|c|
= ” < 7 . (4.57)
folla=1Icl) [y b(s)ds f LM Jo b(s)ds
It is easy to see that there exists an 0 < € < f; such that
1-¢? m— (M +m)|c|
<A< (4.58)

(Fo—e)la—le) ;' b(s)ds (f_+e)LM [ b(s)ds

For the above ¢, we choose 71 > 0 such that f(u) > (]_‘0 —gufor0 < u <7 Letting r =
(1 - le|)71, we have f((Ay)(t - 7(t))) > (f, - €)(A'y)(t - 7(t)) for y € K,,. By Lemma 2.2,
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we have 0 < (Aly)(t —7(¥)) < |lyll/(1 = |c|) < 71 for y € OK,,. Thus we have by Lemma 4.5
that for y € 0K,

[4

oyl = u(F, - ) 21 fo bs)dsly| > ||yl (459)

On the other hand, there exists a constant H > 0 such that f(u) <(f +e)uforu> H. Letting
= max{2r1,ﬁ(1 —-c?)/(a—|c])}, wehave f((A'y)(t-T(H)) < (f +&)(Aly)(t-7(t)) for

y € K,,. By Lemma 2.2 we have (A™'y)(t - 7(t)) > ((a - |c])/(1 = ?))||ly|| > H for y € 9K,,.
Thus by Lemma 4.6, for y € 0K,,

LM [ b(s)ds
90 7 4.60
lQvll <A(£,+ &)z e 1Y (460)
It follows from Lemma 4.9 that
i(Q, K, K) =0, i(Q,K,,,K)=1. (4.61)

Thus i(Q, K;, \ Eﬁ,K) = -1 and Q has a fixed point y in K, \ fﬁ, proving that (A~1y)(t) is
a positive w-periodic solution of (4.1).

Case 3. One has f0 <f < 70 < ?w. The proof is the same as in Case 1.

Case4. Onehas f < )_‘0 < 700 < 70. The proof is the same as in Case 2. O

4.2, Case 11

Assume ¢ > 0 and ¢ < min{m/(M +m), (LM —Im) /(L - 1) M - Im}.
Define

fa(r) =min{f(t) : ﬁrﬁts 1;}. (4.62)

Similarly as in Section 4.1, we get the following results.

Theorem 4.13. (a) If ip = 1 or 2, then (4.1) has iy positive w-periodic solutions for A >
1/ f2(1)1 [ b(s)ds > 0.

(b) Ifi, = 1 or 2, then (4.1) has iy positive w-periodic solutions for 0 < A < (m — (M +
m)c)/LM(1 - c)F(1) [; b(s)ds.

(c) Ifis, = 0 0r iy = 0, then (4.1) has no positive w-periodic solution for sufficiently small or
large A > 0, respectively.

Theorem 4.14. (a) If there exists a constant by > 0 such that f(u) > byu for u € [0, +o0), then (4.1)
has no positive w-periodic solution for A > (1 - c)/lab; fg’ b(s)ds.
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(b) If there exists a constant by > 0 such that f(u) < bou for u € [0,+00), then (4.1) has no
positive w-periodic solution for 0 < A < (m — (M + m)c) /b, LM jg’ b(s)ds.

Theorem 4.15. Assume i, = ig =i = ie, = 0 hold and that one of the following conditions holds:

8\.

—~~ —~~

=

[~
o
IN

(=)

\Y%
|~ 8\~s| |~

8

&
[~
IA
IA
I
[}
IA
|
8

(=)

8

®
[~
IA
L=
IA
|
8
IA
|
o

If

1-c i< m— (M +m)c .
la [ b(s)ds max{f , Fo.f_.F.0} LM [ bs)ds min{f Fo f F) %)

—Q0

then (4.1) has one positive w-periodic solution.

Remark 4.16. In a similar way, one can consider the second-order neutral functional
differential equation (x(t) — cx(t - 6(1)))" — a(t)x(t) = —=Ab(t) f (x(t — T(1))).

5. Examples

Example 5.1. Consider the following equation:

x(t —sin4t)

1 n
(x(t) —-15x <t ~ %0 sin4t)> = x'(t) sin4t + arctan( T+ cos* (4f) > + cos 4t. (5.1)

Comparing (5.1) to (3.1), we have w = /2, f(t,x) = x(t)sin4t, g(t,x) = arctan(x/(1 +
cos>(4t))), ¢ = 15, 6(t) = (1/60)sin4t, 7(t) = sindt, e(t) = cos4t and 6; = maxee[ow]|(1/
15) cos 4t| = 1/15, and we can easily choose D > or/2 and M = zr /2 such that (H) and (H3)
holds. Regarding assumption (H;) note that

|f (X' (1)] < |x'(8)

, (5.2)

that is, (H7) holds with K; =1,b =0, and

w21+ |c))'?V2Ky @ /2(1+15)2V2 4w §

= = 1. .
11— el = |c[61 1-15-(1/15)-15 13 (53)

Hence by Theorem 3.2, (5.1) has at least one i /2-periodic solution.
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Example 5.2. Consider the following neutral functional differential equation:
7 : ! 1 : 2 u(t-(t))
u(t) + %u(t —sint) ) + Eu(t) =M1 -sint)u“(t —7(t))a , (5.4)

where A and 0 < a < 1 are two positive parameters, T(t + 2r) = T(t).

Comparing (5.4) to (4.1), we see that 6(t) = sint, ¢ = -7/30, a(t) = 1/16, b(t) =
1-sint, w = 2o, f(u) = uat. Clearly, M = 1/16 < (.ﬂ'/2.71')2 =1/4, TO =0, ?w =0, fo = 2.
By Theorem 4.10, we easily get the following conclusion: (5.4) has two positive w-periodic
solutions for A > 1/4srr, where r1 = min{ f(0.27), f(30/23)}.

In fact, by simple computations, we have

1 1 cos(p2r/2)
M:m:—, ﬁ:—’ L=.—= y = - = ’
16 4 2psin(p2or/2) (2Bsin(p2r/2))
2+42 V2+1-+3 8
k=% k=" a=3V2
7 _ m V2+1-+/3 7 8
|c|—%<mm{k1,M+m}— > , |c|—%<g\f2—a,

8/23)v2-(7/30 30 30
fi1(1) =min{f(t) 1027 = ( /1 i\(/;/g(())z/ ) <t< ﬁ} =min{f(0.27),f<g>} =1,

1 1
AL b(s)ds 41’

(5.5)
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