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We find out the general solution of a generalized Cauchy-Jensen functional equation and prove
its stability. In fact, we investigate the existence of a Cauchy-Jensen mapping related to the
generalized Cauchy-Jensen functional equation and prove its uniqueness. In the last section of this
paper, we treat a fixed point approach to the stability of the Cauchy-Jensen functional equation.

1. Introduction

In 1940, Ulam [1] gave a wide-range talk before the Mathematics Club of the University of
Wisconsin in which he discussed a number of important unsolved problems. Among those
was the question concerning the stability of homomorphisms.

Let G be a group and let G, be a metric group with the metric d(-,-). Given ¢ > 0,
does there exist a & > 0 such that if a function h : G; — G, satisfies the inequality
d(h(xy),h(x)h(y)) < 6 for all x,y € Gj, then there is a homomorphism H : G — G
with d(h(x), H(x)) < € for all x € G;?

The case of approximately additive mappings was solved by Hyers [2] under the
assumption that G; and G, are Banach spaces. In 1978, Rassias [3] gave a generalization
of Hyers’s result. Many authors investigated solutions or stability of various functional
equations (see [4-7]).

Let X be a set. A functiond : X x X — [0, oo] is called a generalized metric on X if d
satisfies

(1) d(x,y) =0ifand only if x = y;

(2) d(x,y) =d(y,x) forall x,y € X;

(3) d(x,z) <d(x,y) +d(y,z) forall x,y,z € X.
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Note that the only substantial difference of the generalized metric from the metric is
that the range of generalized metric includes the infinity.
In this paper, let X and Y be two real vector spaces.

Definition 1.1. A mapping f : X x X — Y is called a Cauchy-Jensen mapping if f satisfies the
system of equations:

flx+y,2) = f(x,2)+ f(y,2),

2f<x’yT+Z) = f(x,y) + f(x, 2). (1.1)

When X =Y =R, the function f : RxR — R givenby f(x,y) := axy +bx is a solution
of (1.1).
For a mappings f : X x X — Y, consider the functional equation:

nf <ixi' %iy;> = iif(xi/yj)/ (1.2)
in1 i

i=1 j=1

where n is a fixed integer greater than 1. In 2006, the authors [8] solved the functional
equation:

z+w

2f(x+y,T> = f(x,2) + f(x,w) + f(y,2) + f(y,w), (1.3)

which is a special case of (1.2) for n = 2.

In this paper, we find out the general solution and we prove the generalized Hyers-
Ulam stability of the functional equation (1.2).

2. General Solution of (1.2)
The following lemma ia a well-known fact (see, e.g., [6]).

Lemma 2.1. A mapping g : X — Y satisfies Jensen’s functional equation:
+z
2g<—y2 )=g(y) +8(2) 1)
forall y, z € X if and only if it satisfies the generalized Jensen’s functional equation:

ng<y1+-..+]/n> :g<y1)+...+g(yn) (22)

n

forally, ..., y, € X.



Abstract and Applied Analysis 3

Theorem 2.2. A mapping f : X x X — Y satisfies (1.1) if and only if it satisfies (1.2).
Proof. If f satisfies (1.1), then we get

n n n 1
nf <in, %Zy]> = an <xi, Ezy]> , (23)
i=1 j=1 i=1 j=1

forall x1,...,%,,Yy1,...,¥n € X. Hence, we obtain that f satisfies (1.2) by Lemma 2.1.

Conversely, assume that f satisfies (1.2). Letting x; =---=x, =0and y1 =--- =y, =z
in (1.2), we get f(0,z) = 0 for all z € X. Putting x; = x,x, = y,x3 = --- = x, = 0, and
y1 ==Y, =2zin (1.2), we have

flx+y,z)=f(x,2)+f(y,2) (2.4)
for all x,y, z € X. Setting x; = x and x; = -+ = x, = 0 in (1.2), we obtain that

1 n n
nf <x,;zyj> - S f ) 25)
=1 =1
forall x,v1,...,y, € X. By Lemma 2.1, we see that
+z
2f (x, VT> = f(x,y) + f(x,2), (2.6)
forall x,y,z € X. O

3. Stability of (1.3) Using the Alternative of Fixed Point

In this section, let Y be a real Banach space. We investigate the stability of functional equation
(1.3) using the alternative of fixed point. Before proceeding the proof, we will state the
theorem which is the alternative of fixed point.

Theorem 3.1 (The alternative of fixed point [9]). Suppose that one is given a complete generalized
metric space (Q, d) and a strictly contractive mapping T : Q — Q with Lipschitz constant L. Then,
for each given x € , either

d(T"x, T"+1x> = ¥n>0, (3.1)

Or there exists a positive integer ng such that
(i) d(T"x, T™'x) < oo for all n > ny;
(ii) the sequence (T"x) is convergent to a fixed point y* of T,
(iii) y* is the unique fixed point of T in the set A = {y € Q | d(T™x,y) < o},
(iv) d(y,y*) <1/(1-L)d(y,Ty) forall y € A.

From now on, let Q be the set of all mappings g : X x X — Y satisfying g(0,0) = 0.
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Lemma 3.2. Let ¢ : X x X — [0, 00) be a function. Consider the generalized metric d on Q given
by

d(g h) =dy(g,h) =infS,(g,h), (3.2)
where Sy, (g, h) = {K € [0,00] | lIg(x,y) = h(x,y)|| < Kg(x,y) forall x,y € X} forall g,h € Q.
Then, (Q, d) is complete.
Proof. Let {g,} be a Cauchy sequence in (Q,d). Then, given € > 0, there exists N such that

d(gn,gk) < €if n,k > N. Let n,k > N. Since d(gu, gk) = infS,(gn, gk) < ¢, there exists
K € [0, ¢) such that

182 (x, ) = gk (%, y) || < Kgs(x,y) < egp(x, ) (3.3)

for all x,y € X. So, for each x,y € X, {gu(x,y)} is a Cauchy sequence in Y. Since Y is
complete, for each x,y € X, there exists g(x,y) € Y such that g,(x,y) — g(x,y)asn — oo.
So g(0,0) =1lim, 5 4(0,0) = 0. Thus, we have g € Q. Taking the limit as k — oo in (3.3), we
obtain that

n>N= |g.(xy) -g(x,y)|| <ew(xy), VYxyeX
= c€S,(3n,8) (3.4)

= d(gn g) = inf Sy (g g) <&

Hence, g, — g€ Qasn — oo. O

Using an idea of Cddariu and Radu (see [10] and also [4] where applications of
different fixed point theorems to the theory of the Hyers-Ulam stability can be found), we
will prove the generalized Hyers-Ulam stability of (1.3).

Theorem 3.3. Let L € (0,1) and ¢ satisfy
XY zw
< —_  — — .
tp(x,y,z,w)_6Ltp<2,2,3, 3> (3.5)

forall x,y,z,w € X. Suppose that a mapping f : X x X — Y fulfils £(0,0) = 0 and the functional
inequality:

|2f (x+v.257) - fx2) - fw ) - f(1,2) - f ()| < o (xwzw)  (36)

orall x,vy,z,w € X. Then, there exists a unigue mapping F : X x X — Y satisfying (1.3) such that
y q pping g

I Gew) - el < T2 o), 67)
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where ¢g : X x X — [0, 00) is a function given by

w(xy)

1
= ¢(x, 2, y,~y) + 20(x, %, -y, y) +9(x, %y, 1) +9(x,x,~y,3Y) + 59(x,x,3y,3y)

(3.8)
forallx,y € X.
Proof. By a similar method to the proof of Theorem 2.3 in [11], we have the inequality:
(16f e y) = £ (2x,39)]) < 9(x 2y, ~y) + 20 (x,x, -y, y)
1 (3.9)
+9 (0%, y,y) +9(x,x,-y,3y) + 59(x,x,3y,3y)
for all x, y € X. By (3.5), we get
xy
ll6f (xy) = f2x39) [l < ¢ (x ) < 6Ly ( 5.3 (3.10)
for all x, y € X. Consider the generalized metric d on  given by
d(g h) =dy(g h) :=infS,(g,h) (3.11)
for all g, h € Q. Then, we obtain
d(f,Tf) <L < oo. (3.12)

By Lemma 3.2, the generalized metric space (€, d) is complete. Now, we define a mapping
T:Q — Qby

Tg(x,y) = %g(2x,3y) (3.13)

forall g € Qand all x,y € X. Observe that, forall g,h € Q,

K'€S,(gh), K <K
= |lg(x,y) —h(x,y)|| < K'g(x,y) < Kg(x,y) Vx,yeX (3.14)
= K e S,(g h).



6 Abstract and Applied Analysis

Let g,h € Q, K € [0,00] and d(g, h) < K. Then, there is a K’ € S, (g, h) such that K’ < K. By
the above observation, we gain K € S, (g, h). So, we get [|g(x, y) — h(x, y)|| < K¢ (x,y) for all
x,y € X. Thus, we have

H%g(zx, 3y) - %h(zx, 3y)| < %qu(Zx, 3y) (3.15)
for all x, y € X. By (3.5), we obtain that
1 1
ngg(Zx, 3y) — gh(Zx, 3y) “ <LKg(x,y) (3.16)

forall x,y € X. Hence, d(T'g, Th) < LK. Therefore, we obtain that

d(Tg,Th) < Ld(g, h) (3.17)

for all g,h € Q, that is, T is a strictly contractive mapping of Q with Lipschitz constant L.
Applying the alternative of fixed point, we see that there exists a fixed point F of T in Q such
that

F(x,y) = nli_r)13061—nf(2”x, 3"y) (3.18)

for all x,y € X. Replacing x, y, z, w by 2"x,2"y,3"z,3"w in (3.6), respectively, and dividing
by 4", we have

|F(x+vy,z-w)+F(x-y,z+w) -2F(x,z) - 2F (y,w)]||

n—oo

= lim %”f(Z”(x +y),3"(z-w)) + f(2"(x - y), 3" (z+w))
(3.19)
-2f(2"x,3"z) - 2f (2"y,3"w) ||

1
< 1i n n n n
nhm 6n(p(2 x,2"y,3"z,3"w)

forall x,y, z, w € X. By (3.5), the mapping F satisfies (1.3). By (3.5) and (3.10), we obtain that

T () T ()| = g r @ s - g (@)

IN

L n-1 n-1 L n-1 3.20
6—n(p<2 x,3 y) <. < (7(6L) ¢ (x,y) (3.20)

= %qf(xfy)
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forall x,y € X and all n € N, that is, d(T"f,T""' f) < L"/6 < o for all n € N. By the fixed
point alternative, there exists a natural number ny such that the mapping F is the unique fixed
pointof T in theset A = {g € Q| d(T™f, g) < oo}. So, we have d(T™ f, F) < co. Since

d(f,Tf) <d(f,Tf) +d(Tf,T2f )+ +d(T7f,T"f) < o0, (3.21)
we get f € A. Thus, we have d(f, F) <d(f,T™ f) + d(T™ f, F) < oo. Hence, we obtain

If(xy) - F(x,y)|l < Kg(x,y) (3.22)

forall x,y € X and a K € [0, ). Again, using the fixed point alternative, we have

1
d(f,F)Sﬁd(f,Tf). (3.23)
By (3.12), we may conclude that
d(f,F) < —— (3.24)
fE) <ot '
which implies inequality (3.7). O

Theorem 3.4. L € (0,1) and ¢ satisfy
L
o(x,y,z,w) < g(p(2x, 2y,3z,3w) (3.25)

forall x,y,z,w € X. Suppose that a mapping f : X x X — Y fulfils f(0,0) = 0 and the functional
inequality (3.6). Then, there exists a unique mapping F : X x X — Y satisfying (1.3) such that

1
If (e y) =ECen)ll < ;o (xv), (3.26)

where ¢ : X x X — [0, 00) is a function given by

forallx,y € X.
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Proof. By a similar method to the proof of Theorem 2.3 in [11], we have the inequality

l6f (x,y) = f(2x,3y) || < ¢(x, x,y,-y)

1
+20(x,x, -y, y) +9(x, x5, y) +9(x,x,~y,3Y) + 59(x,x,3y,3y)

(3.28)
for all x,y € X. So, we get
Hf(xry) —6f<§,%>“ <g(x,y) (3.29)
for all x, y € X. Consider the generalized metric d on € given by
d(g, h) =dy(g h) :=infS,(g,h) (3.30)
for all g, h € Q. Then, we obtain
d(f,Tf) <1< oo. (3.31)

By Lemma 3.2, the generalized metric space (€2, d) is complete. Now, we define a mapping
T:Q — Qby

Tg(x,y) = 6g<§, %) (3.32)

for all g € Qand all x, y € X. By the same argument as in the proof of Theorem 2.3 in [11], T
is a strictly contractive mapping of Q with Lipschitz constant L. Applying the alternative of
fixed point, we see that there exists a fixed point F of T in Q such that

F(ry) = lim6'f (5, %) (333)

for all x,y € X. Replacing x,y,z,w by x/2",y/2",z/3",w/3" in (3.6), respectively, and
multiplying by 6", we have

|F(x+y,z-w)+F(x-y,z+w) -2F(x,z) - 2F (y, w)||
X+y z-w x-y z+w\ . (x z\ (Y w
(5 550) (5 50) 2 (s) ¥ (5 5)

< lim 6"4,0(21,1, zln 3—2,, ;U—n>

= lim 6"

n—oo

‘ (3.34)
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for all x,y, z, w € X. By (3.25), the mapping F satisfies (1.3). By (3.25), we obtain that
IT"f (o y) =T f (2, y)
XYy x Y
(5 5) o (55|

n X Y n-1 X Yy n-2712 X Yy n
<030 5:) <600 () <6700 (o) < S Uao)
(3.35)

:6"

forall x,y € X and all n € N, that is, d(T"f,T""!f) < L" < oo for all n € N. By the same
reasoning as in the proof of Theorem 2.3 in [11], we have

1
d(f,F)Smd(f,Tf). (3.36)
By (3.31), we may conclude that
d(f,F) < —— (337)
/=L '
which implies inequality (3.26). O
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