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This note is to investigate the growth of transcendental meromorphic functions with radially
distributed values. We generalize a more recent result of Chen et al. (2011). The paper is closely
related to some previous results due to Fang and Zalcman (2008), and Xu et al. (2009).

1. Introduction and Results

Let f: C — C be a meromorphic function, where C is the whole complex plane and C =
C U {oo}. We shall use the basic results and notations of Nevanlinna’s value distribution
theory of meromorphic functions (see [1-3]), such as T(r, f), N(r, f), and m(r, f). Meantime,
the Nevanlinna’s deficiency 6(a, f) of f(z) with respect to a € C is defined by

6(a, f) =lim mfw —1—1lim Supw

e T ) et 1) oy

and 6(oo, f) is obtained by the above formula with m(r, f) in place of m(r,1/(f — a)), and
N{(r, f) inplace of N(r,1/(f — a)), respectively. The lower order y and order A are defined in
turn as follows:

‘ . dogT(r, f)
po= p(f) = lim inf == 02
(1.2)

A= /\(f) = lim sup M.

oo logr
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For an unbounded subset X of C and a € C, we denote by n(r, X, f = a) the number of
the zeros of f — a counting multiplicities in X N {z : |z| < r}.
In 1992, Yang [4], cf. [5] posed the following interesting conjecture.

Yang’s Conjecture

Let P be a property (or a set of properties) such that any entire (or meromorphic in C)
function satisfying P must be a constant. Suppose that f is an entire (or meromorphic in
C) function of finite lower order y, and that L; : argz =0, (j=1,2,...,4,0< 60, <6, <--- <
0, < 2or; 0441 = 61 + 2or) are a finite number of rays issuing from the origin. If f satisfies P in
C\ (U?:1 L;), then the order \ of f has the following estimation:

Jr
./\S{I;]as);{m,quJ:Gl +271'} (13)

Yang’s conjecture implies that if meromorphic functions satisfy certain properties in
the vicinities of a finite number of rays, then the growth of meromorphic functions will be
restricted.

A well-known result of Clunie [6], cf. [7] is that an entire function f which satisfies
f(2)f'(z) #1 in C must be constant. In [5], L. Yang and C.-C. Yang chose the property P as
f(z)f'(z) #1 and verified the above conjecture. On the other hand, Fang and Zalcman [8]
considered the value distribution of f + a(f’)" in C, where a is a nonzero finite complex
number and n > 2 is a positive integer. Actually, they [8] gave an affirmative answer to
a question suggested by Ye [9]. Later on, Xu et al. [10] further generalized f + a(f’)" to
f+a(f®)"in C for a positive integer k with n > k + 1 and investigated its value distribution.

More recently, Chen et al. [11] chose another property P as f + a(f')" to continue to
study Yang’s Conjecture and proved the following results.

Theorem A. Let f(z) be a transcendental meromorphic function with 6(oo, f') > 0 in C and let
Lj:argz=0; (j=1,2,...,q) bea finite number of rays issued from the origin such that

~r<01<0y<--<Oy<m, Op1=01+2x (1.4)

with w = max{xr/(0;,1 -0;) :1<j<q}. Set Y =C\ (U7:1 L;). I f(z) satisfies

logn(r,Y, f +a(f')" =b) <p (1.5)

lim sup
o logr

with a positive number p, finite complex numbers a #0 and b, for any positive integer n > 2, then the
order \ of f(z) has the estimation A < max{w, p}.

Theorem B. Let f(z) be a transcendental meromorphic function of finite lower order p with
6(co, f') > 0in C. For q pairs of real numbers {a;, p;} such that

< <pr<m<fo<--Lag<Pfy <o (1.6)
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with w = max{x/(f; — a;) : 1 < j < q}, suppose that

logn(r,Y,f+a(f)"=b) _ ) (1.7)

lim sup
oo logr

with a positive number p, finite complex numbers a#0 and b, and Y = U?:l {z:a; <argz < B}, for
any positive integer n > 2, and that

é(aj+1 -pBi) < garcsin 6(02—'}“), Age1 = a1 + 27T (1.8)
with o = max{w, p, u}. Then the order X of f(z) has the estimation A < max{cw, p}.
Now there arises a natural question.
Question 1. What can be said if ' in Theorems A and B is replaced by the kth derivative f*)?
In this paper, we will prove the following results which generalize Theorems A and B.
Theorem 1.1. Let f(z) be a transcendental meromorphic function with 6(co, f ) > 0 for a positive

integer kin Candlet L; : argz = 0; (j = 1,2,...,q) be a finite number of rays issued from the origin
such that

—r <01 <0< <0y<m, Op1=01+2r (1.9)
with w = max{xr/(0;,1 -0;) :1<j<q). Set Y =C\ (U7:1 L;). I f(z) satisfies

logn(r,Y, f+a(f*)" =b
lim sup < ) <p (1.10)

oo logr

with a positive number p, finite complex numbers a #0 and b, for any positive integer n > k + 1, then
the order A of f(z) has the estimation A < max{w, p}.

Remark 1.2. Let k = 1. Then by Theorem 1.1 we get Theorem A.

Corollary 1.3. Let f(z) be a transcendental entire function, let the notations 0; (j =1,2,...,q+1),
w, and Y be defined as in Theorem 1.1, and suppose that the function f(z) fulfills the same condition
(1.10) as in Theorem 1.1. Then the order A of f(z) has the estimation A < max{w, p}.

Theorem 1.4. Let f(z) be a transcendental meromorphic function of finite lower order p with
6(co, f®) > 0 for a positive integer k in C. For q pairs of real numbers {a;, B;} such that

< <prL<ar<pp<--Lag<P, < (1.11)
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with w = max{x/(f; — a;) : 1 < j < q}, suppose that

logn(r Y f +a )" =b) (112)

lim sup
oo logr

with a positive number p, finite complex numbers a#0 and b, and Y = U?zl {z:aj <argz < f;}, for
any positive integer n > k + 1, and that

il 4 \ [6(c0, &)
Z(aj+1 -Bj) < > arcsin %, Age1 = oy + 2 (1.13)
=1

with o = max{w, p, u}. Then the order X of f(z) has the estimation A < max{w, p}.
Remark 1.5. Let k = 1. Then by Theorem 1.4 we get Theorem B.

Corollary 1.6. Let f(z) be a transcendental entire function of finite lower order p, let the notations
aj, Bi (j=1,2,...,9), w, o, and Y be defined as in Theorem 1.4, and suppose that the function f(z)
fulfills the same conditions (1.12) and (1.13) as in Theorem 1.4. Then the order A of f(z) has the
estimation A < max{w, p}.

In order to prove our results, we require the Nevanlinna theory of meromorphic
functions in an angular domain. For the sake of convenience, we recall some notations and

definitions. Let f be a meromorphic function on the angular domain Q(a, ) = {z: a < arg z <
P}, where 0 < p — a < 2or. Nevanlinna et al. [12, 13] introduced the following notations:

Ausr) =5 [ (G~ 7)o |1 (1) [ o' | ()} -

2w (P, N
Bog(r, f) = ]7(421 j log f(re“’) ' sinw(0 — a)do, (1.14)

+log”

1 bm|“\ .
Ca,ﬂ(r/f) =2 Z <|bm|w - |T2“|’ )SII’IW(Gm -a),

1<|by|<r

where w = /(B - a) and by, = |b,|e® are the poles of f in Q(a, ) appearing according to
their multiplicities. The function C,4(r, f) is called the angular counting function (counting
multiplicities) of the poles of f in Q(a,), and E,x,p(r, f) is called the angular reduced

counting function (ignoring multiplicities) of the poles of f in Q(a, f). Further, Nevanlinna’s
angular characteristic function S, 4(r, f) is defined as follows:

Sap(r,f) = Aap(r, f) + Bap(r, f) + Cap(r, ). (1.15)
Throughout the paper, we denote by R(r, *) a quantity satisfying

R(r,*) = Oflog(rT(r,*))}, Vr¢E, (1.16)
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where E denotes a set of positive real numbers with finite linear measure. It is not necessarily
the same for every occurrence in the context.

2. Some Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1 (see [5, 12-14]). Let f be meromorphic in C. Then in Q(a, B) for an arbitrary finite
complex number a, we have

Sap (r, }%) =Sap(r, f) +O(1), (2.1)

and for each positive integer k, we have

(k) (k)
Aunp <r, fT) +Bap <r, fT> =R(r, f). (2.2)

Lemma 2.2 (see [10]). Let n > 2 and k be positive integers, let a be a nonzero finite complex number,
and let p(z) be a polynomial. Then the solution of the differential equation a[w™ (z)]" +w(z) = p(z)
must be polynomial.

Lemma 2.3 (see [1, Theorem 3.1]; [1, page 33, (2.1)]). Let f be meromorphic in C, let
ai, as,...,ay, where q > 2, be distinct complex numbers, 6 > 0, and suppose that |a, — a,| > 6
for1 < u < v < q. Then, for each positive integer k, we have

T(r, f®) <T(r, f) + kN (r, f) + O(log rT(r, ),

q 1 q 1 3q (2~3)
> _— ) - 1 .
m<r,;f_av> _§m<r,f_av> glog 5 log2, Vr¢E

Next we slightly modify the proof of Lemma 2.4 in [10] to give the following key lemma, which is an
important generalization of Lemma 3 in [11].

Lemma 2.4. Let f be transcendental meromorphic in C, let a#0 and b be finite complex numbers,
and let n and k be positive integers with n > k + 1. Then in Q(a, f),

1
Bup(r,f) < (k+1)Cop <r, W) +R(7, f). (2.4)
Proof. Put
g=f+a(f®) -b, (2.5)
¢ = ﬁ (2.6)
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Then ¢#0, for otherwise ¢ would be a polynomial of degree at most k — 1. This and
(2.5) together with Lemma 2.2 imply that f must be a polynomial, a contradiction. By the
Nevanlinna'’s basic reasoning, Lemmas 2.1, and 2.3, (2.5), and (2.6), we have

(Aap + Bap) (r,¢) = R(r,8) = R(r, f)- (2.7)

Now a simple calculation for (2.5) shows that

g® = 0, a<<f<k>>">(") - F0(1+Q(s®)), (2.8)

where Q(f®) is a homogeneous differential polynomial in f® of degree n — 1 and of the
form

o) o)

[FRDY k= 1)t - =
) <n((1{_ k)!) ’ 2!(1(1—kl111)!f(k)<f(k+1)>k e +"'+”(f(k)>k 1f(2k)>'

(2.9)
Then by (2.5), (2.6), and (2.8), we get
FO>1+Q(f9)) = p(f+a(FP)" -b). (2.10)
From (2.5)—(2.10), and Lemma 2.1, it thus follows that
o)y
< Cap <r, %) +Cap <r, W>
< Cup(r,$) +Cayp <r, W> +R(r, f) (2.11)

<kCap(r, f) + (k +1)Cap <r, W) +R(r, f)

k
(k)
< g Cap(r f®) + (k+1)ca,ﬂ<r,

1
f+a(f(k))n—b> +R(1",f)-
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On the other hand, by the Nevanlinna’s basic reasoning, Lemmas 2.1 and 2.3, we
deduce that

1 1

(Aap +Bap) <r, W> + (A + Bap) <Tr W>
1 Q(f ™)
< (A,,,,ﬂ + Ba,ﬂ) <r, W> + (A,x,p + Ba,p) <r, (f(k))"—1>

1
+ (Apc,ﬁ + Ba,ﬂ) <T, W)

1 1
< (Aap +Bu,ﬁ)<r' 0f®) " Q@) + 1> +R(r, f)

QU®)) (@) +1) >
Q™) QM) <1

< (Awp + Bap) <T/

+ (Agp+ Bap) <r, (Q(;(k)))'> +R(r, f)

<50 (1 (™)) ~Con (7 gy ) + RO

< Sa,ﬂ <7'/Q<f(k)>> + Ea,ﬂ(rrf) - Ctx,ﬂ <r R(T/f)

(Q(f®))

S )RR 0 R G B
2.12)

This, together with Lemma 2.1, yields
(n=1)Sep(r, fV) < 1 c (r,f®) + (n=1)Cap( r 2 Y (r—t
a,ﬂ 7 — k + 1 a,ﬁ 7 a,ﬂ 7 f(k) a,ﬁ 7 Q(f(k)) T 1

1
~ Cup <r, W) +R(r, f).

(2.13)

Next we divide into two cases.
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Case 1 (n > k + 2). Suppose that z is a zero of f¥) of multiplicity m. Then we can know that
z( is a zero of (Q(f(k)))' of multiplicity atleast (n —k -1)m+k(m—-1)-1=(n-1)m-k-1.
Thus, we have

1 1 1
(n—=1)Cap <r, W> +Cap <r, Q™Y1 1> —Cap <r, —(Q(f(k>))'>
1 1 1
=Cup <r, —(f(k))"’l > +Cap <r, —Q(f(k)) N 1> = Cup <r, —(Q(f(k>))'> (2.14)

_ 1 = 1

Substituting this into (2.13) gives

k 1 k — 1
(n—1)Sap (T,f( )> < mca,ﬁ<r,f( )> +(k+1)Cqpl 1, Jm

(2.15)
— 1
+ Ca,ﬂ <T, W> + R(T,f)
From this and (2.11) it follows that
kK*+k+1 1
_ (k) Ao (k) 2 L
(= 108ag () < g Can(r /) + (64 G < f+a(/®)"- b> e

(2.16)

implying that

kK2 +k+1 (k+1)? 1
(k) (k) -
Sup(rf) < (n—l)(k+1)ca’ﬁ<r’f )+ =1 Co T a(f) b +R( f)-

(2.17)

Thereby, noting n > k + 2, we get

kK*+k+1 1
Sap(r, f®) < ——Cup(r, f%) + (k+1)Cap <r, —> +R(r, f)
< ) (k+1)2 < ) f+a(f®)" -b 2.18)
1
(k) - -
so that
1
(k) (k) (k) —
Bup(r,£9) < Aag(r £+ Bag(r £9) < (k + 1)Cog < R b) FR(f).

(2.19)

This is the desired result.
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Case 2 (n = k +1). Then, by (2.11) and (2.13), we have

k*+1 1
ksa,ﬂ (T,f(k)> S k + 1 C“/ﬂ (r,f(k)> + k(k + 1)Ca,ﬂ <T, W) + R(T',f), (220)

which leads to

k*+1 1
Sa,ﬁ (T,f(k)> S k(k " 1)C,1,ﬂ<r,f(k)> + (k + 1)C0(,ﬂ <T, W) + R(T,f)

(2.21)

< Cup (r, f<’<>) + (k+1)Cpyp <r, ) +R(r, f).

S
fra(fOY b

This yields

1
Bus( 1) £ e () B () £ 6+ 0 (1 i ) +R )
(2.22)

obtaining the desired result.
This completes the proof of Lemma 2.4. O

The following auxiliary results regarding Pélya peaks and the spread relation are
necessary in the proofs of our theorems.

Lemma 2.5 (see [14-16]). Let f be a transcendental meromorphic function of finite lower order p
and order A(0 < A < o) in C. Then, for an arbitrary positive number o satisfying y < o < A and any
set E of finite linear measure, there exist Pélya peaks {r,} satisfying the following:

(i) 1 € E, limy, oo (1 /1) = o0;
(ii) im inf, _, o (log T (ry, f))/ log s > o;

(iil) T(t f) < X+ 0))(t/10)°T(rn, f), t € [rn/n,nry].

A sequence of {r,} satisfying (i), (ii), and (iii) in Lemma 2.5 is called a Pélya peak of order o
of f outside E. Given a positive function A = A(r) on (0,00) with A — 0asr — oo, we define

Da(r,a) = {9 € [-m, ) | log* > AT (r, f) }

_
|f(re®®) - al
f(rem) | >Ar)T(r, f) }

(2.23)
Da(r,0) = {9 € [-m, ) | log"

Lemma 2.6 (see [17]). Let f be a transcendental meromorphic function of finite lower order p and
order M(0 < A < oo) in C. Suppose that 6 = 6(a, f) > 0 for some a € C. Then for an arbitrary
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Pélya peak {r,} of order o(u < o < ) and an arbitrary positive function A = A(r) with A — 0 as

r — oo, we have
. . 4 . 6
lim inf meas Dy (1, a) > min{ 2, p arcsin/ > o (2.24)
n— oo

Now a more precise estimation of T(r, f) in terms of T(r, f X)) is introduced as follows.

Lemma 2.7 (see [18]). Let f be transcendental meromorphic in C. Then, for a positive integer k and
a real number T > 1, we have

T(r,f) < KT,kT<Tr,f(k)> +log(rr) + O(1), (2.25)

where K, i is a positive number depending on only T and k.
At last, we state the following results due to Edrei, Hayman, and Miles, respectively.

Lemma 2.8 (see [19]). Let f be a transcendental meromorphic function with 6 = 6(co, f) > 0in C.
Then, given € > 0, we have

1
E(r, , VréF,
measE(r f) > T<(r, f) [logr] " " (220)
where
Aol LB
E(r,f) = {E) € [-m, o) : log f(re )| > ZT(r,f)} (2.27)

and F is a set of positive real numbers with finite logarithmic measure (i.e., [ (dt/t) < co) depending
on € only.

Lemma 2.9 (see [20]). Let f be a transcendental meromorphic function in C. Then for each K > 1
there exists a set M(K) of the lower logarithmic density at least d(K) = 1 — (2eX~! - 1)7™' > 0, that
is,

log dens M(K) := lim inf ! f at > d(K), (2.28)
EE— r—w logr J v ¢
such that, for every positive integer p, we have
T(r,
lim sup ﬁ < 3eK (2.29)

r— o0, re M(K) T(T,f(p)) - .
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3. Proofs of Theorems 1.1 and 1.4

In this section, we state the detailed proofs of Theorems 1.1 and 1.4 by using the method in
[14]. To begin with, we give the proof of Theorem 1.4. Finally the proof of Theorem 1.1 can
be derived from Theorem 1.4.

3.1. Proof of Theorem 1.4

Assume on the contrary that Theorem 1.4 does not hold. Then A(f) > max{w, p}. Now by
(1.12), we have

n(r,Q(a;, 6;), f +a(FO) =b) <rrr, j=1,2,..., 3.1)
(rQ(aj, ), f+a(fP) =) j q (

for arbitrarily small ¢ > 0 and sufficiently large r > ry. Let ¢, be the zeros of f +a(f®)"-bon
Q(a i, Bj) appearing according to their multiplicities, and set w; = or/(f;—a;). By the definition
of Cup(r,*), we deduce that

1
Cay <r, W)

<2y Lo zfr d"<tf§(“f/ﬂj)/t£j+ a(f®)" =b)

< -
1< Sml™

. (3.2)
<2

(2w ), £ +alf®)" = b) o[ (1R ), £+ af )" =b) |

rw]- 1 twj+1

+E

T tp
< 2rP*E 4 O(1) + 2wj I —dt
o

twj+1

< Kjer?* @i + O(logr),

where K is a positive number depending on only j and ¢, which is not necessarily the same
for every occurrence in the context. From Lemma 2.4, we have

1

(k) Nt L
Ba, g, (r,f ) < (k+1)Cap <r' fra(fO) —b

> +R(r, f). (3.3)

Thus, it follows by (3.2) and (3.3) that
By, 5, <r,f(k)> < Kjer?**“ + O(logrT(r, f)), Vr¢E, (3.4)

where the exceptional set E associated with R(r, f) is of at most finite linear measure.
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Now we discuss two cases separately.

Case 1 (A(f) > u(f)). Then by the assumption 0 = max{w, p, p} and A(f) > max{w,p}, we
have A(f®)) = A(f) > 0 > u(f) = u(f*). Now from (1.13), we can find a real number £ > 0

such that
4 | [6(o0, f0
P arcsin %, Qg1 = ay + 2, (3.5)

q
> (ajo - pj+2e) +2e < -

j=1

A(f®) > 0 +26 > u(f9). (3.6)

Applying Lemma 2.5 to f*) gives the existence of the Polya peak {r,} of order o + 2¢ of f®
outside the set E. Then, noting that o + 2e > w; > 1/2 and 0 < 6(co, f¥) < 1, by applying
Lemma 2.6 to the Pdlya peak {r,}, for sufficiently large n we have

4 4 [6(0, fV) (3.7)
meas Dy (1, o0) > P arcsin — - €.

Without loss of generality, we can assume that (3.7) holds for all the n. Set

K, := meas <DA(1’n, %) N CJ(“;’ +&,pj - 5)> : (3.8)

j=1

It then follows from (3.5) and (3.7) that

K, > meas(Dx(r,, o)) — meas <[—7r,7r) \ 0(“1' +e,Bi - s))

j=1

meas(Dj (1, 00)) — meas <
j

q (ﬂ] —&j t E)> (3.9)
=1

q
meas (D (1, 0)) — Z((X]'+1 —Bj+2¢) >e>0.
im1

By (3.9), it is easy to see that there exists a jy such that, for infinitely many n, we have

Ky
meas(Da (rn, ) N (aj, +&,pj, —€)) > o > (3.10)

£
=
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Without loss of generality, we can assume that (3.10) holds for all the n. Set E,, = D (7, o0) N
(aj, +€,Pj, — €) and A(r) = [log r]™". From the definition of Dy (r,,, o), we deduce that

FO (re)|do

T )
_a logrn

[ e [

(3.11)

On the other hand, by the definition of B, 4(r, *) and (3.4), it follows that

Bj—¢ .
log® | f® (r,e®)|d0 < ——"——B, 5 (ra, f*
J‘u]-0+£ < > | 2wj, s1n(£w]-0) o < > (3.12)

< Ko (1" 411 log (raT (1, f)) ),

w
ar, "

where r, & E, wj, = 7 /(fj, — aj,), and K}, . is a positive number depending on only jy and ¢.
Combining (3.11) with (3.12) gives

T<rn,f(k)> < m <rﬁ+g + 1 log(rnT(rn,f))>, (3.13)

implying together with (iii) in Lemma 2.5 and Lemma 2.7 that
10gT<rn,f(k)) < 3loglogr, + max{p + ¢, w;, } logr, + log logT<rn,f(k)> +0(1). (3.14)
Thus, from (ii) in Lemma 2.5 for o + 2¢, we have

log T(r,, (k)
0+25§hmsupM

<max{p+¢ew;} <o+eg, (3.15)
" oo IOng {P ]0}

which is impossible.

Case 2 (A(f) = p(f)). Then by the assumption ¢ = max{w, p, u} and A(f) > max{w, p}, we
have o = pu(f) = M(f) = A(f®) = u(f®). By the same argument as in Case 1 with all the
0 + 2¢ replaced by o = u(f), we can derive

u(f) = o <max{p+e wj} <A(f), (3.16)

which is also impossible.

This completes the proof of Theorem 1.4.
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3.2, Proof of Theorem 1.1

By Theorem 1.4, it suffices to prove that the lower order p(f) of f is finite. As in the proof of
Theorem 1.4, we have, foreach j € {1,2,...,q},

o o
Boyoy (7, f9) < Kjur?= + O(log rT(r, ), wj = 0.0 "¢E (317)

where the exceptional set E associated with R(r, f) is of at most finite linear measure.

For F in Lemma 2.8 and E in (3.17), logdens(F U E) = 0 and hence for M(2) in
Lemma 2.9 when K = 2, logdens(M(2) \ (F UE)) > d(2) > 0. Applying Lemma 2.8 to f®
gives the existence of a sequence {r,} of positive numbers such that r, — o (n — o0),
rm € M(2) \ (F UE), and

1
meas E(r,, f®) > . 3.18
< > Te (rn; f(k)) [log rn] 1+e ( )
Set
En = ! ! 3.19
" 2q+ 1. (u, f®) [log 7] Tee” (3.19)
Then, from (3.18) and (3.19), it follows that
q
meas E(rn,f(k)> N J(6; + en, 011 — £n)
j=1
q (3.20)
> meas E<rn,f(k)> - meas( | J(6; — €, 0; +&n)
j=1
> (29 +1)en —2qen = €, > 0.
Hence, there exists a j € {1,2,..., g} such that, for infinitely many n, we have
En
meas <E <rn,f(k)> N (0] + &n, Bju1 — €n)> > r (3.21)
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Without loss of generality, we can assume that this holds for all the n. Let E,, = E(r,,, f®) N
(0 + €n,0j41 — £,). Thus, by the definition of E(r, f) and (3.21), it follows that

0j:1—€n
f log*

6j+5n

f(k) <rnei6> |d6 > J‘En 10g+

f® <rnei9> 'd@
> meas(En)(S(ozﬂTOn,f(k)) (3.22)

£n6 (o0, f1) (k)
> TT(Tn,f >

On the other hand, by the definition of B, (7, *) and (3.17), we have

9j+l_5n
J log*

9j+£n

wij
Tty

A (rnei9> |d9 < Bo, 6,1 (r"'f (k)>

2w sin(guwj) 62

2
K; "
< T Rie <rﬁ+€ +7, log(rnT(rn,f))>,

- 4w]2.£,,

wherer, ¢ E UF, wj =T / (9]-+1 - Qj), and K j 18 a positive number depending on only j and
€. Combining (3.22) with (3.23) now yields

2
2 W) < 9T Kie (1 pee w
snT<rn,f ) < w]2.6(oo,f(k)) <r,, +1, log(rnT(rn,f))>, (3.24)

so that, together with (3.19) and Lemma 2.9, we have

p )« BB (2 g 10 (1) 100,

(3.25)

Thus u(f) = p(f*®) < max{p + g,wi}/(1 - 2¢) < oo and so Theorem 1.1 follows from
Theorem 1.4.
This completes the proof of Theorem 1.1.
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