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The purpose of this paper is to study the strong convergence of a non-implicit iteration
process with errors for asymptotically I-nonexpansive mappings in the intermediate sense in

the framework of Banach spaces. The results presented in this paper extend and improve the
corresponding results recently announced.

1. Introduction and Preliminaries

Let K be a nonempty, closed, and convex subset of a real Banach space X andletT: K — K
be a mapping. In this paper, we use F(T) to stand for the set of fixed points of T, that is
F(T)={xeK:Tx = x}.

Recall that T is said to be nonexpansive if

ITx =Tyl < [lx -y

, VYx,yeK. (1.1)

T is said to be asymptotically nonexpansive if there exists a sequence {h,} with h, C
[1,+00) with lim,, _, ., = 1 such that

IT"x = T"y| < hullx ~y

|, Vx,yeK n>1 (1.2)
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T is said to be asymptotically nonexpansive in the intermediate sense if it is continuous
and the following inequality holds:

lim sup sup (||T"x - T"y|| - [|x - y||) < 0. (1.3)

n—ow xyck

Observe that if we define a, = supx,yek(llT"x -T"y|| - |llx = yl), on = max{0, a,}, then
0, — 0asn — oo and (1.3) reduces to

|T"x -T"y|| < ||x-y| +0n VYx,yeK, n>1 (1.4)

It is easy to see that every nonexpansive mapping is asymptotically nonexpansive.
And every asymptotically nonexpansive mapping is asymptotically nonexpansive in the
intermediated sense. In [1], Goebel and Kirk proved that, if K is a nonempty closed convex
bounded subset of a real uniformly convex Banach space X, and T is an asymptotically
nonexpansive self-mapping on K, then T has a fixed point in K. The class of mappings which
are asymptotically nonexpansive in the intermediat sense was investigated by Bruck et al.
[2] and Kirk [3]. Since then, many authors have investigated the fixed point problem of
these mappings based on implicit iterative methods or non-implicit iterative methods; see,
for example, [4-21].

Let] : K — K be a mapping. Recall that T is said to be asymptotically I-nonexpansive
if there exists a sequence {h,} with {h,} C [1,+c0) with lim,_, ,h, = 1 such that

|T"x - T"y|| < hu||[I"x - T"y||, Vx,y €K, n>1. (1.5)

Recently, weak and strong convergence theorems for fixed points of I-nonexpansive
mappings, and asymptotically I-nonexpansive mappings have been established by many
scholar, see, for example, [22-25].

In this paper, we consider a new mapping based on asymptotically nonexpansive
mappings in the intermediate sense and asymptotically I-nonexpansive mappings.

LetT : K — K,I : K — K be two mappings. T is said to be asymptotically I-
nonexpansive in the intermediate sense if it is continuous and the following inequality holds:

limsup sup (||T"x - T"y|| - ||[I"x - I"y]|) <O. (1.6)

n—oo  x,yek

Observe that if we define a, = sup, , o (IT"x - T"y|| - [[["x - I"y||), 0» = max{0, a,}, then
0, — O0asn — oo and (1.6) reduces to

|T"x - T"y|| < |[I"x - I"y|| + 00, VYx,yeK, n>1. (1.7)

Note that if I = Id, where Id is the identity mapping, then (1.7) reduces to (1.4).

In this paper, we investigate asymptotically I-nonexpansive mappings in the
intermediate sense based on a non-implicit iterative algorithm. Strong convergence of the
implicit iterative algorithm is obtained in the framework of Banach spaces.

In order to prove our main results, we need the following lemmas.
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Lemma 1.1 (see [21]). let X be a uniformly convex Banach space. Let b and c be two constants with
0 < b < ¢ < 1. Suppose that {t,} is a sequence in [b,c]. Let {x,} and {y,} be two sequences in X
such that

lim sup||x,| < d, lim sup||y.|| < d,

n—oo n—oo

(1.8)
lim ||ty + (1 = ty)yul| = d

hold for some d > 0, then lim,, _, o || X5 — Y| = 0.
Lemma 1.2 (see [26]). Let {a,}, {bn}, and {c,} be three nonnegative sequences satisfying the

following condition:

ans1 < (1 +bya,+c,, Yn>mng, (1.9)

where ny is some nonnegative integer, 7> by, < oo and Y77, ¢, < oo. Then the limit lim, _, ., a,
exists.

2. Main Results

Lemma 2.1. Let X be a real Banach space and K a nonempty closed and convex subset of X. Let
T : K — K be a asymptotically I-nonexpansive in the intermediate sense and I : K — K a
asymptotically nonexpansive in the intermediate sense. Assume that F := F(T) N F(I) #0. Let 0, =
max{0,sup, o (IT"x=T"y[| - [[I"x = I"yl|) } and &, = max{0, sup, o (IT"x=T"y| - llx-yl)}.

Let {an}, {Pn}), (v}, (@0}, {ﬁn}, {Yn} be six real number sequences in (0,1). Let {x,} be a sequence
generated in the following iterative process:

x1 €C,
Yn = anxn + ﬁnInxn + ann/ (21)

Xnt+l = ApXp + ,BnTnyn + Yully, N2 1,

where {u,} and {v,} be two bounded sequences in K. Assume that the following restrictions are
satisfied:

(a) “n+ﬁn+Yn=an+,Bn+?n=1;
(b) 3100 <00, Dty On < 00,
(C) ZZo:l Yn < o, Z;.lozl ?n < ©0.

Then lim,, _, .|| x,, — p|| exists forall p € F.
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Proof. Letting p € F, we see that

”yn _P” = || (1 _ﬁn - ?n)xn +,Bn1nxn + ?nvn - P“

< (1= Bu =) — pll + Bl + Fllen
< (1= Bu—5)llxn ol Bl pll ) + Fllon -] @2)
= (1=F)[l%n =l + Fullon = Pl + B
< [l =pll + Fallon = pll + BuTn,

”xn+1 _P” = ” (1 _ﬂn - Yn)xn + ﬂnTnyn + Ynln _P”
< (1= Pu=v)lxn =PIl + Ball T"yu = Il + yal | = p|
= (1= Bu=v) |xn =PIl + BulIT"yn = T"p| + yul[en = |
< (1= Bu=yu) 10 =PIl + Bu (1 1yn = T + 00) + Y |uen = |

(2.3)
= (1= Bu=v)[|xn = pll + BullT"yn = I"p| + Buon + yu||en = p|
< (1= Pu=vu)llxn = pll + Bulllyn =Pl +5n) + Puon + yullun - p|
= (1= Pn=v)lxn =PIl + Bullyn =PIl + yullstn = | + Bn (0w +On)
< (1= pu)llxn = pll + Pullyn = pll + valluw = pl| + Pu(on + ).
Substituting (2.2) into (2.3),we obtain that
%t = pll < (1= ) 10 = pll + B ([l = pIl + Tullow = pll + B )
+ Yul|ttn = || + Bn(On +n) (2.4)
= 1z = pll + [Butallon = pll + yallun = pll + B + puza(1+ Bu)].
Let a, = ||x, —pll, bn =0, and
cn = BuFallon =Pl + Yulln = pll + Buon + BuTn (1 + 1) (2.5)
It follows from (2.4) that
any1 < ap +cp. (2.6)

In view of the restrictions (b) and (c), we see that X', ¢, < co. We can easily conclude the
desired conclusion with the aid of Lemma 1.2. This completes the proof of Lemma 2.1. O
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Theorem 2.2. Let X be a real Banach space and K a nonempty closed and convex subset of X. Let
T : K — K be a asymptotically I-nonexpansive in the intermediate sense and I : K — K a

asymptotically nonexpansive in the intermediate sense. Assume that F := F(T) N F(I) #0. Let 0, =
max{0,sup, o ([T"x=T"y[| = [I"x - I"yl})} and G, = max{0,sup, o, (IT"x=T"y|[ - [lx = yl])}-

Let {an}, {Pu}, {yn), {@n}, (P}, {¥n]} be six real number sequences in (0,1). Let {x,} be a sequence
generated in the following iterative process:

X1 € C,
Yn = 6Enxn + ﬁnlnxn + ?‘rlv‘rl/ (27)

Xn+l = ApXp + ﬂnTn]/n + Ynln, N >1,

where {u,} and {v,} be two bounded sequences in K. Assume that the following restrictions are
satisfied:

(a) “n"‘ﬂn"‘}’n:&n'*'ﬁn‘*'?n:l}
(b) 3521 On < 00, 3521 On < 0;

(€) X1 ¥Yn <0, 20y ¥n < 0.

If both T and I are continuous, then the sequence {x,} strongly converges to a common fixed point of
T and I if and only if

liminfd(x,, F) =0. (2.8)

n—oo

Proof. The necessity is obvious. Next, we prove the sufficiency part of the theorem. Note that
continuity of T and I implies that the set F(T) and F(I) are closed. It follows from (2.6) that

s =Pl < [l =Pl + en. (29)
This implies in turn that
d(xns1,F) <d(x,, F) + cp. (2.10)

Now applying Lemma 1.2 to (2.10), we obtain the existence of the limit lim,,_, ,,d(x,, F). By
condition (2.8), we have

lim d(x,, F) =liminfd(x,, F) = 0. (2.11)
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Next we prove that the sequence {x,} is a Cauchy sequence in K. For any positive
integers n, m, from (2.9) it follows that

[[2em =PIl < N1 = pl + Cnem-r

< (”xn+m—2 - P” + Cn+m—2) + Cnm-1
S .
n+m-1 (212)
<law=pll+ X @
i=n

0
< = pll + e
i=n

Since lim,, _, od(x,, F) = 0,and 3,7, ¢, < oo, for any given ¢ > 0, there exists a positive integer
ng such that

€ = €
d(x,, F) < 3 gci <3, VYnxn (2.13)

Therefore there exists p; € F such that d(x,,p1) < (¢/4), Yn > ny. Consequently, for any
n > ng and for all m > 1, we have

||xn+m - xn” < "xn+m - pl” + ”xn _Plll

<2f|xn = pull + D (2.14)

i=n

This implies that {x,} is a Cauchy sequence in K. Let x, — x* € K. Since F is closed, this
implies that x* € F. This shows that {x,} strongly converges to a common fixed of T and I.
This completes the proof of Theorem 2.2. O

Lemma 2.3. Let X be a real Banach space and K a nonempty closed and convex subset of X. Let
T : K — K be a asymptotically I-nonexpansive in the intermediate sense and I : K — K a
asymptotically nonexpansive in the intermediate sense. Assume that F := F(T) N F(I) #0. Let 0, =
max{0, supx,yek(HT"x—T"yll —|[I"x—-1"y|)} and 6, = max{0, supx,yek(llT"x—T"yll —lx=ylD}.

Let {an}, {Bn}, {vn}, (@0}, {,Bn}, {Yn} be six real number sequences in (0,1). Let {x,} be a sequence
generated in the following iterative process:

x1 € C,
Yn = &nxn + ﬁnInxn + ?nvnr (215)

Xn+1 = ApXy + ﬁnTnyn + Ynln, N > 1/



Abstract and Applied Analysis 7

where {u,} and {v,} be two bounded sequences in K. Assume that the following restrictions are
satisfied:

@) Ay +Pu+Yn=0n+Pn+Tn=1Yn>1;

(b) 3521 On < 00, 35521 On < 00;

(c) there exist constants 1,1, € (0,1) such that T1 < f,, ﬁn <m,Vn>1;
(d) 3521 1 < 00, 30y Yn < 0.

Then

Jim [|x, = T = 0, (2.16)
r}ilrgo||xn —I"x,|| = 0. (2.17)

Proof. According to Lemma 2.1, for any p € F, we have lim,, ., ||x, — p|| exists. Without loss
of generality, we may assume that

Jlim [[x, - pl| = 4, (2.18)
where d > 0 is some constant. It follows that

lim || xp = pl| = Hm || (1 = B) [x0 = P+ Vu(ttn = x0)] + Bu [T"Yu = + Yu(n — x0)] || = d.

n—oo n— oo

(2.19)
Notice that
[0 =P + ¥ Cttn = x0) || < [|%0 = P| + Yullttn = xall. (2:20)
It follows from the restriction (d) and (2.18) that
lim sup ||x, = p + Yu(ttn — x4)|| < d. (2.21)

n— oo
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Notice that
lim sup||T"yn — p + Y (ttn — xu) || < limsup||T"y, — p|| + Hm sup yalltt, — x|
n—oo n—oo n—oo

= limsup||T"y, - p||

n—oo

< limsup (|| 1"y, — I"p|| + on)

< limsup(||yn —p|| +On + 0n) (2.22)
= limsup ||y, - p||

< liinés;}p(llxn ~pll+ Tullow = pll + i)
= d.
In view of (2.19), (2.21) and (2.22), we obtain from Lemma 1.1 that
Tim [l = T"ya|| = 0. (2.23)
Notice that

||xn+1 - xn” = ”ﬂn (Tnyn - xn) + Yn(”n - xn)”
(2.24)

< BallT"yn = xa || + Yallttn = 2.

It follows from (2.23) and the restriction (d) that

Hm o1 = 2] = 0. (2.25)
Notice that
1% pl < 1= pl + 5 (2:26)
It follows that
lim sup||I"x, — pl| < d. (2.27)

On the other hand, we have

Tim [y = pll = Tim || (1= B ) [t = p + T (00 = 2)] + B[ = p + T (00 — )] | = .
(2.28)
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Notice that
lltn = p + ¥u(0n = 20) || < |20 = | + Vullon = xall (2.29)
It follows that
1iinj£p||xn — P+ Tu(0n = x)|| < d. (2.30)
Notice that
1120 = p + V(@ = xa) || < [ 1" = p|| + Fullow = xull- (2.31)

It follows from (2.27) that

limsup ||[I"x, = p + ¥n(vn — xn)|| < d. (2.32)

n—oo

In view of (2.28), (2.30), and (2.32), we obtain from Lemma 1.1 that

Tim [Jx, = 1", = 0. (2.33)

On the other hand, we have
156 = T"xul < ||30 = T"ul| + || T"yn — T"xu|
< lxn = Ty | + |y = x| + 00 + G (2.34)
< N1t = Tyl + Ball "% = xall + Fallon = xall + 00 + 5.

In view of (2.23) and (2.33), we have lim, _, ||x, — T"x,|| = 0. This completes the proof of
Lemma 2.3. O

Theorem 2.4. Let X be a real Banach space and K a nonempty closed and convex subset of X. Let
T : K — K be a asymptotically I-nonexpansive in the intermediate sense and I : K — K a
asymptotically nonexpansive in the intermediate sense. Assume that F := F(T) N F(I) # 0. Let 0, =
max {0, supx,yek(”T"x— T"y|| -1 I"x-I"y||)} and G, = max{0, supx,yek(”T”x— Tyl -lx-yl)}.

Let {an}, {Pn}, {yn}, {0}, {ﬁn}, {Yn} be six real number sequences in (0,1). Assume that both T and
I are Lipschitz continuous. Let {x,} are a sequence generated in the following iterative process:

x1 €C,
Yn = anxn + ﬁnlnxn + ?nvn/ (235)

Xn+l = ApXp + ﬁnTnyn + Yully, N2 1,
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where {u,} and {v,} be two bounded sequences in K. Assume that the following restrictions are
satisfied:

(@) @n+Pu+Yn = Bn+Pu+Tu=1,Yn21;

(b) 3521 On < 00, 352 On < 0;

(c) there exist constants 1,1, € (0,1) such that 1 < f,, ﬁn <m,Vn>1;
(d) X521 Yn <00, 2021 Yu < o0

If at least one of the mappings T and I is compact, then the sequence convergence strongly to a common
fixed point of T and 1.

Proof. Without loss of generality, we may assume that T is compact; this means that there
exists a subsequence {T"x,,} of {T"x,} such that {T"™x,, } converges strongly to x* € K,
then (2.16) implies that {x,, } converges strongly to x*. Since T is continuous, then {T"*x,,, }
converges strongly to Tx*. On the other hand, according to (2.17) and the continuity
of I, we obtain that {I"x,}, {I"*'x,,} converge strongly to x*, Ix*, respectively. Since
1imk—>oo||xnk+1 - xnk” =0, then

ne+1 ne+1 =
I xpq — ™y, ” < xms1 = Xn |l + O — 0, as k — oo,

Iﬂk+1xnk+1 _ Ink+1xnk + O-nk (2.36)

Tnk+1xnk+1 _ TnkJrlxnk || <

<N Xp+1 — X || + Opy + 0y, — 0,  as k — oco.

Observe that

o = T <l = el + [ = T 0

Tnk+1xnk — Tx*

7

|

Tnk+1xnk+l _ Tnk+1xnk || + |

(2.37)

I = L <l = Xl + |t = I o

+ "y, — Ix*

Ink+1xnk+1 _ Ink+1xnk || +

Taking limit as k — oo in the above inequality, we find x* = Tx*, x* = Ix*, which means
x* € F. However, due to Lemma 2.1, the limit lim,, _, o ||x,, — x*|| exists, therefore

lim [[x, — x7[| = Lim [l —x7|[ = 0, (2.38)
n— oo k— oo

which means that {x, } converges strongly to x* € F. This completes the proof of Theorem 2.4.
O
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