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We present some conditions for the existence and uniqueness of almost periodic solutions of
Nth-order neutral differential equations with piecewise constant arguments of the form (x(t)+

px(t - 1))(N ) = gx([t])+ f (1), here [-] is the greatest integer function, p and g are nonzero constants,
N is a positive integer, and f () is almost periodic.

1. Introduction

In this paper we study certain functional differential equations of neutral delay type with
piecewise constant arguments of the form

(x(t) +px(t - 1) = gx([t]) + £ (1), (1.1)

here [-] is the greatest integer function, p and g are nonzero constants, N is a positive integer,
and f(t) is almost periodic. Throughout this paper, we use the following notations: R is the
set of reals; R* the set of positive reals; Z the set of integers; that is, Z = {0,£1,42,...}; Z* the
set of positive integers; C denotes the set of complex numbers. A function x : R — R s called
a solution of (1.1) if the following conditions are satisfied:

(i) x is continuous on R;

(ii) the Nth-order derivative of x(t) + p(f)x(t — 1) exists on R except possibly at the
points t = n, n € Z, where one-sided Nth-order derivatives of x(t) + p(f)x(t — 1)
exist;

(iii) x satisfies (1.1) on each interval (n, n + 1) with integer n € Z.
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Differential equations with piecewise constant arguments are usually referred to as a
hybrid system, and could model certain harmonic oscillators with almost periodic forcing.
For some excellent works in this field we refer the reader to [1-5] and references therein, and
for a survey of work on differential equations with piecewise constant arguments we refer
the reader to [6].

In paper [1, 2], Yuan and Li and He, respectively, studied the existence of almost
periodic solutions for second-order equations involving the argument 2[(t + 1)/2] in the
unknown function. In paper [3], Seifert intensively studied the special case of (1.1) for N =2
and |p| < 1 by using different methods. However, to the best of our knowledge, there are no
results regarding the existence of almost periodic solutions for Nth-order neutral differential
equations with piecewise constant arguments as (1.1) up to now.

Motivated by the ideas of Yuan [1] and Seifert [3], in this paper we will investigate
the existence of almost periodic solutions to (1.1). Both the cases when |p| < 1 and |p| > 1 are
considered.

2. The Main Results

We begin with some definitions, which can be found (or simply deduced from the theory) in
any book, say [7], on almost periodic functions.

Definition 2.1. A set K C R is said to be relatively dense if there exists L > 0 such that [a,a +
LINK#@foralla e R

Definition 2.2. A bounded continuous function f : R — R (resp., C) is said to be almost
periodic if the e-translation set of f

T(fe)={reR:|f(t+7)- f(t)| <e Vte R} (2.1)

is relatively dense for each € > 0. We denote the set of all such function f by AP(R, R) (resp.,
AP(R,C)).

Definition 2.3. A sequence x : Z — RF (resp., Ck), k € Z,k > 0, denoted by {x,}, is called an
almost periodic sequence if the e-translation set of {x,}

T({xy},€) ={TE€EZL: |Xpsr —xu| <eVn e} (2.2)

is relatively dense for each ¢ > 0, here | - | is any convenient norm in R* (resp., C¥). We denote
the set of all such sequences {x,} by APS(Z,RF) (resp., APS(Z, C¥)).

Proposition 2.4. {x,} = {(xu1,Xn2, ..., Xn)} € APS(Z,RE) (resp., APS(Z,C)) if and only if
{xni} € APS(Z,R) (resp., APS(Z,0),i=1,2,..., k.

Proposition 2.5. Suppose that {x,} € APS(Z,R), f € AP(R,R). Then the sets T(f,e) N Z and
T({xn},€) NT(f,€) are relatively dense.
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Now one rewrites (1.1) as the following equivalent system

(x(t) +px(t-1)) =y (t),  (231)
yi(t) = ya(b), (2.32)
(2.3)

yj\]—Z(t) = yN—l (t)/ (23]\],1)
Yna () = qx([t]) + f(1).  (23N)

Let (x(t),y1(t), ..., yn-1(t)) be solutions of system (2.3) on R, forn <t <n+1,n € Z, using
(2.3N) we obtain

t
Y- () = ynr () + qe()(E - m) + f f(t)d, (2.4)
and using this with (2.35-1) we obtain

b oAb
yn-2(t) = yn2(n) + yn-1(n)(t —n) + %qx(n)(t -n)’ + f f(t1)dtdts. (2.5)

nsn

Continuing this way, and, at last, we get

x(t) +px(t-1) =x(n) + px(n-1) + y1(n)(t —n) + %yz(n)(t - n)2 4+

e ),le(H)(t—n) + ) - )N 6)

f f f(tl)dtldtz -dty.

Since x(t) must be continuous at n + 1, using these equations we get for n € Z,

x(n+1) :<1—p+%>x(n)+y1(n)+%y2(n)+- (Nl )'yN 1(n) +px(n-1)

Ny 2.71)

q 1 1 @
yi(n+1) = mx(n) +y1(n) +y2(n) + iyg(n) 4ot myj\]_l (n)+ fn’, (2.7,)
yn2(n+1) = —x(n) +yn-2(n) + yn-1(n) + N, (2.7n-1)
yn-1(n+1) = gx(n) + yna(n) + £, (2.7n)

(2.7)
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where

n+1

n+l sin ty ty
2 =f f | ftdndty---dey, ..., fNV :f f(t)dhdty,
n n n n n (2.8)

n+1
N - f F(t)dt.

Lemma 2.6. If f € AP(IR, R), then sequences { } € APS(Z,R),i=1,2,...,N.

Proof. We typically consider { f '} for all e > 0and 7 € T( f,€) NZ, we have

n+t+l  atn tr nel pty b
f f ‘ f(tl)dfldtz ~din —f f f f(t)dtdty - diy
n n n

SIMJ‘ f |f(ti+7) - f(t)|dtdty - - din

<

1
- Y

EE

=

(2.9)

From Definition 2.3, it follows that f,gl) is an almost periodic sequence. In a manner similar

to the proof just completed, we know that { @ fns) | PR f,gN)} are also almost periodic
sequences. This completes the proof of the lemma O

Lemma 2.7. The system of difference equations

1 1 _
cna = (1-p+ %)cn vy & i) 4 md,‘ﬂ Vapea+ £V, (210)
M _ 9 w, 40,150 1 (N-1) . £(2)
n+1—m d +d 2'dn +"‘+mdn +In’, (2102)
d? = ch +dNP 4 gD g (ND (2.10n-1)
ANV = ge, +dV 4 £V, (2.10n)
(2.10)
has solutions on Z; these are in fact uniquely determined by co, c_1, d L. d(N D,
Proof. It is easy to check that e dy, i =1,2,...,N-1are uniquely determined in term
of cp,c_1, d(l) d; 2) ..,déN Yforn € Z*. Forn = -1, (2.10N) uniquely determines dqu_l),
(2.10n-1) umquely determines dS};]_Z), ..., (2.102) uniquely determines dfl), and thus since

p#0, (2.101) uniquely determines c_,. So c_1, c_p, dill), dle), ., dﬁf‘” are determined. Contin-

uing in this way, we establish the lemma. O
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Lemma 2.8. For any solution (c,, d,(ql),dilz),...,d,(qul)), n € Z, of system (2.10), there exists a

solution (x(t),y1(t), y2(t),..., yn-1(t)), t € R, of (2.3) such that x(n) = cn, y1(n) = aw, ..,
(N-1)

yn-1(n) =d, ', neL.

Proof . Define

W(t) = cy + peny +dY (t—n) + %d? (t-m)?+---

1 (Nfl) No1 1 N t tN ty
(N—l)'d" (t-n) +chn(t—n) + | f(t)dtdty - - din,
: : n’n n

(2.11)

+

forn <t <n+1,n € Z.It can easily be verified that w(t) is continuous on R; we omit the
details.

Define x(t) = ¢(t), -1 <t <0, where ¢(t) is continuous, and ¢(0) = cp, ¢(-1) = c_1;

[w(t+1)—pt+1)]

x(f) = " , —2<t<-1,
(2.12)
x(t) = o+ D =xt+ D] 5 4y
p
Continuing this way, we can define x(t) for t < 0. Similarly, define
x(t)=-pp(t-1)+w(t), 0<t<l,
(2.13)

x(t) =-px(t-1)+w(t), 1<t<2,

continuing in this way x(t) is defined for t > 0, and so x(¢) is defined for all t € R.

Next, define y1(t) = w'(t), y2(t) = w'(t),...,yn-1(t) = wN-D(@), t#£n € Z, and
by the appropriate one-sided derivative of w'(t), w"(t),...,wN"V(t) at n € Z.1It is easy to
see that 1 (t), y2(f), ..., yn-1(t) are continuous on R, and (x(n), y1(n), y2(n), ..., yn-1(n)) =
(cn, dfll), dflz), e, d,(qN_l)) for n € Z;we omit the details. O

Next we express system (2.7) in terms of an equivalent system in RV*! give by

Ups1 = Avy, + hy, (2.14)
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where
a4 L1
(1 A NTIRT (N1 P\
q
~-1 ! e
A= . L . ,
% 00 - 1 0 (2.15)
q 00 - 1 0
\ 1 00 0o o/

T
vy = (x(n), y1(n), y2(n), ..., yn-1,x(n=1))",  hy = ( a ,52),...,f,§N),0> .

Lemma 2.9. Suppose that all eigenvalues of A are simple (denoted by A1,y ..., An+1) and |Ni| #1,

1<i < N +1. Then system (2.14) has a unique almost periodic solution.

Proof. From our hypotheses, there exists a (N + 1) x (N + 1) nonsingular matrix P such that
PAP! = A, where A = diag(Ai, Ay, ..., An+1) and Ay, Ay, ..., ANy are the distinct eigenvalues
of A. Define 7,, = Pv,,, then (2.14) becomes

5n+1 = Aan + En/ (216)

where h,, = Ph,,.
For the sake of simplicity, we consider first the case || < 1. Define

Tt = D, A " hgnoin, (2.17)

m<n

where En = (Enl,ﬁnz,...,ﬁn<N+1))T, n € 7Z. Clearly {Eﬂ} is almost periodic, since En = Ph,,
and {h,} is. For T € T({hn1}, €), we have

[Tinien = Om| = | D, ATy — Z/Vf_mﬁ(m—l)l

m<n+t msn

(letting m = m' + 7, then replacing m' by m)

= | D M hmir1 = DA Ao

= = (2.18)
= Z A <E(m+7'—1)1 - E(m—l)l)
msn
€
S T % 7
1-|M]

this shows that {v,1} € APS(Z, C).



Abstract and Applied Analysis 7

If |Lil < 1,2 £i < N +1,in a manner similar to the proof just completed for A, we
know that {7,;} € PAS(Z,0), 2 <i < N +1,and so {7,} € APS(Z,CN*). It follows easily
that then { P19, } = {v,} € APS(Z, RN*1) and our lemma follows.

Assume now || > 1. Now define

U = Z)L;"_nh(m_l)l, new. (2.19)

m<n

As before, the fact that {7,1} € APS(Z, C) follows easily from the fact that { ha1) € APS(Z,C).
So in every possible case, we see that each component v,,;, i = 1,2,..., N + 1, of v, is almost
periodic and so {v,} € APS(Z, RN*1).

The uniqueness of this almost periodic solution {v,} of (2.14) follows from the
uniqueness of the solution 7, of (2.16) since P~'o,, = v,, and the uniqueness of T, of (2.16)
follows, since if o, were a solution of (2.16) distinct from v,, u, = v, — v, would also be
almost periodic and solve u,+1 = Au,, n € Z. But by our condition on A, it follows that each
component of u, must become unbounded either as n — oo or as n — -co, and that is
impossible, since it must be almost periodic. This proves the lemma. O

Lemma 2.10. Suppose that conditions of Lemma 2.9 hold, w(t) is as defined in the proof of Lemma 2.8

with (cp, d,dP, ..., dNV) the unique first N components of the almost periodic solution of (2.14)

given by Lemma 2.9, then w(t) is almost periodic.

Proof. For 7 € T({cu},€) nNT({d}, &) nT({dP}, &) n---nT({dN V), ) N T(f, €),
lw(t +7) —w(t)|

1
= {(cner = ea) + plemsrt = cu) + (i = ) (=) + 5 (A =7 ) (=) + - -

(A0 a0 N (e ) - )

+
(N=1 (2.20)
t+T oty t
f f . f(tl)dtldtz...dtN—f f | f(h)dtdt,---din
lql 51
<1+|P|+N, 27 €.
It follows from definition that z(t) is almost periodic. 0

Theorem 2.11. Suppose that |p|#1 and all eigenvalues of A in (2.14) are simple (denoted by
M, Ao, oo, Ana) and satisfy |Lil#1, 1 < i < N + 1. Then (1.1) has a unique almost periodic

solution x(t), which can, in fact be determined explicitly in terms of w(t) as defined in the proof of
Lemma 2.8.
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Proof. Consider the following.

Case 1 (Jp| < 1). For each m € Z* define x,,(t) as follows:
Xm(t) =w(t) —pxm(t-1), t>-m, (2.21)
xul) = (1), t<-m, (2.22)
here w(t) is as defined in the proof of Lemma 2.8, and

¢(t)=cpn+(cps1 —Cn)(t—-n), n<t<n+1l, neiz, (2.23)

where ¢, is the first component of the solution v, of (2.14) given by Lemma 2.9. Let | € Z*,
then from (2.21) we get

(=p) xm(t=1) = (=p) w(t - 1) + (~p) M xm(t-1-1), t>-m. (2.24)

It follows that
-1 , 1
xm(t) = D (=p)w(t —j) + (-p) xm(t-1), t>-m. (2.25)
j=0

Ifl>t+m, x,(t-1)=¢(t-1),and so for such ],

-1

xn(t) = > (-p)w(t- )| < |p|'|p¢-1). (2.26)

j=0

Let]! — oo, we get

S (p)w(t-j), t>-m,

Xm(t) = 4 j=0 (2.27)
(i)(t)/ t S —m.

Since w(t) and ¢(t) are uniformly continuous on R, it follows that {x,,(t) : m € Z™}
is equicontinuous on each interval [-L,L], L € Z* and by the Ascoli-Arzeld Theorem,
there exists a subsequence, which we again denote by x,,(t), and a function x(t) such that
Xm(t) — X(t) uniformly on [-L,L], and by a familiar diagonalization procedure, can find a
subsequence, again denoted by x,,(t) which is such that x,,(t) — X(t) for each t € R. From
(2.27) it follows that

() = 3 (-p)w(t - ), (2.28)
=0
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and so x(t) is almost periodic since w(t — j) is almost periodic in t for each j > 0, and [p| < 1.
From (2.21), letting m — oo, we get x(t) + px(t—1) = w(t), t € R, and since w(t) solves (1.1),
X(t) does also. The uniqueness of X(f) as an almost periodic solution of (1.1) follows from
the uniqueness of the almost periodic solution v, : Z — RN*! of (2.14) given by Lemma 2.9,
which determines the uniqueness of w(t), and therefore from (2.21) the uniqueness of x(f).

Case 2 (|p| > 1). Rewriting (2.24) as

<_pl)IXm(t—l) = < Pl)IW(t—l) + ( pl)l+1xm(t—l— 1), t>-m,

we deduce in a similar manner that

o -1 j .
fon(f) = ;)(?) w(t-j), t>-m,
o(t), t<-m.

The remainder of the proof is similar to that of Case 1, we omit the details.

If p = 0, the system of difference equations (2.10) of Lemma 2.7 now becomes

d(N DL M

1
Cnal = <1+—q> d,(f)+£d,(12)+ co (N i s

1 1 _
)'qcn d,ﬁl)+d£f)+5d,§3>+---+ (N_2)|d£lN Dy @

d(N 2) _ qcn + d1<1N71) + dj(quz) +f,5N—1)’

n+l 2
d,(jfl R qcn + ANV 4 g
and system (2.14) reduces to
vy, = A'v) + hy,

where

/1+111... L L\

N 2 (N2 (N
_q
(qu)' L (N1—3)! (N1—2)!
A=l N2 0 N (Voo
% 00 -~ 1 1
\ g 00 - 0 1/

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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. T s _ ) Q) (N)\T
and v;, = (x(n),y1(n),y2(n),...,yn-1)", b, = (fu', fu'r.--, fn ') . Then we have the
following theorem.

Theorem 2.12. Let p = 0 and q# (1) N, if all eigenvalues of A* in (2.32) are simple (denoted by
M, Ao, ..., AN) and satisfy |\i| #1,1 < i < N, then (1.1) has a unique almost periodic solution X (t).

Proof. System (2.32) has a solution on Z since A* is nonsingular because g # (—~1)V N'!. The rest
of the proof follows in the same way as the proof of Theorem 2.11 and is omitted. O
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