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The Kato theorem for abstract differential equations is applied to establish the local well-posedness
of the strong solution for a nonlinear generalized Novikov equation in space C([0,T), H*(R)) N
CL([0,T), H"1(R)) with s > (3/2). The existence of weak solutions for the equation in lower-order
Sobolev space H®(R) with 1 < s < (3/2) is acquired.

1. Introduction

The Novikov equation with cubic nonlinearities takes the form
Up — Uper + 41020y = BUlls iy + UPlyry, (1.1)

which was derived by Vladimir Novikov in a symmetry classification of nonlocal partial
differential equations [1]. Using the perturbed symmetry approach, Novikov was able to
isolate (1.1) and investigate its symmetries. A scalar Lax pair for it was discovered in [1, 2]
and was shown to be related to a negative flow in the Sawada-Kotera hierarchy. Many
conserved quantities were found as well as a bi-Hamiltonian structure. The scattering theory
was employed by Hone et al. [3] to find nonsmooth explicit soliton solutions with multiple
peaks for (1.1). This multiple peak property is common with the Camassa-Holm and
Degasperis-Procesi equations (see [4-10]). Ni and Zhou [11] proved that the Novikov equa-
tion associated with initial value is locally well-posedness in Sobolev space H® with s > (3/2)
by using the abstract Kato theorem. Two results about the persistence properties of the strong
solution for (1.1) were established. It is shown in [12] that the local well-posedness for the
periodic Cauchy problem of the Novikov equation in Sobolev space H® with s > (5/2).
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The orbit invariants are employed to get the existence of periodic global strong solution if
the Sobolev index s > 3 and a sign condition holds. For analytic initial data, the existence and
uniqueness of analytic solutions for (1.1) are also obtained in [12].

In this paper, motivated by the work in [7, 13], we study the following generalized
Novikov equation:

Up — Uper + 315U = BUllylyy + UWolry + POx [(ux)N], (1.2)
where N > 1is a natural number. In fact, (1.1) has the property

f <u2 + ui) dx = constant. (1.3)
R

Due to the term ﬂax[(ux)N ] appearing in (1.2), the conservation law (1.3) for (1.2) is
not valid. This brings us a difficulty to obtain the bounded estimates for the solution of (1.2).
However, we will overcome this difficulty to investigate the local existence and uniqueness
of the solution to (1.2) subject to initial value up(x) € H*(R) with s > (3/2). Meanwhile, a
sufficient condition is presented to guarantee the existence of local weak solution for (1.2).

The main tasks of this work are two-fold. Firstly, by using the Kato theorem for
abstract differential equations, we establish the local existence and uniqueness of solutions
for the (1.2) with any f and arbitrary positive integer N in space C([0,T), H*(R)) N C!([0, T),
H*"(R)) with s > (3/2). Secondly, it is shown that there exist local weak solutions in lower-
order Sobolev space H°(R) with 1 < s < (3/2). The ideas of proving the second result come
from those presented in Li and Olver [8].

2. Main Results

Firstly, some notations are presented as follows.

The space of all infinitely differentiable functions ¢(t, x) with compact support in
[0, +o0) x Ris denoted by Cf°. LP = LP(R)(1 < p < +o0) is the space of all measurable functions
h such that ||h||’£,, = fR |h(t,x)|Pdx < oo. We define L* = L*(R) with the standard norm
Al = infm(e):osupxeR\E|h(t, x)|. For any real number s, H®* = H*(R) denotes the Sobolev
space with the norm defined by

it = ([ (Leit) frepfa)” <o 1)

where h(t, &) = [, e ™h(t, x)dx.
For T > 0 and nonnegative number s, C([0, T); H*(R)) denotes the Frechet space of all
continuous H*-valued functions on [0, T). We set A = (1 — ai)l/z.

The Cauchy problem for (1.2) is written in the form

Up — Upyy = —% <u3>x + %ai 3_20, <uui> + Ul Uy + ﬂax[(ux)N], 22)

M(O, .X') = uo(X),
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which is equivalent to

w + P, = A2 [—3u2ux - gax (uui) - %ui + POy [(ux)N]] , 23)

u(0, x) = up(x).

Now, we state our main results.

Theorem 2.1. Let ug(x) € H*(R) with s > (3/2). Then problem (2.2) or problem (2.3) has a unique
solution u(t, x) € C([0,T); H*(R)) N C'([0,T); H*"'(R)), where T > 0 depends on ||uo|l g« -

Theorem 2.2. Suppose that uy(x) € H® with 1 < s < (3/2) and ||uox||r= < oo. Then there exists a
T > 0 such that (1.2) subject to initial value ug(x) has a weak solution u(t, x) € L*>([0,T], H®) in the
sense of distribution and u, € L*([0,T] x R).

3. Local Well-Posedness

Consider the abstract quasilinear evolution equation

% + Ao =f(v), t>0,  (0) =0 (3.1)

Let X and Y be Hilbert spaces such that Y is continuously and densely embedded in X, and
let Q : Y — X be a topological isomorphism. Let L(Y, X) be the space of all bounded linear
operators from Y to X. If X = Y, we denote this space by L(X). We state the following con-
ditions in which p1, p», p3, and p4 are constants depending on max{||y|ly, [|z|ly}.

(I) A(y) € L(Y, X) for y € X with
[(A(y) - A)w|lx < pilly - zlIxlwlly, v, zweY, (3.2)

and A(y) € G(X,1,p) (ie., A(y) is quasi-m-accretive), uniformly on bounded sets
inY.

(I) QA(y)Q™! = A(y) + B(y), where B(y) € L(X) is bounded, uniformly on bounded
sets in Y. Moreover,

|(B(y) - B(2))w|lx <pally - zllyllwly, y,z€Y, weX. (3.3)

(IIl) f : Y — Y extends to a map from X into X, is bounded on bounded sets in Y, and
satisfies

”f(y) ‘f(Z)”Y <pslly-zly, yz€Y,

(3.4)
I f () -f@|x <pally-zllx, y,z€Y.
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Kato Theorem (see [14])

Assume that (I), (II), and (III) hold. If vy € Y, there is a maximal T > 0 depending only on
loolly and a unique solution v to problem (3.1) such that

v =0(,) € C([0,T);Y) () C([0,T); X). (3.5)
Moreover, the map vy — v(-,v9) is a continuous map from Y to the space
C([0,T); Y) () C'([0,T); X). (3.6)

For problem (2.3), we set A(u) = u%3,, Y = H*(R), X = H*"}(R), A = (1 - ai)l/z,

f(u) = A2 [—Buzux - gax <uu§) - %ui + pax[(ux)N]], (3.7)

and Q = A. In order to prove Theorem 2.1, we only need to check that A(u) and f(u) satisfy
assumptions (I)—(III).

Lemma 3.1 (Ni and Zhou [11]). The operator A(u) = u*d, withu € H*(R), s > (3/2) belongs to
G(H*,1,p).

Lemma 3.2 (Ni and Zhou [11]). Let A(u) = u?0, with u € H® and s > (3/2). Then A(u) €
L(H®, H*™Y) for all u € H®. Moreover,

I(AG) = AWl < prllu = 2l ol 1,2,w € HY(R). (3.8)

Lemma 3.3 (Ni and Zhou [11]). For s > (3/2), u,z € H® and w € H*"', it holds that B(u) =
[A, u?0,]AY € L(H®™) for u € H® and

[(B(u) = B(2))w|| et < p2llue = 2| s ||| pre-s- (3.9)

Lemma 3.4. Let r and q be real numbers such that —r < q < r. Then

. 1
ol < cllullpr vl if 7> 5,

. 1
[0l gresrz < clltllppr Ol i 7 < 5, (3.10)

[uollpn < cllullp=lollgn, if 1 <O0.

The above first two inequalities of this lemma can be found in [14, 15], and the third
inequality can be found in [7].
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Lemma 3.5. Letting u,z € H® with s > (3/2), then f(u) is bounded on bounded sets in H® and
satisfies

| f @) = f(2)| e < psllu—zlls, (3.11)
I f@0) = f(2) || 7o < palle = 2l g1 (3.12)

Proof. Using the algebra property of the space H* with sy > (1/2) and s -1 > (1/2), we have

[0 () -2 (z=2)] .

< c”uui - zzi

Hs-1

2
x

2

2
Uy = Zx

<cllu -z + 12l s

u

Hst Hs-1

Hs1
2
< cllu = 2|l e leellers + N2l gl = 21 s [+ 2] o

< cllu = 2l (ol + Nzlgge Qall e + 120520)), (3.13)

[A20 [ = @]

Hs

< cf| @)™ - z0V]

Hs-1
N-1 N . Nl
< elltx = zellgpm D Nttall g Iz llpn < el = 2l D el 121 e
=0 =0

It follows from Lemma 3.4 and s — 1 > (1/2) that

NCICORCC]|

< c”uui - zzfc

H572
2 2 2
< c”(u - zZ)uy e + ”z(ux - zx> e
2 2 2
< cllu=zllge ||ux)| .+ 2 0me | - 22|,

< el = 2l e e lZyes + 120 pgecs 1t = 2l proa 18 + Zeell o
2
< elle = 2l gges (e + 12z (el + 12115)).

|20 [N - zM]|

Hs-1

N-1

N N N-j_j

< of| )™ = @V, < elli = zallpgez | Y2
j=0

Hs-1
N-1 N ) e )
< cllu =zl D Ml gzl < el = 2l Dl N2l e
=0 j=0

(3.14)
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From (3.7), and (3.13), we know that (3.11) is valid, while inequality (3.12) follows from
(3.14). O

Proof of Theorem 2.1. Using the Kato Theorem, Lemmas 3.1-3.3 and 3.5, we know that system
(2.2) or problem (2.3) has a unique solution

u(t, x) € C([0,T); H*(R)) ﬂC1<[0,T);HS‘1(R)>. (3.15)
O

4. Existence of Weak Solutions

For s > 2, using the first equation of system (1.3) derives

t
4 f (uz +ul + Zﬂf uxN+1dT> dx =0, (4.1)

from which we have the conservation law

t
f <u2 +ul + Zﬂf uxN+1dT> dx = J <u§ + uéx> dx. (4.2)
R 0 R

Lemma 4.1 (Kato and Ponce [15]). Ifr > 0, then H" (\ L* is an algebra. Moreover

luoll, < c(llullp=lI2ll, + [l oll=), (4.3)

where c is a constant depending only on r.

Lemma 4.2 (Kato and Ponce [15]). Letting r > 0. Ifu € H" YWV and v € H""' (" L*, then

A7, uloll: < e (9l || Ao

Lt I8l o). (44)

Lemma 4.3. Let s > (3/2) and the function u(t, x) is a solution of problem (2.2) and the initial data
uo(x) € H®. Then the following results hold:

t N-1
el e < Nl < clluollpgn el ol e, (4.5)

For q € (0,s — 1], there is a constant ¢ such that

IR (Aq”u)zdx < IR [(A"+1u0>2] dx

t (4.6)
2 2 N-1
s [ Tl (el s+ ")
0



Abstract and Applied Analysis 7

For q € [0,s — 1], there is a constant c such that

2 N-
el s < clluall o <||u||L°°”u||H1 + lluall oo el o+ Noaaell oo + Nl2axlls 1)- (4.7)

Proof. The identity ||u||i[1 = _[R(u2 +u2)dx, (4.2), and the Gronwall inequality result in (4.5).
Using 0% = —=A? + 1 and the Parseval equality gives rise to

JR AIuNID <u3>dx =-3 IR <Aq+1u> AT*1 <u2ux) dx+3 IR(Aqu)Aq <u2ux> dx. (4.8)

For q € (0,5 — 1], applying (A7u)A1 to both sides of the first equation of system (2.2)
and integrating with respect to x by parts, we have the identity

1

EI <(A‘7u)2 + (Aqux)2>dx
R

=-3 I ANTuN1 <u2ux> dx
R (4.9)
- JR <A‘7+1u>A‘7+1 <u2ux>dx +2 IR(Aqux)Aq (uui) dx

+ J ANTuNT (Ui, )dx — ﬂf ANu, A1 [(”x)N]dx-
R R

We will estimate the terms on the right-hand side of (4.9) separately. For the first term, by
using the Cauchy-Schwartz inequality and Lemmas 4.1 and 4.2, we have

UR (ATu)A\1 <u2ux>dx

j R(Aqu) [Aq (uzux> - uzA"ux] dx + IR (ATu)u? Nucdx (4.10)

2
< clloell gga 2loell o lltaoll oo Noall o+ otell oo N2l oo 26l 7a) + 1l] oo ol oo [| A T2l 2

2
< clluelliallell o 2t -

Using the above estimate to the second term yields

f (A‘“lu)A‘H (uzux>dx| < c||u||?j,q+1 172 7 e (4.11)
R

For the third term, using the Cauchy-Schwartz inequality and Lemma 4.2, we obtain

UR(A"ux)A" (uui)dx

AT (uui)

2
< cllullgpgn lltaxll o l[24]] o,

<A ]| 2 (4.12)

1o S Cllull o (sl [l o + Nl o ]| 110)

in which we have used |[uty|| s < cl|(12) |l e < cllul] oo |[24]] o -



8 Abstract and Applied Analysis

For the fouth term in (4.9), using u(u?2) , = (uu?), — u 2 results in

1 1
f (ATu) AT(unyuy,)dx| < = f AN, N1 (uui)dx + = f ANTu1 [uxui]dx
R 21Jg 21Jg (4.13)
= Kj + K.
For Kj, it follows from (4.12) that
Ky < cllulfgpn il o ] (4.14)
For K;, applying Lemma 4.2 derives
K2 < cllull|uasd],,
< cllullgo (Il |12, + Hotallz 2] ) (4.15)
< cllullfyen
For the last term in (4.9), using Lemma 4.1 repeatedly results in
|| 89 Vx| <l a2, < el (416)
R
It follows from (4.10)—(4.16) that there exists a constant ¢ such that
1d -
S | [9? + (AT dx < el (el e + el + ). (427)
24t )

Integrating both sides of the above inequality with respect to f results in inequality (4.6).

To estimate the norm of u;, we apply the operator (1 - 635)_1 to both sides of the first
equation of system (2.2) to obtain the equation

_ a2 -1 _4 3 13/ 3 _ 2 N
w=(1-82) " [-5(7), + 302 (0) 20 (i) + e+ pou ™| )
Applying (A%u;) A7 to both sides of (4.18) for g € [0,s — 1] gives rise to

J (A“’ut)zdx = f (ATu) AT2 [ax <—§u3 + %ai 5 Zuui + ﬁ(ux)N> + uuxuxx] dr. (4.19)
R R
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For the right-hand of (4.19), we have
-1 4
f (ATuy) (1 - (33() A0, (——u3 - 2uui)dx
R 3

<t ([ (158)"5[[ |- 4P emaon 2amemen]a ) 42

< clluaellpra llell o el e el -

Since

J(Aqut) <1 - ai>_lA"6i (uzux> dx = - J(Aqut)Aq <u2ux>dx
(4.21)

+ I(Aqut) <1 - 6§>_1Aq <u2ux>dx,

. 2
using Lemma 4.2, ||/l s < ell (%)l 70 < ellullZ llgon, and [lull - < lullys, we have

1w,

2
[ vt 9 () e < el ], <l el e,

(4.22)
’I(Aqut) (1 - 6§>_1Aq <u2ux>dx

< clluellgalleelloe luall o 12l g
Using the Cauchy-Schwartz inequality and Lemmas 4.1 and 4.2 yields

-1
U(Aqun(l = 32) M8, ()| < ellulggo I 1l e (4.23)

UR (ATuy) (1 ag)-l A9ty dx

< C“ut”Hff”uuxuxx“Hq-Z

< Clfuagll o |[ 14 (u3) < clfuell o (4.24)

|u(i2)] - st
i) < clluellp (

2
<l gglalgs (el llaall e + el ),

Ha2 HI2

+

U > .

Uyl

‘|

i

i)
HA

2
i

< cllutllpss ([iid]) ..

in which we have used inequality (4.15).
Applying (4.20)—(4.24) into (4.19) yields the inequality

2 N-1
[l o < clloall pran <||u||L°°||u||H1 + el e lltaell o+ Mloteel[Zee + [l =0 > (4.25)

for a constant ¢ > 0. This completes the proof of Lemma 4.3. O
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Defining

e/ x| <1,
P(x) = (4.26)
0, |x| > 1,

and setting ¢.(x) = e V/4p(e7/4x) with 0 < & < (1/4) and u. = ¢.*ug, we know that u,g € C*
for any up € H°(R) and s > 0.
It follows from Theorem 2.1 that for each ¢ the Cauchy problem

Up — Upyy = —% (u3>x + %6;0’6 320, <uu§> + Ul Uyy + ﬁax[(ux)N]

= —%(u3)x + %6iu3 - §5x<uui> - %”i +ﬂaX[(”x)N]'

(4.27)

u(0,x) = un(x), x€R,

has a unique solution u,(t, x) € C*([0,T); H*®).
Lemma 4.4. Under the assumptions of problem (4.27), the following estimates hold for any e with
O0<e<(1/4)and s> 0:
[tcoxllp= < erlltox =
lteollze < c1, if q<s,
lueoll e < 16€P/4, if g > s, (4.28)
lltteo — tol| e < 167974, if g <5,

lluco = uoll s = 0(1),

where ¢y is a constant independent of e.
The proof of this Lemma can be found in Lai and Wu [7].

Lemma 4.5. If up(x) € H*(R) with s € [1,(3/2)] such that ||uox||r= < oo, and u is defined as in
system (4.27). Then there exist two positive constants T and c, which are independent of €, such that
the solution u, of problem (4.27) satisfies ||uzx||r < c forany t € [0,T).

Proof. Using notation u = u, and differentiating both sides of the first equation of problem
(4.27) with respect to x give rise to

1
Upy + —uui F Ul = U’ — ﬁ(ux)N ~ A2 . (4.29)

3 1
3,2 2 L/ 3\ _ N
5 U+ —uuy + <ux>x Puy)

2 2
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Integrating by parts leads to
1
J WPy ()P = ——— f uui’”gdx, integer p > 0, (4.30)
R p+1Jg

from which we obtain

’[R (%uui + uzuxx> ()P dx = uuff+3 (4.31)

),

Multiplying the above equation by (ux)z”+1

respect to x yield the equality

and then integrating the resulting equation with

1
f (e + 2 f ()b
R

2p+2dt +2

-| ) (o - pu ) (432)

_ f (ux)2p+1A—2
R

3 1
3,92, 03\ _g,N
W Uy + 2<ux>x pu, | dx

Applying the Holder’s inequality yields

2p+2
2p+2dtj ()l
opi2 1/(2p+2)
< <<I |u3 " dx) +ﬂ<f
R R

I (2p+1)/(2p+2) I
x u,|PHdx + Uty |l7o | a7 dx
(J Pt |

Uy

2942 1/(2p+2) 1/(2p+2)
NI dx> + (f |G|2P*2dx> >
R

(4.33)

or

d opi2 ) 1/(2p+2)
G(] woax
P 1/(2p+2) N[22 1/(2p+2) 1/(2p+2)
<f | dx) +p< dx) + (J |G|2P+2dx)
R

p- I 1/(2p+2)
© P d
P el (e x) ,

(4.34)
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where

G=A"2 [u +iuu2+;< )x—ﬂui\]]. (4.35)

Since || fll,, — IIfll;. asp — oo forany f € L® ) L?, integrating both sides of the inequality
(4.34) with respect to t and taking the limit as p — oo result in the estimate

t
3 N 2
el < lttoel e + f c(llulfe + Bl + Gl e + lull e leel 2 ). (4:36)
0

Using the algebra property of H® (R) with sg > (1/2) yields (||| a2+ means that there exists
a sufficiently small & > 0 such that ||u|| a2+ = |[uell gass):

Gl < cllGllgar-

<c

_ 3 1
A2 [u3 + Euui + E(u;j()x - puly

<ty + ()

H1/2)+

#[la()
HQ/2+ X/ x

o Sl oy
H1/2+ x HO/2+

(4.37)
3
(”uHH1 + ||uu H- + X g-a/2+ H“>
N-1
< ol + Naeallgg Mol + o2, + e ol o)
3 2 2 N-1
< <||u||H1 + {[ullgp el oo + Nl g 2l 2o + ol g [l o0 >
in which Lemma 3.4 is used. From Lemma 4.3, we get
' e Notd 2 N-1
[ UGl ey < e B (1s e+ sl + ). 438)
0 0
Using ||u|;e < ||t]| gy, from (4.36) and (4.38), it has
L e e 2 N-1 N
lotelle < lutoelle +c | eI [1 4 urgle + aael + il + ] Az, (4.39)
0

From Lemma 4.4, it follows from the contraction mapping principle that there is a
T > 0 such that the equation

t t -
Wil = llttoxl - + € f e hIWIEAT [1 W+ [WIE. + IWIRE" + W] dr (440)
0

has a unique solution W € C[0, T]. Using the theorem presented at page 51 in [8] yields that
there are constants T > 0 and ¢ > 0 independent of ¢ such that ||uy||;. < W(t) for arbitrary
€ [0, T], which leads to the conclusion of Lemma 4.5.
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Using Lemmas 4.3 and 4.5, notation u, = u, and Gronwall’s inequality results in the
inequalities
el 1o < CTeCTr
(4.41)
et |- < Cre,

where g € (0,s], r € (0,s — 1], and Cr depends on T. It follows from Aubin’s compactness
theorem that there is a subsequence of {u.}, denoted by {u, }, such that {u,,} and their tem-
poral derivatives {u,,} are weakly convergent to a function u(t, x) and its derivative u; in
L2([0,T], H®) and L?([0,T], H*™"), respectively. Moreover, for any real number R; > 0, {u, }
is convergent to the function u strongly in the space L%([0,T], H(~Ry, Ry)) for q € [0,s) and
{ue,1} converges to u; strongly in the space L?([0,T], H"(-Ry, Ry)) for r € [0,s — 1]. Thus, we
can prove the existence of a weak solution to (1.2). O

Proof of Theorem 2.2. From Lemma 4.5, we know that {u,} (¢, — 0) is bounded in the space
L*. Thus, the sequences {u,,} and { ug{x} are weakly convergent to u and uY in L?[0,T],
H"(-R, R) for any r € [0, s — 1), respectively. Therefore, u satisfies the equation

T T 4 , 3 1 1 N
- f f u(gt — Guxt)dx dt = f f [(—u3 + —uui)gx — 13 g(x) = 51 Gexx — Pux)" g | dx dt
0 Jr o JrRL\3 2 2 3
(4.42)

with u(0,x) = up(x) and g € Cg°. Since X = L'([0,T] x R) is a separable Banach space and
{ug,x} is a bounded sequence in the dual space X* = L*([0,T] x R) of X, there exists a
subsequence of {u,,}, still denoted by {u,, .}, weakly star convergent to a function v in
L*([0,T] x R). It derives from the {u,,,} weakly convergent to u, in L2([0, T] x R) that u, = v
almost everywhere. Thus, we obtain u, € L*([0,T] x R). O
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