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This paper discusses highly finite element algorithms for the eigenvalue problem of electric field.
Combining the mixed finite element method with the Rayleigh quotient iteration method, a new
multi-grid discretization scheme and an adaptive algorithm are proposed and applied to the
eigenvalue problem of electric field. Theoretical analysis and numerical results show that the
computational schemes established in the paper have high efficiency.

1. Introduction

The finite element method for eigenvalue problem of electric field has become a hot topic in
the field of mathematics and physics (see, e.g., [1-7]). This paper discusses high efficient
mixed finite element calculation schemes for the eigenvalue problem of electric field.

Kikuchi [6] introduced the first type of mixed variational formulation for the eigenval-
ue problem of electric field. Based on this formulation, in [3] Buffa et al.analyzed the approx-
imation of nodal finite element. Boffi et al. [1] discussed the second type of mixed variational
formulation for the eigenvalue problem of electric field and analyzed approximations of edge
element and nodal element. Yang et al. [7] studied a two-grid discretization scheme of finite
element for the first type of mixed variational formulation.

Based on the work mentioned above, in this paper a new multi-grid discretization
scheme and an adaptive algorithm are proposed for the first type of mixed variational formu-
lation of eigenvalue problem and applied to the eigenvalue problem of electric field. The main
features of the research in this paper are as follows.
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(1) Our multi-grid discretization scheme and adaptive algorithm, which are the exten-
sion of conforming finite element multi-grid discretization scheme (see scheme 3
in [8] and scheme 1 in [9]), are a combination of the mixed finite element method
and the Rayleigh quotient iteration method (see the algorithm 27.3 in [10]). With
our algorithm one solves an eigenvalue problem on a coarse grid just at the first
step and always solves a linear algebraic system on finer and finer grids at each
following step. We derive the error estimates for the algorithm and prove that the
constants appeared in the error estimates are independent of the iteration degrees.
Thus we prove the convergence of iterations.

(2) The eigenvalue problem of electric field is so complicated that it is very difficult to
obtain local a posteriori error estimates for the eigenfunctions of mixed finite ele-
ment. As yet, there is no achievement reported in this field. Our adaptive algorithm
substitutes the weight method established by Costabel and Dauge (see [3, 11]) for
local refinement, which uses 0 x |\ — \"-1(8 € (0, 1]) as a posteriori error estimator
of A instead of estimating local a posteriori error for the eigenfunction. And the
results are satisfying.

(3) We analyze the mixed finite element error for the eigenvalue problem of electric
field (see Theorem 2.2 and Theorem 4.2). We refer to [12] to propose a new proof
method which differs from the usual one in [13].

The rest of this paper is organized as follows. Some preliminaries of finite element
approximations for eigenvalue problems which are needed in this paper are provided in the
next section. In Section 3, for the first type of mixed variational formulation of eigenvalue
problem, the finite element multi-grid discretization scheme and the adaptive algorithm
are established and the validity of these schemes is proved theoretically. In Section 4, the
multi-grid discretization scheme is applied to the eigenvalue problem of electric field. Finally,
numerical experiments are presented in Section 5.

2. Preliminaries

Let V, W, and D be three real Hilbert spaces with inner products and norms (-, ")y, || - ||y,
Codwo - llws ¢ )p, and || - ||p, respectively. Suppose that V < D (continuously imbedded),
a(-,-) is a symmetric, continuous, and V-elliptic bilinear form on V x V, that is,

|a(a.9)| < Millgllvll¢lly, Va.¢ €V,

) (2.1)
a(q,q9) 2 v||qlly, Y0#qeV.
b(-,-) is a continuous bilinear form on V x W, that is,
|b(y,v)| < Ma|lg|lyllollw, Vg eV, vew. (2.2)

It is obvious that a(:,-) is an inner product on V and || - ||, = v/a(:, ) is an equivalent norm to
-l
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In scientific and engineering computations, many eigenvalue problems have the fol-
lowing first type of mixed variational formulation: find (A,u,0) € RxV xW, (u,0) #(0,0),
such that

a(u,¢) +b(p,0) = \Mu,¢),, YyeV, (2.3)
b(u,v)=0, VYveW. (2.4)
In order to solve problem (2.3)-(2.4), one should construct finite element spaces V, C V

and W), C W. Restricting (2.3)-(2.4) on Vj, x W), we get the conforming mixed finite element
approximation as follows: find (\y, up, 01) € R x Vi, x Wy, (up, o) # (0,0), such that

a(up, ¢) +b(y,0n) = Ay (un, @), Yy eVy, (2.5)
b(up,v) =0, Yve W (2.6)

Consider the associated source and approximate source problems. Given f € D, find
(w,p) € V x W satisfying

a(w,¢) +b(y,p) = (f.¢)p YeeV,

(2.7)
b(w,v)=0, YveW.
Given f € D, find (wy, pi) € Vi, x W), satisfying
a(wn, ¢) +b(g,pn) = (f.¢)p, Vg EVy, 08

b(wyp,v) =0, YveW,.

Note that the source term f is independent of the solution.

As for the mixed finite element method for boundary value problems, Brezzi and Forti-
nand so forth have established a systematic theory (see [14]). By Brezzi-Babuska Theorem,
we have the following.

Lemma 2.1 (Brezzi-Babuska). Suppose that
(C1) (2.1)-(2.2) hold;

(C2) inf-sup condition holds, namely, there exists a constant vy > 0, such that

b(y,v)
sup
$EVg#0 ”‘l’”v

>vi|vlly, YoeW, (2.9)

then there exists a unique solution (w, p) to the problem (2.7) and

lwlla + [lpllw < Cll fll o (2.10)

where C, just depends on v, vy, and M. Moreover, suppose;
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(C3) discrete inf-sup condition holds, namely, there exists a constant v, > 0 independent of h,
such that

b(g,v
sup M >w|vlly, Yve W, (2.11)

vevig 0 el

then there exists a unique solution (wy, pn) to the problem (2.8) and the following error
estimate is valid:

lwo=wull + o= pally < Cef inf o= all, + ing lIp =l }. (212)

where C, just depends on v, v, and Mi, M.

Suppose conditions (C1)-(C3) hold in Lemma 2.1. Then there exist unique solutions
to the problem (2.7) and (2.8), respectively. Thus, we can define linear bounded operators as
follows:T:D — V, 5:D — W :VfeD,

a(Tf,¢) +b(y,Sf) = (f.¢)p Vg€V,

(2.13)
b(Tf,v)=0, YoeW.
T,:D —- V,CcV, S5,:D — WhCW:VfED,
a(Tuf, ) +b(y, Suf) = (f¢)p, Vg € Vi o1p
b(Tuf,0) =0, Yo €W, '
Obviously, (2.3)-(2.4) has the following equivalent operator form
MNTu=u,
(2.15)
o=5(\u),
and (2.5)-(2.6) has the following equivalent operator form
M Thuy, = uy, (2.16)
on = Sp(Apuy). (2.17)

It is easy to verify thatT: D — D, T, : D — D are self-adjoint operators in the sense
of inner product (-, -)p (see [7]).
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Assume V < D (compactly embedded), then it’s easy to prove that T : D — D is
completely continuous, T : V' — V is completely continuous, and T}, is a finite rank operator.
Combining (2.3)-(2.4), (2.5)-(2.6), and the V-ellipticity of a(-,-), we deduce

_a(u,u) _a(up, up)

~ (wu)p = Gunun)p O (19

Then from the spectral theory of self-adjoint and completely continuous operator, we know
that the eigenvalues of (2.3)-(2.4) can be sorted as

O<hSdp<-o <A <eee /oo, (2.19)
and the corresponding eigenfunctions are
(u1,0'1), (uz,O'z),...,(uk,O'k),..., (2.20)

where (u;, u;), = bij.
The eigenvalues of (2.5)-(2.6) can be sorted as

0<tin Sdop e S hien <o < ANy (2.21)
and the corresponding eigenfunctions are
(U1,n,01,1), (U2 h, O2,0), - -, (Ui s Okh), - - - (UNG by ONG ), (2.22)

where Nj, = dim Vp,, (ui,h,uj,h)D = 0jj.
From (2.5), by taking uj, = 4, ¢ = u;,, we have

a(uip, ujn) +b(jn, on) = Xip(Uin, ujn) p, (2.23)
and from (2.6) we see that b(u; 4, o) = 0, then
a(uin, ujn) = Xip(tin, uin)p = Xinij, (2.24)

thus {u;n/||uinll,} is a completely normal eigenvector system on Vj in the sense of the inner
product a(:,-).
Denote Ay = 1/pk, dih = 1/ pin. In this paper, pr and pgn, A and Ay, are all called
eigenvalues.
Let p be the kth eigenvalue with algebraic multiplicity q, u = px = pxs1 = -+ = prrg1-
g

M(p) is the space spanned by all eigenfunctions {uj}l; ! corresponding to p of T. Mp(u)

is the space spanned by all eigenfunctions {u; }:+q_1 corresponding to all eigenvalues of T},
that converge to p. Let M(/l) ={v:veM),lvl|, =1}, M\h(ﬂ) ={v:ve Mpp),|vl, =1}
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We call A = 1/u as the kth eigenvalue, too. Denote M(\) = M(u), My(1) = Mjy(u), and
M(\) = M(‘u). Define

(T = T)ullp
T-T = o ully
¢ wImw | p ug}?()j) llullp
. (2.25)
T-Ty)u
T-T = Tl
“( h)|M()L)"u ugl\?(),(\) ||u“a

The convergence and error estimates about the mixed element method of eigenvalue
problem have been studied in [7, 12, 13, 15, 16]. From [12], we know that the following results
are valid.

Theorem 2.2. Suppose V < D, a(u,v) is symmetric, and the conditions of Lemma 2.1 hold;
moreover, for any f € D,

nf|7f-qlly —0 (h—0), (2.26)
inf [|Sf =0l —0 (h—0). (2.27)

Then |Tp - T|lp — 0 (h — 0).

Proof. From V < D, we derive that T : D — Disa completely continuous operator. It is
obvious that T, : D — D is a finite rank operator. From (2.12), (2.26), and (2.27), we deduce

75 -l < C(ingITf - all, + jnf ISF -l ) —0 (h—0).  @329)

It shows that T, : D — V pointwisely converges to T. From (2.10) and (2.12) we derive
thatbothT : D — Vand T, : D — V are linear bounded. Hence, from Banach-Steinhaus
Theorem, we know that there exists a positive constant M independent of h, such that

Sl;p”Th”L(D,V) <M. (2.29)

Thus, Up»o(T-T4)B is a bounded set in V with respect to the unit ball B of D. From V < D, we
know that Uy»o(T —Tj,)B is a relatively compact set in D, which proves that {Tj,} is collectively
compact. From (2.28), we know that T : D — D, T, : D — D, and T}, pointwisely converge
toT.From [7], T : D — D, T, : D — D are self-adjoint operators in the sense of inner
product (:,-)p. Then by Lemma 3.7 or Table 3.1 in [17], we get [T, = T||p — 0 (h — 0). The
proof is completed. O
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Lemma 2.3. Suppose that the conditions of Theorem 2.2 hold. Let (A, un, on) be the kth eigenpair of
(2.5)-(2.6) with ||unll, = 1, let X be the kth eigenvalue of (2.3)-(2.4). Then A, — A (h — 0), and
there exists an eigenfunction (u, o) corresponding to A, such that

[An = A+ llun = ullp < Ci||[(T = Ti) Imy || (2.30)
llo = onllw < 1Sk(Au) = S(A) |l + C||(T = Tw)lmw) | o (2.31)
It = upll, < Co||(Th = T) || (2.32)
letu e M\()L), then there exists up, € My () such that
= upll, < C3||(Tw = T) I || ,» (2.33)

where u depends on h in general, and Cq, Co, and Cj are constants independent of h.

Proof. By Theorem 2.2, we know ||T, - T||p — 0(h — 0). Thus from Theorem 2.2 in [7], we
see that the desired results are valid. The proof is completed. O

For (u*,0%) € V. x W, u* #0, define the Rayleigh quotient

a(u*, u*) +2b(u*, c*)

A=
(u*/ u*)D

(2.34)

Lemma 2.4. Suppose (\,u, o) is an eigenpair of (2.3)-(2.4), then for any (u*,0*) € V. x W, u* #0,
the Rayleigh quotient A" satisfies

. a(u* —u,u —u)*+2*b(u -u,0*-0) _)L(u —L:,u*—u)D' (2.35)
(u*, u*)p (u*, u)p

Proof. The proof is completed by using the same argument as that of Lemma 9.1 (see [7,
18]). O

Since V — D (continuously imbedded), there exists a constant C, independent of h
such that

Iollp < Cylloll,, YveV. (2.36)

Taking (u*, 0*) = (up, op) in (2.35) and using (2.4) and (2.6), we deduce the following.
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Lemma 2.5. Suppose (Ay, up, o) is an approximation of (A, u, o) and ||\uy||, = 1, then

a(up, —u,up, —u) +2b(up — u,v — o)

Ap— A=
(Un, un)p
(2.37)
oy (un —u,up - u)D, Yo e W,,
(Un, un)p
W= A < (A + MG ) [, — 2
(2.38)

+ 20, My ||up — ullyllo —olly, VYo e W

3. Mixed Finite Element Multigrid Discretization Scheme Based on the
Rayleigh Quotient Iteration

In this section, we develop the work in [8], noticing that in [8], when k > 1, /\Zl - Ak, AZH -

A, and .A,Zl_l — Ak sholud be modified to their absolute values, respectively, and establish
the following mixed finite element multi-grid discretization scheme based on the Rayleigh
quotient iteration, and give a rigorous theoretical analysis. Suppose the partition satisfies the
following conditions.

Condition 1. {K"} is a family of regular meshes (see [19]) with the mesh diameter {h;} and
h; = hlt."_l, t; € (1,3) is arbitrarily chosen, i = 1,2, ..., and inf;t; > 1.

Let {V}, }f) and {Wj, }f) be finite element spaces on { K" }f).
Scheme 1. Multigrid Discretization.

Step 1. Solve the eigenvalue problem (2.3)-(2.4) on Vi xWpg: find (Ay, up, o) € RxVyxWh,
llugll, = 1 such that

a(un, ¢) +b(p,0n) = Au(um, ¢)p, Vg €V,

(3.1)
b(ug,v) =0, Yve Wg.
Step 2. u & upy, \ & Ay, i< 1.
Step 3. Solve an equation on Vj,, x Wy,: find (', 0’) € Vi, x Wy, such that
a(u,¢) +b(y,0) X1 (i, ), = (w0, 9) |, Vg e Vi, .

b(u',v) =0, YveWy,.

Setuli =u'/|[u'|l,, o™ =o' /[[u'] -
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Step 4. Compute the Rayleigh quotient

)Lhi _ a(uhi’uhi)

= DN . (3.3)

Step 5. If i = I, then output (A, gl gy, stop; else, i & i+ 1, and return to Step 3.

Let (Ay, up, on) be the kth eigenpair, and we use (A, uht, oMty as the kth approxima-
tion eigenpair of (2.3)-(2.4).

Next, we will discuss the validity of Scheme 1.

Lemma 3.1. For any nonzerou,v € V,

u (4

l[ull, ol

u (%

[ull, ol

l[u—2ll, l|u—2ll,

<2

‘ 01l

, (3.4)

a l[ull

Proof. See [8]. O

Denote dist(u, V) = infyey||u — 7|,
Consider the eigenvalue problem (2.16) on V..

Lemma 3.2. Suppose that pand py, are the kth eigenvalue of T and Ty, respectively, and (o, uo) is an
approximate eigenpair, where pg is not an eigenvalue of Ty, ug € Vi, ||uoll, = 1, dist(uo, Mp(p)) <
1/2, maxk<jckrg-1|(jn = pn) / (o — pip)| < 1/2, |po — pjnl 2 (p/2)(G#k, k+1,...,k+q-1),and
u® € Vi, ul" € Vy, satisfy

(o — Tn)u® = uy, ul = uT (3.5)
[l
Then
. = 16 .
dlst<uh,Mh (/1)) < ? |0 — pn| dist(uo, Mu(n)), (3.6)
where p = miny, »,|pu; — p| is the separation constant of the eigenvalue p.
Proof. See [8] O

Since the convergence rate of Vj, , and W}, , approximating eigenfunctions is lower
than that of V},, and W), approximating eigenfunctions, respectively, the approximation order
of (Ap_,, up,,) is lower than that of (Ap,uy). However, in general, the accuracy order of
(A1, yh1) will not exceed that of (Ah,, up,,); therefore in the following Theorem 3.3 we
assume that the accuracy order of (A", u/-1) is lower than that of (A, up,).

Theorem 3.3. Suppose that [T, —T|lp — 0 (h — 0), H is small properly, and Condition 1
holds. Let (A", uM,c™) be the approximate eigenpair obtained by Scheme 1, and let u"-' approximate
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e M(\), N1 approximate A, and the accuracy order of (A1, ul=1) be lower than that of (Ay,, up,).
Then there exists u € M(\) such that

[ | < %C5c6<|)‘h” Al [ ‘EHD> (37)
+(Cax g +3) (T =Tw)lmw |,
A RETUA Y NP e

where Cs and Cg are determined, respectively, by (3.10) and (3.14) in the following proof.

Proof. Let g = 1/A"1, and ug = A1 Ty, w1 /|| A= Tyt |I,- Since u € M(A), by calculation
we deduce

[ Ty -

= ||Vt <At

a

(3.9)
[0 =

o )L||Thl (u' -7) || + A||(Ty, - T)idll,.

From Lemma 2.1, there exists a positive constant Cs depending only on v, v, v,, M1, and M>
such that

ITwoll, < Csllvllp, Yo €D. (3.10)

Then

| T -7

<G (c4|)thH - )L| + )L||uhH - ﬁ”D) + A[|(Ty, = D]l (3.11)
By Lemma 3.1, we derive

dist (1o, M(1) ) < [luo i, < 2"/\hl-1Thluh’-l —u

a

(3.12)
<2Cs <C4|)Lh”1 - .)L| + )L”uh’*l -u D> + 2)L||(Thl - T)lM()L) ”a'
Using the triangle inequality and (2.33), we deduce
dist (1, My, (1)) < dist(uo, M\()L)) + Cs|[(Th, = Dlme |, (3.13)

According to the hypotheses of the theorem, we know that \* — 1\ and A"+ — ) are an
infinitesimal of lower order comparing with \;,, — A. Hence, there exists a positive constant
Cs independentof by (I=1,2,...) such thatforj =k, k+1,...,k+4q—-1wehave

LRI P P P
A ]-,hl)thl—l

o — pim| = < G| A - 4. (3.14)
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Note that H is small enough and h; <« hj_;; from (3.13) and (3.12), we obtain

1
dist(ug, Mp, (1)) < 7 (3.15)
Noticing that A = Ax = Aky1 =+ = Akyg-1, We have
/\hz_)‘jhz )th—)u+)t]'—)t]'hl
o = 2= —1, 3.16
|I/l],h1 Hhny | /\h, )tj,h, )th )tj,h[ ( )

which together with (3.14), noting that A4 — A is an infinitesimal of higher order comparing
with A1 — ), yields

Hih — KB
l/l() - ﬂj/hl

max

1
<= 3.17
k<j<k+q-1 -2 ( )

Since p is the separation constant, H is small enough, and h; <« h;_1, there holds
P
|‘uo—‘u]',h1|2§, ]#k,k+1,...,k+q—1. (318)

For ' in Step 3 of Scheme 1, from the definition of T}, and S, (taking i = I), we have

a( VTl ) + by, A Syt ) = A0 (), Vg € Vi, (3.19)
b<)th’*1Th,u’, v> =0, YoeW,, (3.20)

a(Twu™, ¢r) + (g, Siu) = ("), Vg eV, (3.21)
b(Th,uh”l,v> =0, YoeW,,. (3.22)

Hence, when i = I, Step 3 of Scheme 1 is equivalent to the following: find (¢, 0’) € Vj, x Wy,
such that

a(u,¢) +b(p,0") = A" a(Tyud, ) = A" b(g, Spt)
(3.23)
= a(Thluhl’l,q)‘> + b((/f, ShluhH), V([I € Vy,
b(u',v) =0, VYoveWy,. (3.24)

And set u" =u'/||W|,, o™ =o' /|||,
From (3.23), we obtain

a(u’ — ATy — Ty, (p) + b(q;, o —\g, U — Sh,uhH) =0, VYyeV, (3.25)
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Combining (3.24), (3.20) and (3.22), we get

b( — N Ty = Ty, 0) =0, Vo € Wy, (3.26)

By (3.26) and taking ¢ = u' — \""1 Ty, 1’ — Tj,,u"1 in (3.25), we obtain

a(u = P Tyl = Ty, 0 = N Ty = Ty u™) = 0. (3.27)
Thus
1 ;1 I ho_ u
<m —Thl>u = mThlu 1, u’ = m. (328)

From (3.28) we know that the first term on the left-hand side of (3.25) is equal to 0, thus
b(lp, o' — A Spu' — Shlu}”*) =0, VgeV, (3.29)
then, using discrete inf-sup condition we get
o = \N"1S, 1 + Syl (3.30)

Thus Step 3 of Scheme 1 is equivalent to (3.28), (3.30), u™ = u'/||v/||,, and o™ = &' /||| ,-
Noting that (1/A"-1)Ty,ul-1 = ||(1/AM1) Ty, uli=1|| jug differs from ug by only a constant
and selecting u* = (\"14/) /|| Ty, -1 |l,, we have

1 u®
<—7 - Thl)us =uy, u= TS (3.31)

By (3.15), (3.17), (3.18), and (3.31), we see that the conditions of Lemma 3.2 hold. Thus,
substituting (3.13) and (3.14) into (3.6), we obtain

dist(u", My, (1)) < 1’76(:6 (At = 2) (dist (0, M(D)) + Ca | (T = Ti)lmeo [l,)- - (3.32)

Let the eigenfunctions {u;y, }?q_l be an orthonormal system of My, (1) in the sense of af(,-),
then

k+q-1

h h
u' — Z a<u I,u]-,h,>u]-,h,

j=

dist(uh’,Mh,(A)> = (3.33)

a
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Let

k+q 1

a(" + U, m)”] hus
j=k

noting ||u" — u*|, < dist(u”, My, (1)), from (3.32) we deduce

”uh’ -u*

< 1?6@ (W = 1) (dlist (o, ML) ) + Ca | (T = Tiy) Iy [, ) -

By Lemma 2.3, there exist {u?}:ﬂr1 cM (4) such that u;, — u? satisfy (2.32). Let

k+q 1

a(u u]h,>

j=k
then u € M (). Using (2.32), we deduce

k+g-1

S a(u ) (o 1)

j=k

o — ull, = < Coq||(Thy = Dlmw |l

a

Combining (3.35) with the above inequality, we have

”uh’ -u

< ? <)th ! -)L) dist(uo,M\()u)>

+(Cog + D|[(T = Tw) I | -

Substituting (3.12) into (3.38), we get (3.7).
From Step 3 of Scheme 1, we know that b(uM,coM) = 0, thus

a(u,u) a(uhl,uh’) +2b(ul, o)
- (), (uhr, ul) '

Select A" = A, y* = M and o* = 6. From Lemma 2.4, we get

a(uh —u,uM —u) +2b(uM —u, oM - o) ~ (uh —u,uM - ),
(uhll uhI)D (uhll uh1>D

M-y =

13

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)
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Noting that Vo € Wy, b(u" —u,v) =0, and (1", u"), = (1/A")a(u, u) = 1/AM, we have
Ay = )J”a(uhl —u,ul - u> + 21””b<uhl -u,v-— 0>
(3.41)
— A\ (uhl —u,u - u>D, Yo € Wh,.
Note [lu" — u||p < Cyllu" - u]|,. From (3.41) we obtain (3.8). O

For I = 1, Scheme 1 is actually the two-grid discretization scheme established in [7].
By Theorem 3.3 we get the following conclusion directly.

Theorem 3.4. Suppose ||T, - T||p, — 0(h — 0). Let hg = H be small properly. Let (A", u™, ™)
be an approximate eigenpair obtained by Scheme 1 (I = 1). Then there exists u € M () such that

32 2
||uh1 —ull < _C5C6<',\ho — )L| + |)Lho —/\'C1||(T— Tho)lM(l)”D)
a p (3.42)
+(C2><q+3)||(T—Th])|M()L) o
h _ h hy 2 hy _ 2 Iy hy _ 1 —
[ -] < (W ) s = ]| + 20 M |~ vl o=l (3.43)
Proof. Consider Scheme 1. Here | = 1, uh = 4. By Lemma 2.3, we know that uho

approximates u € M (1), and the accuracy order of (M, M) is lower than (An,, un, ). Hence,
for I = 1, the conditions of Theorem 3.3 hold. Select % in the proof of Theorem 3.3 such that
u — 7 satisfies Lemma 2.3. Then from (2.30), we obtain

||uh° —ﬁ”D < C1||(T = Tiy) [ |

o (3.44)

substituting it into (3.7), we obtain (3.42). From (3.8), we deduce (3.43). O

Theorem 3.4 is actually Theorem 3.3 in [7], but we analyze in detail the constants
appeared in the error estimates.

From Theorem 3.4 and Theorem 3.3, we know that A» — A (I — o) and the
convergence rate is high. Thus, we use 6 x |\ — \"-1| as a posteriori error indicator of A" — A
(details can be seen in Remark 4.5). Then we establish the following adaptive algorithm.

Scheme 2 (Adaptive Algorithm). Give an error tolerance € and choose the parameter 0 < 9 <1,
H,t;,and h; = HbY.

Step 1. Solve (2.3)-(2.4) on Vg x Wy find (Am, s, o) € R x Vg x W, ||lup|, = 1 such that

a(um, ¢) +b(y,0n) =\ (un, ¢)p, Vo € Vi,
b(uyg,v) =0, Yve Wy.

(3.45)

Step 2. uM < up, \ & Ay, 1< 1.



Abstract and Applied Analysis 15

Step 3. Solve an equation on Vj,, x Wy,: find (¢, o) € Vi, x Wy, such that

a(,¢) +b(y,0) =" (W, g) = (W', g) |, Vg€ Vi,

(3.46)
b(u',v) =0, YoveWy,.
Let ul =1/ ||u'|l,, o™ = o' /[[/],-
Step 4. Compute the Rayleigh quotient
h g
W= “(:‘ a ) (3.47)
(ul, ult)

Step 5. 1f 0 x [\ — AP1] > g, then select tr,1, M1 = h;’”, I & 1+1 and return to Step 3; else
output (A", uht, g™), stop.

Remark 3.5. In Scheme 2, we use 0 x [\ — A\"-1| as a posteriori error indicator which is global.
In order to cope with difficulties caused by local singularity of a complicated problem in
calculation, so far, most algorithms designed a local a posteriori error indicator to establish
adaptive algorithm with local mesh refinement (e.g., see [20-22]). However, because the
eigenvalue problem of electric field is so complicated, that it is very difficult to obtain a local
a posteriori error indicator of eigenfunction. Fortunately, the influence of local singularity
can be avoided by using the weight method which is established by Costabel and Dauge to
discrete the eigenvalue problem of electric field. And the performance of the weigh method
is very good (see [3, 11]). Hence, without local mesh refinement, by using the weight method
mentioned above our algorithm can also guarantee its high efficiency.

4. The Eigenvalue Problem of Electric Field

Consider the eigenvalue problem of electric field:

Acurlcurl i = w?i, inQ,

divii=0, inQ, (4.1)

Wxy=0 oneoQ,

where Q is a polyhedron in R3, ¥ is the unit outward normal to 9Q.

Physically ii denotes the electric field, w denotes the time frequency, and c is the speed
of the light velocity. Usually, let A = w?/c* named eigenvalue.

Let

H(curl, Q) = { Fe LyQ)*: curlf € Ly(Q)? }
(4.2)
Hy(curl, Q) = {7 € H(curl, Q) : §x ¥|asq = 0}.
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When Q is a convex polyhedron, we define the following function space:
x = {7 € Holcurl, @) : divg e 12(@)}. 4.3)
Denote

- = - = = o 1/
(4.¢)y= f q-gdx, |4l =(@3),"
Q (4.4)

- R R oo g o - ~ o\ 1/2
(7,¢), = (curlg, curlg) + (divg, divg), |7l = (4.9), ",

From [23, 24], we know that y ¢ H Q)% (q, %) . Is a coercive bilinear form on y, and ||4]| s
anorm.

When £ is a nonconvex polyhedron, the problem is relatively complicated. Let E
denote a set of edges of reentrant dihedral angles on 0Q, and d = d(x) denote the distance
to the set E: d(x) = dist(x, U.cge). We introduce a weight function w, which is a nonnegative
smooth function of x. It can be represented by d” in reentrant edge and angular domain. We
shall write w, = d". Define the weighted functional spaces:

[2(Q) = {v €I (Q):wwe LZ(Q)},
(4.5)

Xr= {175 Hy(curl, Q) : divg € LE(Q)},

Denote

@G- [ @agax, Nl - @D
Q (4.6)

- o R ~ C o g o - ~ n1/2
(@,¢),, = (curlg,curl ), + (divg, divg),,,  ||g]l, = (77,

Let 0¥ be the following smallest singular exponent in the Laplace problem with homogenous
Dirichlet boundary condition:

{qb cHNQ):Ade LZ(Q)} C Ny H(Q),
(4.7)
{¢ € HA(Q): A € ,(Q) }zHUZ’(Q).

From the regularity estimate, we know OAD €((3/2),2). Let rpin =2 — Gf .

From [11, 25], we see that for all r € (#min, 1), the seminorm ||4]| “ isanorm on x,, and
xr N H'(Q)? is dense in ;.

In the following discussion, we will use Y, L2(Q) for both nonconvex and convex
domains. We select 1 € (Fmin, 1) for non-convex domain and y, = y, L2(Q2) = L*(Q) for convex
domain.
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By introducing the Lagrange multiplier o, [6] changed (4.1) into the mixed variational
formulation: find (A, i, 0) € R* x y, x L2(Q) such that

(5/47))(, +(div, o) 2 = A(i,§)g, VG € xr,
4.8)
(divi,v); =0, VoeLX(Q).

Let K" be a regular simplex partition (tetrahedral partition) of Q with the mesh
diameter h. Define the finite element space Vi, x Wy, C y» x L2(Q).

Restricting (4.8) on the above-mentioned finite space, we obtain the discrete mixed
variational form: find (A, iy, 0,) € R x V), x W), such that

(iin, @) ., + (div @, 0n) 2 = M (iln, §)o, VG € Vi,

(4.9)
(diV ﬁh/v)LE =0, YveW,.
Set
Vi=xr, My =1Hla = 1, ,
W=L3Q), |l =Ml
. (4.10)
D=1 )",  [lp=1lllos

a(q,¢) = (4,¢),,b(¢,0) = (divg,v) 5.

Then (4.8) and (4.9) can be written as (2.3)-(2.4) and (2.5)-(2.6), respectively (it is needed to
add ~for the vector function, e.g., u, ¢ should be written in the forms of i, §).

We apply Schemes 1 and 2 to the eigenvalue problem of electric field (4.8). Adding
the symbol ~for the vector function, we get a multi-grid discretization scheme and adaptive
algorithm for mixed finite element of the eigenvalue problem of electric field which are still
called Schemes 1 and 2.

It is easy to know that a(:,-) and b(:,-) are continuous bilinear forms on V x V and

V x W, respectively. V S D. (It is true obviously when Q is convex; when € is non-convex,
see [25].)
Consider the source problem associated with (4.8): find (@, p) € y, x L*(Q) such that

(@, ), + (divg,p). = (]7,47)0, Y@ € X1,
(4.11)
(diva,v);2 =0, Vo e L} (Q).

For (4.11) and its conforming finite element approximation, condition (C1) of
Lemma 2.1 holds obviously; [3] has proved that condition (C2) holds; assume that the
discrete inf-sup condition (C3) holds, then conditions of Lemma 2.1 hold. Thus we can
define operators T, S, Ty, and Sj,. (4.8) and (4.9) can be written as (2.15) and (2.16)-(2.17),
respectively.

The following Lemma 4.1 is cited from [3, 25].
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Lemma 4.1. Equation (4.1) is equivalent to (4.8), and the solutions of (4.8) o = S(Aii) = 0 and
i € Xy, divii = 0.

Note that Lemma 4.1 shows that for the eigenvalue problem of electric field, the second
term on the right-hand side in (3.8) is equal to 0.

Theorem 4.2. Suppose that the discrete inf-sup condition (C3) holds. Then ||T — Ty||p — 0(h — 0).
Let (Ap, iy, o) be the kth eigenpair of (4.9) with ”ﬁh”xr =1, and let A be the kth eigenvalue of (4.8).
Then A, — A(h — 0), and there exists an eigenfunction il corresponding to \ with ||il|,, =1, such
that

W= A0 < (0 + 0 C3) (T = Dl |1, (4.12)

i = @inlly, < Cof|(Tw = T)Imw (4.13)

let ii € M()L), then there exists i, € My (\) such that

I~ nlly, < Csl| @~ Dlmw |l . (4.14)

where C, C3, and Cy are constants independent of h.

Proof. From the preceding discussion and hypotheses of the theorem, we know that V <D,
a(u,v) is symmetric, and the conditions of Lemma 2.1 hold. Besides, since K hisa regular
partition, when Q is a convex polyhedron, y, ¢ H'(Q)?(y, = yx); when Q is a non-convex

—3
polyhedron, y, N H'(Q)® is dense in ;. Since C*(Q)” is dense in H'(Q)°, thus, no matter Q
is convex or non-convex, C® (ﬁ)3 is dense in y,. For any given f € D,wehaveT f € xr. Thus
—3
for any ¢ > 0, according to the density, we know that there exists @ € C*(€) such that

”Tf—u?”xr < g (4.15)

Selecting hy > 0 being small properly, when 0 < h < hy, we have

1 — ||, < Chldd, < % (4.16)
where Ij, : C* (ﬁ)3 — V}, is an interpolation operator. Thus
inf||T/-4| <||Tf- ||
qEVh Xr Xr
(4.17)
> £ €
< — 0 o-Lw|. <= +==
<|rf w”x + @ - |y, < 5+ 5 =e.

Namely, infzev, [|T f -4l P 0(h — 0). Hence (2.26) is true. Analogously, using the density
of C*(Q) in L2(Q), we deduce that infoew, |Sf - o2 — 0(h — 0), namely, (2.27), is true.
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Hence, from Theorem 2.2 and Lemma 2.3, we know that [|[T -Ty||, — 0(h — 0), Ay —
A (h — 0), (413), and (4.14) hold. From (2.38), (4.13), and Lemma 4.1, we get (4.12). The
proof is completed. O

Denote

ey(h) = s inf || — @l .
1(h) ﬁe%%)q%e"h” ‘I’”x, (4.18)

From Lemma 2.1, noting o = 0, we deduce

|[(Tw - T)|M(/\)||Xr = sup [[(Tp - T)ul,,
7eM(L)
(4.19)
< sup C.inf ||Ti - q?||x < A7ICee)(h) = Crey(h).
aeniy PEV '

Theorem 4.3. Assume that the discrete inf-sup condition (C3) holds, hy = H is small properly,
Condition 1 holds and sup,t; < 3. Let (A", u™) be an approximate eigenpair obtained by Scheme 1,
then there exists il € M(A) such that

”ﬁhz _ ﬁ”x <2(Cy x q+3)Crer(h), (4.20)
|)J“ - A' < 4<ﬂ” + M’”cﬁ) (Ca x q+3)°Cley(h)?. (4.21)
Proof. We use induction to complete the proof. Note that the conditions of Theorem 2.2 hold.

For I = 1, Scheme 1 is actually two-grid discretization scheme. Substituting (4.19) into (4.12)
and (4.13), we derive

it — |, < C2Cren(H),
(4.22)
L= Am| < (AH + MHci> C2C2e\ (H)2.

Combining (3.7) with | = 1 and the above two inequalities, we know that there exists ii €
M(A) such that

”uh‘ -

G I/ S

+(Cxq+3) (T =Tw)lmw |,

X
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2
< %C5C6<<AH + My C3) CiCHer(H)*

(A + JULHCE)C%CgeA(H)2C2C4C7£)l(H)>

+ (Cz xq + 3)C76)L(I’11)

< Z(Cz xq+ 3)C7S/\(h1).
(4.23)

Since o = 0, substituting (4.23) into (3.43), we deduce

N . 2
-] < (A aai ey ||at - y o
< (X4 0" C2)4(Co x g +3) Clen ()™,

The above two inequalities show that Theorem 4.2 is true for [ = 1.
Suppose that the theorem is true for [ — 1, then by Theorem 3.3, we get

] < Zescs(( + a0 ) (G x g +3) Cicer )’

(W W CE)4(Co x g +3) Clea(lu1)*2(Ca x 4 +3) Cren (i) )
+ (Cz xq+ 3)C7€,\(h1)

<2(Cyx q+3)Cren(h),
(4.25)

That is, (4.20) is valid.
From (4.20) and (3.8), we obtain (4.21). The proof is completed. O

Assume that K" is a regular simplex partition (tetrahedral partition) of Q with the
mesh diameter h. Let V}, and W), be the Py1-Px finite element spaces as follows:

R P 3 h
Vi, = qu(Q) 1§ % ¥loa =0,4lx € Ps1(x)” - Ve € K" §,
(4.26)
Wy = {v € C0<§> 10| € Pr(x),VK € Kh,v|gh = 0}.

Here we set Ej, = Uyckn axne #¢%- U], = 0 means that v is equal to 0 on the tetrahedron where
reentrant edge and angular point are adjacent. Considering finite element approximation
of (4.11), for the 3-DP,-iso-P; Taylor-Hood finite element, Ciarlet and Girault [26] have
discussed that the discrete inf-sup condition (C3) holds when Q is a convex domain; for the
Py11-Pr element, Ciarlet and Hechme have proved that the discrete inf-sup condition (C3)
holds when Q is a polyhedron (see Section 2.2 in [4] and pp. 509 in [3]).
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From the above mentioned, we know that the Py.1-Px element approximation of (4.11)
satisfies the conditions of Theorem 4.2.

Let o) be the smallest singular exponent in the Laplace problem with homogenous
Neumman boundary condition, then O'IAV € (3/2,2). Denote T = min(r — #min, O'IAV -1).

Corollary 4.4. Assume that hg = H is small properly, t; € (1,3]G = 1,2,.,1), and h; = h;"_l

(i=1,2,...,1). Let (\",u") be an approximate eigenpair of the Pi.1-Py element obtained by Scheme 1.
Then when Q is a convex domain, there exists i € M(A) such that

||aht - a||xr <2(Cyxq+3)C,Chy, (4.27)
| = a| < 4(A + 0 CE) (Co x g +3)*CRCH]. (4.28)

When Q is a non-convex domain, there exists il € M(\) such that
|7 - a”xr <2(Cyxq+3)C,C'HY, Vue (0,7), (4.29)

|)J” - A| < 4()&' + w!qi) (Cy x q+3)°C2C™H*, Vue (0,7), (4.30)

where C' and C" are determined by (4.31) and (4.32) in the proof, respectively.

Proof. The hypotheses of Corollary 4.4 imply that the conditions of Theorem 4.3 hold. When
Q is convex, for any i € M(\) we have i = T(\ii) € H*(Q) (see (44) in [1]). Thus there exists
C’ independent of h; (I =1,2,...) such that

er(h)) < Chy. (4.31)

Substituting the above inequality into (4.20) and (4.21), we get (4.27) and (4.28), respectively.
When Q is a non-convex domain, for any ii € M(\), by (36) in [3] we know that there
exists C" independent of h; (I =1,2,...), such that

ex(hy) < C"h. (4.32)

Substituting the above inequality into (4.20) and (4.21), we derive (4.29) and (4.30),
respectively. O

Remark 4.5. From Corollary 4.4, we see that the constants in the error estimates are not only
independent of the mesh diameter but also independent of the iterative degrees. Thus, when
I — oo, we have A" — \. Suppose that the precision order of (4.28) is optimal which cannot
be improved any more, then

R AR R D LA O<hzzr>,
(4.33)

S L L B B Lol (5}
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|
2 |

Figure 1

where for convex domain r = 1, while for non-convex domain r = p € (0, 7) but approximates
7 arbitrarily. Therefore we have that A" — A+ < A\t — \M1_ Then

'J\hz —)L| < |)th — Nua| 4 |)th*1 _)L|
(4.34)
< |- a9 (h2),
thus we can use 7(\") = 6 x [\*1 — A| as a posteriori error indicator of [\ — A|, where

0 (0,1].

5. Numerical Experiments.

Consider the eigenvalue problem (4.1) of electric field, where Q = [0,r] x [0, 7] is a square
domain or Q = [-1,0] x[-1,0]U[-1,1] x[0,1] is an L-shaped domain. For the square domain,
the first five exact eigenvalues are \; = A\, = 1, A3 = 2, and Ay = A5 = 4; for the L-shaped
domain, the first five eigenvalues are \; = 1.47562182408, A, = 3.53403136678, A3 = A4 = 7wt =
9.86960440109, and A5 = 11.3894793979, and the first eigenfunction has a strong singularity
(see, e.g., [3]).

We adopt a uniform isosceles right triangulation for Q (the edge in each element is
along three fixed directions, see Figure 1) to produce the meshes K with mesh diameter ;.

The definition of I»-P; mixed finite element spaces is given by

—\ 2
Vh1= {576 C0<Q> : _)XY|BQ=O,CTIKEPQ(K)2,VKEKhZ},
(5.1)

Wy, = {v € C0<§> 10| € Pi(x), Yk € Khl,v|ghl = 0}.

We make use of Matlab to compute the first five approximate eigenvalues by using Scheme 1
with P;-P; element. The numerical results are listed in Tables 1, 2, and 3.
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Table 1: The results on the square by Scheme 1 (P,-P; element) for the eigenvalue problem of electric field

(r=0).

k H 1 hy Ao A n(n)/e(icn) L") /e
1 v2/8 1 +/2/32  1.0000001280750  1.00000012807483 24841 248.41
1 v2/8 2 +/2/64  1.0000000080355  1.00000000803501 14.94 14.94
1 V2/8 3 /2/128 — 1.00000000050340 — 14.96
3 +v2/8 1 /2/32  2.0000017958515  2.00000179585163 245.62 245.62
3 V2/8 2 /2/64  2.0000001126165  2.00000011261761 14.95 14.95
3 V2/8 3 4/2/128 — 2.00000000704840 — 14.98
4 2/8 1 4/2/32  4.0000081820714  4.00000818207150 242.08 242.08
4 /2/8 2 \/2/64  4.0000005140035  4.00000051400385 14.92 14.92
4 2/8 3 /2/128 — 4.00000003219500 — 14.97

Table 2: The results on the L-shaped domain by Scheme 1 (P>-P; element) for the eigenvalue problem of
electric field (r = 0.5).

k H ! hi Moy A n(n)/eicn) () /e
1 V2/10 1 +/2/40  2.619901684020  2.619902307450 0.16 0.16
1 V2/10 2 +/2/80 2545994662814  2.545994677427 0.69 0.69
1 v2/10 3 +/2/160 — 2.468072524066 — 0.78
2 V2/10 1 V2/40 3540738971244  3.540738974231 5.75 5.75
2 V2/10 2 /2/80 3536561194304  3.536561194305 1.65 1.65
2 V/2/10 3 V/2/160 — 3.534975905948 — 1.67
3 4v2/10 1 v/2/40 9.869612668412  9.869612668412 24451 24451
3 V2/10 2 /2/80 9.869604920374 9.869604920377 14.92 14.92
3 V2/10 3 /2/160 — 9.869604433619 — 14.92
5 V2/10 1 +/2/40  11.392491049450  11.392491049225 7.11 7.11
5 V2/10 2 +/2/80  11.390607786437  11.390607786437 1.67 1.67
5 V2/10 3 /2/160 — 11.389899921315 — 1.68

Table 3: The results on the L-shaped domain by Scheme 1 (P;-P; element) for the eigenvalue problem of
electric field (r = 0.95).

k H I h X, A nhen)/eQin) 1D /e(4)
1 +2/10 1 +2/40  1.550099678021 1.550100277590 1.88 1.88
1 +/2/10 2 +/2/80 1512784318422  1.512784324775 1.00 1.00
1 V2/10 3 +/2/160 — 1.492972425344 — 1.14
2 W2/10 1 +/2/40  3.534598663496  3.534598663588 14.65 14.65
2 W2/10 2 +/2/80  3.534154160497  3.534154160495 3.62 3.62
2 V2/10 3 +/2/160 — 3.534055109225 — 417
3 4/2/10 1 +/2/40 9.869612641692 9.869612641692 243.23 243.23
3 V2/10 2 V2/80  9.869604919289  9.869604919288 14.90 14.90
3 V2/10 3 +/2/160 — 9.869604433575 — 14.92
5 +2/10 1 +/2/40  11.389671749018  11.389671749041 28.83 28.83
5 +2/10 2 +/2/80  11.389519405478  11.389519405477 3.81 3.81
5 V2/10 3 /2/160 — 11.389487122250 — 418
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In Tables 1-3, A1y, Aoy, - - -, A5, denote the first five eigenvalues obtained by using the
mixed element on K" directly; )Lll”,)L;” L. ,)Lé” denote the first five eigenvalues obtained by
Scheme 1:

e(hin) = on =Ml e(17) = [ = ],
(5.2)

> -
M) = Olhicn = Ahyy s n(ﬂ’) = 9|)LZ’ — A

. (@=1).

From Tables 1-3, we can see that (1) AZ’ and Ak, have the same accuracy. (2) It fails
to find A, by direct computation by using the mixed element on K™ with h; = v/2/128 in
the case of the square domain and h; = v2/160 in the case of the L-shaped domain (here
Matlab shows that Sparse lu with 4 outputs (UMFPACK) failed), but Scheme 1 still works.
(3) 71(/\,’:’ ) = |)LZI - )LZH | is an efficient and reliable error indicator of .)LZI .

It can be seen from Tables 1-3 that, in the calculation of error indicators, 6 should be
selected as follows: in the case of the square domain, 6 = 1/15; in the case of the L-shaped
domain, 0 is equal to 1,3/5,1/15, and 3/5, respectively when r = 0.5, and 6 is equal to
1,1/4,1/15 and 1/4 respectively, when r = 0.95.

Remark 5.1. Taking Table 1, for example, we illustrate how to select t; next. In Table 1, hy =
\V2/8, hy =/2/32, hy = V/2/64, and hs = v/2/128. According to h; = h:’;l, by calculation, we
get that t; = 1.80, t, = 1.22, and t3 = 1.18.
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