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We prove Krasnosel’skii type fixed point theorems in situations where the domain is not nec-

essarily convex. As an application, the existence of solutions for perturbed integral equation is
considered in p-normed spaces.

1. Introduction

Let X be a linear space over K (K = R or K = C) with the origin 6. A functional || - [|, : X —
[0, 00) with 0 < p <1 s called a p-norm on X if the following conditions hold

(a) llx[l, = 0if and only if x = 6;
(b) [[Axll, = [APlIx]|,, forallx € X, A € K;
(©) llx+yll, <lixll, +lyll,, forall x,y € X.

The pair (X, || - ||,)) is called a p-normed space. If p = 1, then X is a usual normed space.
A p-normed space is a metric linear space with a translation invariant metric d, given by
dp(x,y) = |lx - y||p forall x,y € X.
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Let Q be a nonempty set, let M be a o-algebrain Q, and let y : M — [0, +o0) be a posi-
tive measure. The space L (u) based on the complete measure space (2, M, y) is an example
of a p-normed space with the p-norm defined by

70l = [ 1fO P for fe (o),
(1.1)

LP(u) = {ff : Q — K is measurable, IQ |f(t)|pd‘u<+oo}.

Another example of a p-normed space is C,[0,1], the space of all continuous functions
defined on the unit interval [0, 1] with the sup p-norm given by

_ P
lIxIl, = g;glx(t)l , for x € C,[0,1]. (1.2)

The class of p-normed spaces (0 < p < 1) is a significant generalization of the class of usual
normed spaces. For more details about p-normed spaces, we refer the reader to [1, 2].

It is noted that most fixed point theorems are concerned with convex sets. As we know,
there exists nonconvex sets also, for example, the unit ball with center 6 in a p-normed space
(0 < p < 1) is not a convex set. It is a natural question whether the well-known fixed point
theorems could be extended to nonconvex sets. Xiao and Zhu [3] established the existence of
fixed points of mappings on s-convex sets in p-normed spaces, where 0 <p <1, 0 <s < p.

Theorem 1.1 (see [3] (Krasnosel'skii-type)). Let (X, || -I|,) be a complete p-normed space and C
a bounded closed s-convex subset of X, where 0 <p <1, 0 <s<p.Let T : C — X be a contraction
mapping and S : C — X a completely continuous mapping. If Tx + Sy € C forall x,y € C, then
there exists x* € C such that Sx* + Tx* = x*.

In this paper, we investigate the fixed point problem of the sum of an expansive map-
ping and a compact mapping. Our results extend and complement the classical Krasnosel’skii
fixed point theorem. We also prove the Sadovskii theorem for s-convex sets in p-normed
spaces, where 0 < p <1, 0 < s < p, and from it we obtain some fixed point theorems for the
sum of two mappings. In the last section, as an application of a Krasnosel'skii-type theorem,
the existence of solutions for perturbed integral equation is considered in p-normed spaces.

2. Preliminaries

Throughout this paper, we denote the closure and the boundary of a subset A of X by A and
0A, respectively. B(x, r) will be the open ball of X with center x € X and radius r > 0.

Definition 2.1. Let (X, dx) and (Y, dy) be two metric spacesand T : X — Y. The mapping T
is said to be k-Lipschitz, where k is a positive constant, if

dy(Tx,Ty) < kdx(x,y), Vx,yeX. (2.1)

T is said to be nonexpansive if k = 1, and to be a contraction if k < 1.
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Itis clear that every k-Lipschitz mapping is continuous. Moreover, the Banach contrac-
tion principle holds for a closed subset in a complete p-normed space.

Definition 2.2 (see [3]). Let (X, || - ||p) (0 < p £1) be apnormed space and 0 < s < p. A set
C C X is said to be s-convex if the following condition is satisfied

(1- t)l/sx + tl/sy € C, whenever x,y € C, t€[0,1]. (2.2)

Let A C X. The s-convex hull of A denoted by cosA is the smallest s-convex set containing
A and the closed s-convex hull of A denoted by co;A is the smallest closed s-convex set
containing A.

In other words, the s-convexity of the set C is equivalent to that

tix+tyeC, whenever x,ye€C, t;,t, >0, t]+t5=1 (2.3)

For s = 1, we obtain the usual definition of convex sets. For a subset A of X, the s-convex hull
of Ais given by

n n
cosA = {Ztixi 520, D=1, x€A n> 2}. (2.4)

i=1 i=1

It is easy to see that if C is a closed s-convex set, then 6 € C.
Lemma 2.3 (see [3]). Let (X, || - [l,) (0 <p <1) beap-normed space and 0 < s <p.

(a) The ball B(0,r) is s-convex, where r > 0.

(b) If C ¢ X is s-convex and a € K, then aC is s-convex.

(c) If C1,C, C X are s-convex, then Cy + C, is s-convex.

(d) IfCicX, i=1,2,...areall s-convex, then (2, C; is s-convex.

(e) fACXand 0 € A, then cosA C coA, where coA is the convex hull of A.

(f) If C is a closed s-convex set and 0 < k < s, then C is a closed k-convex set.

(g) If X is complete and A is a totally bounded subset of X, then cos A(0 < s < p) is compact.
Theorem 2.4 (see [3] (Schauder-type)). Let (X, ]| - ||p) be a complete p-normed space and C a com-

pact s-convex subset of X, where 0 <p<1,0<s<p.IfS:C — Cis continuous, then S has a fixed
point (i.e., there exists x* € C such that Sx* = x*).

Theorem 2.5. Let (X, |- ||,) be a complete p-normed space and C a closed s-convex subset of X,
where 0 <p<1,0<s<p.IfS: C — Cisa continuous compact map (i.e., the image of C under S
is compact), then S has a fixed point.

Proof. Let Q = co5(S(C)). Note Q is a closed compact s-convex subset of X and S(Q) € S(C) C
Q. The result follows from Theorem 2.4. O
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We will need the following definition.

Definition 2.6 (see [4]). Let (X, d) be a metric space and C a subset of X. The mapping T :
C — X is said to be expansive, if there exists a constant & > 1 such that

d(Tx,Ty) > hd(x,y), Vx,yeC. (2.5)

Theorem 2.7 (see [4]). Let C be a closed subset of a complete metric space (X, d). Assume that the
mapping T : C — X is expansive and T(C) D C, then there exists a unique point x* € C such that
Tx* =x*

Recently, Xiang and Yuan [4] established a Krasnosel’skii type fixed point theorem
when the mapping T is expansive. For other related results, see also [5, 6].

3. Main Results

Theorem 3.1. Let (X, || - ||p) be a complete p-normed space and C a closed s-convex subset of X,
where 0 <p <1, 0 < s < p. Suppose that

(i) S: C — X is a continuous compact mapping (i.e., the image of C under S is compact);
(ii) T : C — X is an expansive mapping;
(iii) z € S(C) implies T(C) + z D> CwhereT(C) +z={y+z:y € T(C)}.

Then there exists a point x* € C such that Sx* + Tx* = x*.

Proof. Let z € S(C). Then the mapping T+z : C — X satisfies the assumptions of Theorem 2.7
by virtue of (ii) and (iii), which guarantees that the equation

Tx+z=x (3.1)
has a unique solution x = 7(z) € C. For any z1, z, € S(C), we have
T(t(z1)) + z1 = T(z1), T(t(z2)) + z2 = 7(22), (3.2)

and so

IT(7(z1)) = T(T(22))ll, = I7(21) = 21 = 7(22) + 2],

(3.3)
< lz1 = zall, + [I7(21) — 7(22) -
Since T is expansive, there exists a constant h > 1 such that
IT(7(z1)) = T(7(22))l, 2 hli7(21) = 7(22) - (3.4)
As aresult
< 1 (3.5)
I7(z1) = T(22)|l,, < m“zl - z2||,,- .
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This implies that 7 : S(C) — C is continuous. Since S is continuous on C, it follows that
75 : C — C is also continuous. Since S is compact, so is 7S. By Theorem 2.5, there exists
x* € C, such that 7(S(x*)) = x*. From (3.1), we have

T(7(S5(x7))) + S(x7) = 7(5(x7)), (3.6)

that is,
Tx* +Sx* = x". (3.7)
This completes the proof. O

Corollary 3.2. Let (X, || -|l,) be a complete p-normed space and C a closed s-convex subset of X,
where 0 < p <1, 0 < s < p. Suppose that

(i) S: C — X is a continuous compact mapping;

(ii) T : C — X is an expansive and onto mapping.
Then there exists a point x* € C such that Sx* + Tx* = x*.

The following example shows that there are mappings which are expansive and satisfy
T(C)cC.

Example 3.3. Let X = C = R with the usual metric and consider Tx = x> + 2x + 1 for x € C.
Then for all x, y € C, we have

[Tx=Ty| =[(+* - ) +2(x - )|
- |(x—y)(x2+xy+y2>+2(x‘y)| (3.8)
= |(2+xy+y2+2)|lx -]

>2|x-yl.

Thus T is expansive with T(C) c C.

Theorem 3.4. Let (X, || - ||p) be a complete p-normed space and C a closed s-convex subset of X,
where 0 < p <1,0 < s < p. Suppose that

(i) S: C — X is a continuous compact mapping;
(ii) T : C — X is an expansive mapping;

(iii) z € S(C) implies C+z CT(C) c CwhereC+z={y+z:y € C}.

Then there exists a point x* € C such that T o (I — S)x* = x*.
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Proof. Since T is expansive, it follows that the inverse of T : C — T(C) exists, T™! : T(C) — C

is a contraction and hence continuous. Thus T(C) is a closed set. Then, for each fixed z € S(C),
the equation

T'x+z=x (3.9)

has a unique solution x = 7(z) € T(C). For any z1,z, € S(C), we have

TN (1(z1)) + z1 = T(21), T (1(22)) + 22 = T(22), (3.10)

so that

I7(z) = 7@, < |z = zall, + [T (7 (2) - T ()|
. (3.11)
< lz1 = 22|, + E”T(Zl) - 7(22)|l,,-
Thus,
h

Ir(z0) = 7(2)ll, < 7= 121 - =zl (3.12)

This shows that 7 : S(C) — T(C) is continuous. Since S is continuous on C, it follows that
75 :C — T(C) ¢ Cisalso continuous and since S is compact, so is 7S. Then, by Theorem 2.5,
there exists x* € C, such that 7(S(x*)) = x*. From (3.9) we have

T7H(T(S(x")) + S(x*) = 7(S(x")), (3.13)

that is,
T 'x* + Sx* = x*, (3.14)

that is,
To(I-S)x"=x". (3.15)
This completes the proof. O

Lemma 3.5. Let (X, |- |I,) (0 <p <1) bea p-normed space and C C X. Suppose that the mapping
T : C — X is expansive with constant h > 1. Then the inverseof F =1 -T : C — (I =T)(C) exists
and

< x,y € F(C). (3.16)

|-y, < 2 el
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Proof. Let x,y € C, we have

[Fx = Fyll, = [[(Tx-Ty) - (x =),
> || Tx-Tyll, - [lx- v, (3.17)
2 (h=1)llx-yl|,
From (3.17) we see that F is one-to-one. Therefore, the inverse of F : C — F(C) exists. Thus,

for x,y € F(C), we have F'x, F"ly € C. Now, using F'x, F"'y and substituting for x, y in
(3.17), respectively, we obtain

[Fix-rty) < ﬁ”x v, (3.18E)]

Theorem 3.6. Let (X, |- ||,) be a complete p-normed space and C a closed s-convex subset of X,
where 0 < p < 1,0 < s < p. Suppose that

(i) S: C — X is a continuous compact mapping;

(i) T: X — X (or T:C — X) is an expansive mapping with constant h > 1;

(iii) S(C) c (I =T)(X) and [x = Tx + Sy, y € C implies x € C]or S(C) c (I -=T)(C).
Then there exists a point x* € C such that Sx* + Tx* = x*.

Proof. From (iii), for each y € C since S(C) ¢ (I-T)(X) or S(C) ¢ (I-T)(C) thereisanx € X
such that

x-Tx=Sy. (3.19)

If S(C) ¢ (I - T)(C) then x € C whereas if S(C) ¢ (I - T)(X) then Lemma 3.5 and (iii) imply
x=(- T)_lsy € C.Now (I - T)™" is continuous, and so (I - T)"'S is a continuous mapping
of C into C. Since S is compact, so is (I - T)'S. By Theorem 2.5, (I - T)™'S has a fixed point
x* € Cwith x* = (I - T) ' Sx*, that is, Sx* + Tx* = x*. This completes the proof. O

Theorem 3.7 (Petryshyn-type). Let (X, | - ||p) be a complete p-normed space and D an open

s-convex subset of X with @ € D, where 0 < p <1, 0 <s < p.Let S: D — X be a continuous
compact mapping and

lIx - Sx]l,, > [|Sx|l,,, Vx €dD. (3.20)

Then there exists z € D such that Sz = z.

Proof. The proof is exactly the same as the proof of Theorem 2.20 (b) [3]. Here we use
Theorem 2.5 instead of Theorem 2.14 [3]. O
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Theorem 3.8. Let (X, || - ||p) be a complete p-normed space and D an open s-convex subset of X,
where 0 <p <1, 0 < s < p. Suppose that

(i) S: D — X is a continuous compact mapping;
(ii) T : X — X isan expansive map with constant h > 1;
(D) ¢ (I-T)(X);

(iv) ISx + 10|, < ((h - 1)/2)||x]|,, for each x € OD.

(ii

)
)
)
)
Then there exists a point x* € D such that Sx* + Tx* = x*.

Proof. From (iii), for each x € D, there is a y € X such that

y—-Ty = Sx. (3.21)

Thus by Lemma 3.5, we have y = (I - T)"'Sx := GSx € X. Again by Lemma 3.5 and (i), we
see that GS : D — X is compact. We now prove that (3.20) holds with S replaced by GS. In
fact, for each x € D, from (3.21), we have

T(GSx) + Sx = GSx, (3.22)
S0
IT(GSx) - T0O||, < |GSx||,, + [|Sx + T6l,,. (3.23)
Since T is expansive, we have
IT(GSx) - T0|, > h||GSx|l,,. (3.24)

It follows from (3.23) and (3.24) that
GSxll, < ——||Sx + T8 (3.25)
1GSxl, < —11Sx + Tl -
Thus, by (3.25) and (iv), for each x € 0D, we have

2
1GS= - (IGSxll, = l1xll,) = llxll, (21GSxll, - l1x1l,)
) (3.26)
< Il (=S +Tell, - 1, ) <0,

which implies (3.20). This completes the proof. O
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Corollary 3.9. Let (X, ]| - ||p) be a complete p-normed space and D an open s-convex subset of X,
where 0 < p <1,0 < s < p. Suppose that

(i) S: D — X is a continuous compact mapping;
(ii) T : X — X is an expansive map with constant h > 1;
(iii) z € S(D) implies T(X) +z= X where T(X)+z={y+z:yeT(X)};
)

@iv) ISx + 10|, < ((h - 1)/2)||x]|,, for each x € OD.
Then there exists a point x* € D such that Sx* + Tx* = x*.

Theorem 3.10. Let (X, || - ||,) be a complete p-normed space and D an open s-convex subset of X,
where 0 < p <1,0 < s < p. Suppose that

(i) S: D — X is a continuous compact mapping;
(ii) T : X — X is a contraction with contractive constant a < 1;
(iii) [ISx + 10|, < (1 - a)/2)||x]|,, for each x € OD.

Then there exists a point x* € D such that Sx* + Tx* = x*.

Proof. For each z € S(D), the mapping T + z : X — X is a contraction. Thus, the equation

Tx+z=x (3.27)
has a unique solution x = 0(z) € X. For any z1,z, € S (D), from
T(o(z1)) +z1 =0(z1), T(0(z2)) + 22 = 0(22), (3.28)

it follows that

llo(z1) —o(z)l, = IT(0(z1)) + 21 = T(0(22)) - 22,

(3.29)
<|IT(o(z1)) = T(o(z2), + llz1 — z2|l,,-
Since T is a contraction with contractive constant « < 1, we have
IT(0(z1)) = T(a(2)ll, < allo(z1) - o(z2)ll,,- (3.30)
Thus, we have
lo(z1) - o(22)]l, < %nz1 -2, z,2¢S(D). (331)

It follows from (3.31) and (i) that 0S: D — X is compact. From (3.27), we have

loSx]|, < %us;c +T6|,, x€D. (3.32)
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For every x € 0D, from (3.32) and (iii), we deduce that

2
loSx(l3 - (loSxll, - l1xl, ) = llxl, (2lloSxll, - l1x], )
) (3.33)
< Il (=5 11Sx + Tl ~ 1, ) <0,

which implies (3.20). This completes the proof. O

4. Condensing Mappings

Now, we extend the above results to a class of condensing mappings. For convenience, we
recall some definitions, see [4, 7].

Definition 4.1. Let A be a bounded subset of a metric space (X, d). The Kuratowski measure
of noncompactness y(A) of A is defined as follows:

6 > 0 : there is a finite number of subsets A; C A such that} 1)

y(A) = inf{ ACUA; and diam(4;) <6

where diam(A;) denotes the diameter of set A;.
It is easy to prove the following fundamental properties of y, see [7]

(i) (A) = x(A).

(ii) y(A) = 0 if and only if A is compact.

ACB = (A) < x(B).

X(AUB) = max{x(A), x(B)).

(v) If A, B are bounded, then y(A + B) < y(A) + x(B).
(vi) If Aisbounded and X € R, then y(1A) = [A|y(A).

(iii
(iv

)
)
)
)
)
)

For (ii) one should remember that a set is compact if and only if it is closed and totally
bounded.

Proposition 4.2. Let (X/| - ||p) (0 < p < 1) be a complete p-normed space and let A, B be two
bounded subsets of X. Then

X(cos(A)) = x(A), (4.2)

where 0 < s < p.

Proof. Let ¢ > 0 and U (x; €) the open ball with center x and radius ¢. Note

diam(N,(S)) < diam(S) + 2¢, (4.3)
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holds for any bounded set S in a metric space; here N.(A) = U,cs U(x;€). Then, if Ais a
bounded set, we have that

X(Ne(A)) < x(A) + 2. (4.4)

Assume first that A and B are bounded s-convex sets. Let C = A U B. We now prove
that

y(cos(C)) < max{x(A), x(B)). (4.5)

To do it, suppose that x € cos,(C) and x ¢ A U B. Then there exist x; € Cand t; > 0,1 =
1,...,n, %0t =1,suchthatx = 3L, tix;. Letx; € Afor1 <i<mandx; € Bform+1<i<n.
Then, we have

1/s 1/s
. its S tixi z": s Ditme ixi (46)
- i m s 1/5 i n S 1/5 : :

i (Zizl t; ) i=m+1 (Zi=m+1 t; )

Consequently

m 1/s n 1/s
x = <th> u+ < Z tf> v, whereue A, veB, (4.7)
i i

and then (4.7) leads to
x=tYu+(1-t)"Y%0, whereue A, veB, te[0,1]. (4.8)

Assume that for each € > 0, there is a positive integer N such that 1/N < ¢. For each i =
0,1,...,N, let

1/s 1/s
Ci= {x € cos(C) : x = (—) U+ <1 - N) vforsomeue€ A, ve B}. (4.9)

Noteift € (0,1), thent € [i/N, (i+1)/N] for some 0 <i < N-1. This implies thatif x € cos(C)
and x ¢ AU B, then x € N.(C;) for somei=0,...,N. Thus,

cos(C) C <0NE(C1-)> UAUB. (4.10)

i=1
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By (iv) and (4.4), we have

X(co.(C)) < max{ x(4), x(B), maxy(N(C) }
o (4.11)

< max{x(A),X(B), max [x(Ci) +2¢] }

For each i, by (v) and (vi), we deduce that

x(Ci) = X((%)USA-’- (1_%)1”8)

< (%)st(A) -(1- %)mxw) (412)

< [(%)1/5 + <1 - %)1/5] max{y(A), y(B)}.

Since
(%)”S N (1 - %)US <1, (4.13)
we have
£(C) < max{x(A), x(B) ). (414)
Hence,
1(cos(C)) < max{x(A), y(B)) + 2e. (4.15)

Since € > 0 is arbitrary we obtain (4.5).
Consequently, if C = Ji; A;, where each A, is bounded s-convex, we have that

X(cos(C)) < gg;@x(Ai)- (4.16)

Now, to prove (4.2), let g > y(A). Then A C U, A;, where diam(A;) < g. We now
claim that diam(cos(A;)) = diam(A;). In fact, since A; C cos(A;), we have

diam(A;) < diam(cos(A;)), (4.17)
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for each i. Also, let x,y € cos(A;), such that x = 37 tix;, y = > tiyi, Xi,yi € A; and
St} =1.Then

sup lx-yll, Zt”lxz vill,

x,y€cos(Ai
< z"l;ts”xi “uil, (4.18)
i 2 diam(A;),
i=1
that is,
diam(cos(A;)) < diam(A;). (4.19)

Hence, diam(cos(A;)) = diam(A;).
Now we may assume that each A; is s-convex for each i. By (4.16), we have

X(cos(A)) < max y(A;) < max diam(A;) <. (4.20)

Since this is true for all g > y(A) then y(cos(A)) < x(A) so (4.2) is proved. O

Definition 4.3. Let X, Y be two metric spaces and Q a subset of X. A bounded continuous map
T :Q — Y is k-set contractive if for any bounded set A C Q, we have

X(T(A)) < ky(A). (4.21)
T is strictly k-set contractive if T is k-set contractive and
X(T(A)) <kx(A) (4.22)

for all bounded sets A C Q with y(A) #0. We say T is a condensing map if T is a bounded
continuous 1-set contractive map and

x(T(A)) < x(A) (4.23)

for all bounded sets A € Q with y(A) #0.

Notice that T is a compact map if and only if T is a 0-set contractive map.
Now, we extend Sadovskii theorem in [7] to a map, that is, defined on a p-normed
space.

Theorem 4.4 (Sadovskii type). Let (X.|| - [|,,) be a complete p-normed space and C a closed s-convex
subset of X, where 0 <p <1, 0<s<p.IfS: C — Cis condensing and S(C) is bounded, then S
has a fixed point.
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Proof. For each fixed x € C, let B be the family of all closed s-convex subsets A of C, such
thatx € Aand S: A — A. Suppose that

B= (A,

AeB (4.24)
D =cos{S(B) U {x}}.

Since x € Band S : B — B, it follows that D C B. This implies that S(D) € S(B) C D. On the
other hand, since x € D, we have D € B and B C D. Therefore, B = D.
As a result, we have S(D) = S(B) C D and

x(D) = x(cos{S(B) U {x}}) = x({S(B) U {x}}) = x(S(B)) = x(S(D)). (4.25)

Since S is condensing, it follows that y(D) = 0, that is, D is compact. Therefore S is a compact
mapping of s-convex set D into itself. By Theorem 2.5, S has a fixed point. O

We next make use of the main ideas established in [5, 6, 8] to obtain a Krasnosel’skii
fixed point theorem in a p-normed space.

Theorem 4.5. Let (X, || - [|,)) be a complete p-normed space and C a closed s-convex subset of X,
where 0 < p <1,0 < s < p. Suppose that S : C — X and

(i) T : C — X is such that the inverseof (I =T) : C — (I = T)(C) exists;
(ii) S(C) € I -T)(C);
(i) (I-T)'S:C — Xis condensing and (I — T)™'S(C) is bounded.

Then there exists a point x* € C such that Sx* + Tx* = x*.

Proof. From (ii), we have (I - T)'S:C — C.Thus, I -T)'Sisa condensing map of C into
itself. By Theorem 4.4, (I - T)™' S has a fixed point. This completes the proof. O

The following lemma is easy to prove.

Lemma 4.6. Let (X, || -l,) (0 < p < 1) be a complete p-normed space and C C X. Assume that
T : C — X isa k-Lipschitizian map, that is,

||Tx—Ty||p < k||x—y||p, x,y €C. (4.26)

Then for each bounded subset Q of C, we have y(T(Q)) < ky(£2).

Theorem 4.7. Let (X, |- ||,) be a complete p-normed space and C a closed s-convex subset of X,
where 0 < p <1, 0 < s < p. Suppose that
(i) S: C — X isa 1-set contractive map (condensing) and S(C) is bounded;
(ii) T : C — X is an expansive map with constant h > 2 (h > 2);
(iii) z € S(C) implies T(C) + z D Cwhere T(C) +z={y+z:y € T(C)}.

Then there exists a point x* € C such that Sx* + Tx* = x*.
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Proof. Let T be the function defined as in Theorem 3.1. We will show that 75 : C — Cisa
condensing map. Let Q be bounded in C. From (3.5) and Lemma 4.6, it follows that

1
X(7(5(€2))) < 7= x(5(L))- (4.27)
Suppose first that S is 1-set contractive. Then
1
X((79)(Q)) < 7= x(Q), (4.28)

which implies that 7S : C — C is a condensing map. The other case when S is condensing
and h > 2 also guarantees that 7S : C — C is a condensing map. The result follows from
Theorem 4.4. This completes the proof. O

Theorem 4.8. Let (X, |- ||,) be a complete p-normed space and C a closed s-convex subset of X,
where 0 < p <1, 0 < s < p. Suppose that

(i) S: C — Xisa 1-set contractive map (condensing) and S(C) is bounded;
(i) T: X — X (or T:C — X) is an expansive map with constant h > 2 (h > 2);
(iii) S(C) c I =T)(X) and [x = Tx + Sy,y € C implies x € Clor S(C) c (I - T)(C).
Then there exists a point x* € C such that Sx* + Tx* = x*.

Proof. For each x € C, by (iii), there exists a y € X such that
y—Ty = Sx. (4.29)

If S(C) c (I -T)(C) then y € C whereas if S(C) C (I - T)(X) then it follows from Lemma 3.5
and (iii), that y = (I - T)"'Sx € C. Now, if A ¢ C is bounded, then by Lemma 4.6 and (3.16),
we have

x((a-17"5) ) < 1= x(s(a). (4.30)
Suppose first that S is 1-set contractive. Then
x((T=-175) () < = x(a), (431)

which implies since h > 2 that (I - T) 'S : C — C is a condensing map. The other case when
S is condensing and h > 2 also guarantees that (I - T)™'S : C — C is a condensing map.
The result follows from Theorem 4.4. This completes the proof. O
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Lemma 4.9. Let (X, |- |I,) (0 <p <1) bea p-normed space and C C X. Suppose that the mapping
T : C — X is a contraction with contractive constant « < 1. Then the inverse of F =1 -T : C —

(I - T)(C) exists and

1
x-yll, xyeF©).

> =y, < 12

Proof. Since, for each x,y € C, we have

[Fx = Fyll, = [|(x-v) - (Tx-Ty)]|,
> |lx=yll, = ITx =Ty,

> (1-a)lx-yll,
Then F is one-to-one and the inverse of F : C — F(C) exists. Suppose that

G:=F'-1:F(C)—X.

From the identity

I=FoF'!'=(I-T)o(I+G)=I+G-To(I+G),

we have that

G=To(+G).
Thus,
|G~ Gyll, < a1+ GO)x - 1+ Gy,
<a([lx-yl,+lIGx-Gyll,).
and so
I6x -Gy, < = llx=vl,, xyeFC).
Therefore,

_ _ 1
|Fx-F ]| <lGx-Gyl, + -yl < 7l - vl

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)
O
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Remark 4.10. If T : C — X is a contraction with contractive constant « < 1, by Lemma 4.9, it
follows that (I — T) ! exists and is continuous. If in addition

Tx+SyeC, foranyx,yeC (4.40)

holds, then (I - T)™'S : C — C. To see this first note, since S(C)+T(C) C C, for each z € S(C),
the mapping T + z : C — C is a contraction. Thus,

Tx+z=x (4.41)

has a unique solution x € C. Hence, z € (I-T)(C) and we have S(C) C (I-T)(C). This shows
that I -T)7'S:C — C.

From Theorem 4.4, we generalize a Krasnosel’skii type theorem (Theorem 1.1) as fol-
lows.

Theorem 4.11. Let (X, || - ||p) be a complete p-normed space and C a closed s-convex subset of X,
where 0 <p <1, 0 < s < p. Suppose that

(i) S : C — X is a strictly (1 — a)-set contractive map (or a P-set contractive map with
p <1-a)and S(C) is bounded;

(ii) T : C — X is a contraction with contractive constant a < 1;
(iii) any x,y € C imply Tx + Sy € C.

Then there exists a point x* € C such that Sx* + Tx* = x*.

Proof. Let A C C be bounded. By Remark 4.10, Lemma 4.6 and (4.32), we have
o 1
x((T-1)7"8)(A)) < —x(S(4)), (4.42)

and so (I-T)'S : C — C is a condensing map. Hence, from Theorem 4.4, there exists a
point x* € C such that Sx* + Tx* = x*. This completes the proof. O

Remark 4.12. 1f (I - T) ™" exists and is continuous on X and if in addition

x=Tx+Sy, yeC=xeC (4.43)

holds, then (I -T) 'S : C — C. To see this first note if z € S(C), then there exists y € Csuch
that z = S(y). Let x = (I - T) 'z, s0 x — Tx = z. This implies x = Tx + Sy, and then x € C.
Hence, z € (I - T)(C) and we have S(C) C (I - T)(C). This shows that (I -T)"'S: C — C.

Theorem 4.13. Let (X, || - ||p) be a complete p-normed space and C a closed s-convex subset of X,
where 0 < p <1,0 < s < p. Suppose that

(i) S : C — X is a strictly (1 — a)-set contractive map (or a P-set contractive map with
p <1-a)and S(C) is bounded;
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(ii) T : X — X is a contraction with contractive constant a < 1;
(iii) [x =Tx+Sy,yeC] =>x e C.

Then there exists a point x* € C such that Sx* + Tx* = x*.

Proof. Let A C C be bounded. By Remark 4.12, Lemma 4.6 and (4.32), we have
1
-1
x((T-1)7'8) (@) < 7—=x(5(4)), (4.44)

and so (I-T)'S : C — C is a condensing map. Hence, from Theorem 4.4, there exists a
point x* € C such that Sx* + Tx* = x*. This completes the proof. O

5. Application

In [9], Hajji and Hanebaly presented a modular version of Krasnosel’skii fixed point theorem
and applied their result to the existence of solutions to perturbed integral equations in modu-
lar spaces. In this section, we use the same argument as in [9] to give an application of Kras-
nosel’skii fixed point theorem to a p-normed space. For more details about modular spaces,
we refer the reader to [10, 11]. Now, we recall some definitions.

Definition 5.1 (see [12]). Let X be an arbitrary linear space over K, where K =R or K =C. A
functional p : X — [0, +o0) is called a modular if

(i) p(x) =0if and only if x = 6;
(ii) p(ax) = p(x) if a € K with |a| =1, for all x € X;
(iii) p(ax + Py) < p(x) +p(y) ifa, p>0witha+p =1, forall x,y € X.
If in place of (iii), we have
(iv) plax + Py) < a®p(x) + p°p(y) for a, p > 0 and a® + f° = 1 withan s € (0,1],
then the modular p is called an s-convex modular, and if s = 1, p is called convex modular.
A modular p defines a corresponding modular space, that is, the space X, given by

X, ={xeX:p(lx) — 0as A — 0}. (5.1)

The subset A of X, is p-bounded if

su X —1) < +o0.
The p-diameter of A is defined by
6,(A) = su xX—1).
P x,yEI?‘X p( y) (53)

A simple example of a modular space is a p-normed space (X, || - ||p).
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Now, we discuss the existence of solutions for the following perturbed integral equa-
tion
¢

u(t) =e™'fo+ f e (T + h)u(r)dr, (5.4)

0
in the modular space (p-normed space) C, = C([0, 1], L?), where

I7 = L7[0,1]

(5.5)
= {f : f:[0,1] — K is measurable, and ||f(t)||p = J |f(®)|dt < +oo},

and C, = C([0, 1], L?) is the space of all continuous functions from [0, 1] to L7[0, 1] under the
modular (norm)

gl = Ossljgllg(t) I,- (5.6)

Consider the following assumptions:
(i) B is a bounded closed s-convex subset of LP with 6 € B, where0 <p <1, 0 <s<p;
(ii) T : B — Bis a mapping satisfying

ITx = Tyll, < kllx =yl (5.7)

forall x,y € Bwhere0 <k <1,and h: B — B is a continuous compact mapping such
that T(B) + h(B) C B;
(iii) fo is a fixed element of B.

Theorem 5.2. Suppose that (i)—(iii) are satisfied then the integral equation (5.4) has a solution u €
Cp.

Proof. Consider C, with

Il = sup|lu(®)ll,, (5.8)

0<t<1

for u € D with D = C([0,1], B). First we show S : D — D where S is given by
t
Su(t) =e™'fo+ f e" (T + h)u(r)dr. (5.9)
0

Suppose that t,, ty € [0,1] and t, — fypasn — oo.Since T and h are continuous, then (T + h)u
is continuous at ty. In fact,

(T + Ryu(tn) = (T + B)u(to)[l, < [[Tu(ty) — Tulto)ll, + llhu(ts) — hu(to)ll,- (5.10)
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Letn — oosowehave ||(T + h)u(t,) — (T + h)u(t0)||p — 0, thatis, (T +h)u is continuous at f.
Since t € [0,1] is arbitrary, Su is continuous from [0, 1] into L?. Next, in the complete space
L?, we have

ft e (T + h)u(r)dr € (It er"tdr> cos(T + h)u(r), (5.11)
0 0

where 0 < r < t. Since (T + h)(B) C B, it follows that

ft e" (T + h)u(r)dr € (1-e™")cos(B), (5.12)
0

and since B is closed s-convex, we have cos(B) = B = B. Therefore, Su(t) € e 'B+(1-e)B C B
forallt € [0,1]. Thus S: D — D.
Let

¢
Tiu(t) =e™' fo + f e ' Tu(r)dr,
0

t (5.13)
hyu(t) = J‘ e " hu(r)dr.
0
Thus S = T + h;. We will show that the hypotheses of Theorem 4.11 are satisfied.
Now since T(B) + h(B) C B we have
Tiu(t) + ho(t) ee'B+ (1-e')BCB, (5.14)
forany t € [0,1] and u,v € D. Hence T1 (D) + h1(D) C D. For any u,v € D, we have
t
Tiu(t) - Tio(t) = f e" (Tu-To)(r)dr. (5.15)
0

Fix t € [0,1]. Using the same argument in the proof of Lemma 2.1 [12] we now show that T}
is a contraction. Let T = {to,t1,...,t,} be any subdivision of [0, f]. We know that Z?:_ol (tis1 —
t;)e"tx(t;) is convergent to fé e’ 'x(r)dr in LP when |T| = sup{|tin — |, i=0,...,n=1} = 0
asn — oo. Therefore

<lim
P

t n-1
J‘ e x(r)dr Z(tm —)ex(t) || (5.16)
0 i=0

P
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On the other hand, since

n-1
Dt —t)el ™ < f etdr=1-et'<1,
i=0

t
0

then we have

n-1 n-1
Z(tiﬂ —t)eTx(t)|| < Z(ti+1 —t)e'
i=0 P =0
< lxe (),
< sup [|x(£)]],
< lxll e
that is,
t
J‘ ex(rydr| < lx|lp-
0 p
This implies that
t
ITiu(t) - Tvo (b, = f e (Tu-To)(r)dr
0
< ”Tu - Tv“pc‘
Note also
T~ Toll,e = sup [Tu(®) -~ To()l],
te[0,1]
< Kl = ol
Hence,
ITu(t) - Tvo(b)|l, < kllu -2,
and so
ITiu - Tholl,. < kllu-2|,,

for any u, v € D. Therefore, T; is a contraction.

P
lx(t:)l,

P
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(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)
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Now we show that h; is compact. Let M C D. Then h;(M) is equicontinuous. To see
this let u € M. Then

¢ #
hiu(t) — hu(t*) = j e hu(r)dr —J e hu(r)dr
0 0

t t
= e‘tf e"hu(r)dr - e‘t*J‘ e"hu(r)dr
0 0

t t t £
=et I e"hu(r)dr — e f e hu(r)dr +e™" f e"hu(rydr —e™ J
0 0 0

0

e hu(r)dr

t t

= <e‘t - e‘”) J e hu(r)dr +e™ f e"hu(r)dr.
0 t*
(5.24)
Hence,
* t * t
lhyut) - byt < <e-*—e-f )f e hu(r)dr| + ||t J e hu(r)dr
0 ) # )
| . | (! .
= |e_t —-et | 'I e'dr 5”.||p(B) + Ie_t | ”[ e'dr 6||'Hp(B)
0 t* (5.25)

P
_ _p|P
<2le - 6y, (B) + o111, (B)

t
f e’dr
"

= 2'6% —e" |p6“.”p (B) + |€t -e” 'p(‘j\l-llp (B).

Recall the functions t — e~ and t — e’ are uniformly continuous on [0, 1]. Therefore, for ¢ > 0,
there exists 77; > 0 such that if |t — #*| < 777 then

. 1/p
et-et|< | —= , (5.26)
| | |:45|.||P (B)]

and there exists 7, > 0 such that if |t — #*| < 77, then

£ Ve
t I
|€ —-e ' < [W] . (527)

As a result with 7 = min(#1, 772) note if |t — t*| < 77 then

hiu(t) — hu(t)], <e, (5.28)
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for any u € M. Thus, hy(M) is equicontinuous. Moreover,

hiu(t) = r e 'hu(r)dr € (1-e")cos{hu(r), 0 <r <t}
0 (5.29)

c (1-e™)cos(h(B)).
Hence, for all t € [0,1], we have

h (M(t)) C (1 -e)zos(h(B)). (5.30)

Since, h(B) is compact, this implies that cos(h(B)) is compact. Therefore, hi (M (t)) is compact
for all t € [0, 1]. By using the Arzela-Ascoli Theorem, we obtain that h; (M) is compact and
also hy is continuous. Thus h; is compact. Hence by Theorem 4.11, S has a fixed point. O
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