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We study some properties of (a, f)-normal operators and we present various inequalities between
the operator norm and the numerical radius of («, f)-normal operators on Banach algebra B() of
all bounded linear operators T : # — H, where # is Hilbert space.

1. Introduction

Throughout the paper, let B(s#) denote the algebra of all bounded linear operators acting on
a complex Hilbert space (#, (-, -)), Bn(#) denote the algebra of all self-adjoint operators in
B(H), and I is the identity operator. In case of dim # = n, we identify B(#) with the full
matrix algebra ,(C) of all n x n matrices with entries in the complex field. An operator
A € By(H) is called positive if (Ax,x) > 0 is valid for any x € H#, and then we write A > 0.
Moreover, by A > 0 we mean (Ax,x) > 0 for any x € H. For A, B € B,(H), we say A < B if
B—-A > 0. An operator A is majorized by B, if there exists a constant A such that || Ax|| < A||Bx||
for all x € H or equivalently A*A < A’B*B [1].

For real numbers a« and f with 0 < a <1 < 3, an operator T acting on a Hilbert space
H is called (a, p)-normal [2, 3] if

&T*T < TT* < p°T*T. (1.1)
An immediate consequence of above definition is

a®(T*Tx,x) < (TT*x,x) < p(T*Tx, x), (1.2)
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from which we obtain

al|Tx|| < IT"x|| < BIIT]|, (1.3)

forall x € K.

Notice that, according to (1.1), if T is (a, f)-normal operator, then T and T* majorize
each other.

In [3], Moslehian posed two problems about (a, f)-normal operators as follows.

For fixed a > 0 and f#1,

(i) give an example of an (a,f)-normal operator which is neither normal nor
hyponormal;

(ii) is there any nice relation between norm, numerical radius, and spectral radius of an
(a, p)-normal operator?

Dragomir and Moslehian answered these problems in [2], as more as, they
propounded a nice example of (a, f)-normal operator that is neither normal nor hyponormal,
as follows.

The matrix (19) in B(C?) is an (a, f)-normal with a = \/(3-+5)/2 and p =

\/(3++/5)/2.

The numerical radius w(T) of an operator T on & is defined by
w(T) = sup{|(Tx, x)| - [lx[| = 1}. (1.4)
Obviously, by (1.4), for any x € # we have
(T, x)| < w(D)|x|*. (1.5)

It is well known that w(-) is a norm on the Banach algebra B(#) of all bounded linear
operators. Moreover, we have

w(T) <||T|| <2w(T) (T € B(H)). (1.6)

For other results and historical comments on the numerical radius see [4].
The antieigenvalue of an operator T € B(H) defined by

ji(T) = inf Re(Tx, x)

e (1.7)
Txz0 || Tox|l[|x||

The vector x € H which takes y;(T) is called an antieigenvector of T. We refer more study on
this matter to [4].

In this paper, we prove some properties of (a, f)-normal operators and state various
inequalities between the operator norm and the numerical radius of (a, f)-normal operators
in Hilbert spaces.
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2. Some Properties of (a, f)-Normal Operators

In this section, we establish some properties of («, f)-normal operators. It is easy to see that if
T is an (a, f)-normal (a > 0) then T* is (1/,1/a)-normal. We find numbers z € C such that
z + T is (a, f)-normal where T is («, f)-normal.

We know by the Cauchy-Schwartz inequality that =1 < p; (T) < 1. Also we can write

. . Re(Tx,x)
= inf ———*~,
mT) = = @1)
Tx#0
We define
Re(Tx, x)
T):=sup————.
(D) ||x||£)1 Tl (2.2)
Tx#0

We know that if T is normal operator then z + T is also normal.

Theorem 2.1. Let T be an (a, p)-normal operator on a Hilbert space such that 0 < a < 1 < B and
z € C. Then z + T is (a, B)-normal, if provided one of the following conditions holds:

(i) pa(zT) 20,

(ii) 1 (ZT) <0, |z* 2 =22|||T |1 (ZT).

Proof. In both of above cases, we show that
|z|* + 2Re(zTx,x) >0, Vx € Hwith ||x|| =1, Tx #0. (2.3)

By the assumption (i), y1(zT) > 0, we have Re(zTx, x)/|z|||Tx|| > O for every x € H with
x|l =1 and Tx #0, consequently we get Re(zTx, x) > 0, and therefore (2.3) is valid. On the
other hand, if (ii) holds and we set B := p; (zT') then we get B < Re(zTx, x) /|z|||Tx|| for every
x € H with [|x|| =1 and Tx #0, consequently:

Re(zTx, x)

inf(B||Tx| : [lx|| =1, Tx#0} < inf{ T =

x| = 1,Tx7£0}. (2.4)

Since B < 0, we obtain

“Binf(~|Tx| : |l = 1, Tx£0} < inf{nTxnw = 1,Tx¢0}, (25)
[2[Tx]
and so
Bsup{||Tx| : ||x|| =1,Tx#0} < inf{||Tx||W x| = 1,Tx7£0}. (2.6)
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Now, by using the last inequality, we have

= . Re(zTx, x
|z* + 2)z]||T||p1 (ZT) = |z|* +2|z| | sup ||Tx]| inf {¥}
llxll=1 <=1 U ||| Tx]]
Tx#0 Tx#0

(2.7)

Re(=T
<)z + 2|z|Hi1i‘1f1{ ||Tx||M}
xl||=

|z[[ITx]|

= |z + 2”ir||1_f1{Re<ETx,x> }.

This shows that (2.3) holds for (ii), too. Thus, for any x € J# with ||x|| = 1 we have
a{(z+T) (z+T)x,x) = a2[<|z|2x,x> +(zTx,x) + (zT*x,x}] +a?(T*Tx, x)
< <|z|2x,x> +(ZTx,x) + (zT*x,x) + (TT*x, x)
=((z+T)(z+T)"x,x) (2.8)
< ﬂ2[<|z|2x,x> +(zTx, x) + (zT*x,x)] + (T Tx, x)

= {(z+T) (z+T)x,x)

and this completes the proof. O

Corollary 2.2. Let T be an (a, p)-normal operator. We have the following.

(i) If 1 (T) > O then z + T is (a, B)-normal operator for any z > 0.
(ii) If po(T) < O then z + T is (a, B)-normal operator for any z < 0.

Proof. (i) By the definition of the first antieigenvalue of T, for all z > 0 we have
w1 (2T) = (2T) = pn (T) 2 0. (2.9)

By using Theorem 2.1(i) we imply that z + T is an («, )-normal.
(ii) If z < 0, then

w1 (ZT) = —p2(T) 2 0. (2.10)

By using Theorem 2.1(i) we imply that z + T is an (a, f)-normal. O

Corollary 2.3. Let T be an injective and (a, f)-normal operator with a > 0. Then
(i) R(T) is dense,
(ii) T* is injective,

(iii) if T is surjective then T~' is also (a, §)-normal.



Abstract and Applied Analysis 5

Proof. Since the inequality (1.3) is valid, we obtain U(T*) = A(T), and therefore R(T)" =
N(T*) = N(T) = 0, thus R(T) is a dense subspace of # and T* is injective. This proves (i)
and (ii).

To prove (iii), we note that since T is surjective, we imply that T is invertible. On
the other hand we have (T*)™" = (T™!)*. Also we know that if A and B are two positive and
invertible operators with 0 < A < B then B! < AL, Since T is (a, §)-normal, by taking inverse
from all sides of (1.1), we get

1 g ene . 1 1 e
ETl(T)ls(:r) 1T1§;T1(T)1. (2.11)
This means that (T~!)" is (1/,1/a)-normal, thus T~! is (&, f)-normal. O

Example 2.4. Consider the following matrix T in B(C?):

T = G 2) (2.12)

T is an (a, f)-normal operator, with parameters a = /(3 — v/5)/2 and ff = /(3 + v/5) /2. Then

T = (1Y) is (a,p)-normal.
For T € B(H) we call

r(T) =sup{|A]| : L € o(T)} (2.13)

the spectral radius of T, where o(T) is the spectrum of T and it is known that r(T) =
limy, — o | T7|*/™ [5, page 102].
Theorem 2.5. Let T be an (a, f)-normal operator such that T* is (a, f)-normal operator for every

n € N, too. Then, we have

STl < r(D) < 7). (214)

Proof. For any T € B(J) we have

IT*T| = IT|1> (2.15)

In particular, if T is a self-adjoint operator then ||T?|| = IT|I. Thus, by the definition of (a, f)-
normal operator, we have

1

= ﬁ||T||4. (2.16)

T*2T2|| S

5 Gl
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By induction on n, we imply that

2n+1

*2M 1
|12 ﬂw S IIT] (2.17)
from which we obtain
” AN 1727
r(1)* = r(T)r(T) = lim (||7"||[|7*])
n—oo
o on ) 1/2"
> lim ||T**' 17
n—oo
120 (2.18)
> lim ( ———|IT|"
1 ﬁ2n+1 -2
1
||T|| m-—— = || 1.
‘32 — 0 f2/2 ﬁz
Therefore, we get (1/p)||T|| < r(T) < ||T||. This completes the proof. O

Below, we give an example of (a,f)-normal operator such that it satisfies in
Theorem 2.5.

Example 2.6. Assume that  is a separable Hilbert space and {e, : n € Z} is an orthonormal
basis for H. We define the operator T € B(#) as follows:

ent, n=0 (mod 3),
1

Te, = Fen-1, M= 1 (mod 3), (2.19)
2e,.1, n=2(mod 3),

SO
1
Ee'”l' n=0 (mod 3),
T*en = 2en+1/ n=1 (mod 3), (220)

enil, n=2 (mod 3),

and by simple computation we get

4116”’ n=0 (mod 3), 61"’ n=0 (mod 3),
TT en =14 4e, n=1 (mod 3), T"Te, = gem N= 1 (mod 3), (2.21)
en, n=2 (mod 3), 4e,, n=2 (mod 3).

Consequently, T is (1/4,4)-normal operator and also T" is (1/4,4)-normal operator, for any
integer n > 0. Thus we have |T|| = 2 and r(T) = 1, hence (2.14) is valid.
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3. Inequalities Involving Norms and Numerical Radius

In this section we state some inequalities involving norms and numerical radius.
Theorem 3.1. Let T € B(H) be an (a, p)-normal operator.

(i) For positive real numbers p and q with p > 2 and (1/p) + (1/q) = 1 we have

IT + TP + | T =T 2 2(1 + a®)" | T|”.

i) If0<p <1orp > 2, then we have
p p

* * P
(I + TP+ T = T*1P)" > | T|¥ (@, p),

where p(a,p) = 2°[(1 + aP)* + (2P - 22)a”].
(iii) If N(T) = 0 and for any x € H with ||x|| = 1 we have

<p,

|| T ITxII

then, we obtain

2
alTI? < w(T?) + £ pITIP.

Proof. (i) We use the following known inequality:

-1
la+bl” +lla-bl” > 2(llall? + |b]1T)",

which is valid for any a, b € # where # is a Hilbert space.
Now, if we take a = Tx and b = T*x in (3.5), then for any x € # we get

* * * _1
I T + T*x[|P + || Tx = T*||” 2 2(|I T || + | T*x| )"
> 2(|[Tx||? + | T )"
= 2(1 + a®)P 7| Tx| 9% D)

=2(1 +a%)P || Tx]|.

Taking the supremum in (3.6) over x € H with ||x|| = 1, we get the desired result (3.1).

(ii) We use the following inequality [6, Theorem 8, page 551]:
p
(lla+ IR +lla=bI?)" = 2 ((lall + 16IP)* + (27 = 22) alP "),

where a and b are two vectors in a Hilbert spaceand 0 <p <lorp > 2.

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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Now, if we put a = Tx and b = T*x in (3.7), then we obtain
(T + T*x|* + | Tx - T*x||2>”
> 20 (TP + IT*x1P)* + (28 = 22)ITx|P | T*x[ ),
> 2P<||Tx||2p(1 +aP)? + (zp - 22>a”||Tx||2”> (3.8)
= 2P| T x| [(1 +aP)?+ <2P - 22>a"’]

= | Tx[*g(a, p).

Now, taking the supremum over ||x|| = 1in (3.8), we get the desired result (3.2).
(iii) We use the following reverse of Schwarz’s inequality:

1
(O Sllalllibll - [(a, b)| < llalll|bll - Re{a, b) < §P2IIaIIIIbII, (3.9)

which is valid for a,b € # \ {0} and p > 0, with ||(a/||b]|) — (b/||al))|| < p (see [7]). We take
a=Txand b =T*x1in (3.9) to get

* * 1 *
ITx|[IT*x|| < [{Tx, T*x)| + EPZIITxIIIIT x||. (3.10)
Thus, we obtain
1
a|Tx|* < [{Tx, T*x)| + §p2ﬂ||Tx||2. (3.11)

Now, taking the supremum over ||x|| = 1 in recent inequality, we get the desired result (3.4).

[
Theorem 3.2. Assume that T is an (a, f)-normal operator. Then, we have
1
2 2 o = _ )2 2 12
(1+a)ITIP < SIT - T*I + w(T?). (312)
Proof. By [2, Theorem 3.1], we have
1
2(1+a?)||T|P < 5 [(IT + TP + T - T*|1"], (3.13)
and also
T*T+TT*||P?> 1 - i
— < Z[||T+T P+ 1T - T*|I]. (3.14)
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On the other hand, it is known [8] that for A, B € B(#) we have

A+B|* 1]|A*A+ BB
< - |l|l———— * . 3.15
[557] <[5 e o1
By using this inequality we get
T+T*||* 1[||T*T +TT* )
< |||l—— . 3.16
H 2 || =2 H 2 (T )] (3.16)

If we put p = 2 in (3.14), we obtain

T+T|> 1 . . )
H 5 5[—<||T+T|| T =TP) + (T )]
T+ | T-T|] 347
1 +T* _T* )
_2[” > +“ > +w<T )]
Thus we get
. |2 .12 2
YT+T*|P _1T-T w(T?) (318)
2 2 -2 2 2
Now, we take p = 2 in (3.13) to obtain
<1 +“2>”T”2 < T-T* 2 T-T* 2 w<T2> — 1||T—T*||2 +(,()<T2> (319)
- 2 2 2 '
This completes the proof. O

Theorem 3.3. Assume that T is an (a, )-normal operator. Then for any real s with 0 < s < 1, we
have

1 . 2
(-9 +) (A9 +s Il < [1-s e B ITIRIT TP +00(1)". G20)
Proof. By [9, Theorem 2.6] (see also [10, Theorem 2.4]), we have

(1= s)llalP + slpI] [(1 = $)116IP + sllall’] - I(a, b)?
(3.21)
< [a=9)lial?+ slpl?] [(1 = 9)llb - tal* + sitb - al?],
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where0<s<1,te€Randa,be H. Bytakingt=1,a=Tx,and b = T*x in (3.21), we get

(1= )T+ sITxIP| [0 = )T I + sl Tx[?] = [{Tx, T*) P

(3.22)
< [ = ITxIP + sITx|?] [(1 = 9)IT*x = Tl + | T*x - TxIP],
thus, we have
1-s * * * S * 2
|2l ) | (- TP o S| - (1)
2
< [ =Tl + sIT*xIP| [(1 = )IT* x| + s TxIP] - | (T2, x ) | 629
< (A= 9ITxIP + s TxI?] [ (1 = )T = T|P + || T - TP
< [ = 9T + spPITx|] T - x|
Finally, we take supremum over ||x|| = 1 from both sides of
1-
<( ﬁf) + s> ((1 —s)+ %) T x|[*
(3.24)
2
< [ =Tl + spITP| 1T = Tl + [ (T2, x) |,
and we use triangle inequality for supremums to complete the proof. O
Corollary 3.4. Let T be an (a, B)-normal operator. Then, we have
1 :
SITIE < ITIT =T+ o(T7)- (3.25)
Proof. By using the inequality (3.21) we get
2
((1=9)+sa?) (A =s)a® +5)IT|I* < [1 =5+ s@[ITIPIT - T*|* + w(T2) . (3.26)
We take s = 0 in inequalities (3.20) and (3.26) to imply
1 " 2
max{ ﬁ,az}nirxn‘* < ||Tx|2IT - T*| + w<T2> . (3.27)

Thus, max{1/p, a} ITx|I”> < |ITx||||ITx - T*x|| + w(T?). Now, taking supremum overall x with
|lx|| = 1, the desired inequality is obtained. O
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