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This paper deals with the following Dirichlet problem: d*A(x, g + du) = d*hin Q,ur = 0 on
0Q. Based on its solvability, we derive some properties of its solutions. In this paper, we mainly
get three results. Firstly, we establish an integral estimate for the solutions of the above Dirichlet

boundary value problem. Secondly, a stability result of solutions for varying differential forms g
and h is obtained. Lastly, we present a weak reverse Holder inequality for solutions.

1. Introduction

Let € be a bounded domain in R* with smooth boundary 0Q. Throughout this paper we
assume that 1 < p, g < oo, is a Holder conjugate pair, p + g = pq. First, we consider the
nonhomogeneous A-harmonic equation:

d*A(x, g +du) = d'h, (1.1)

where (g,h) € LP(Q,A) x WM(Q,A) and A : Q x Al(R") — Al(R") is a Carathéodory
mapping satisfying the following assumptions for fixed 0 < a < ff < co:

(1) Lipschitz continuity

|AGx, &) = A(x, O < BIE - 1311 + 157 (1.2)
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(2) uniform monotonicity
(A(x,8) = A(x,0),& = &) 2 alg = ¢ (] + 1S (1.3)

(3) homogeneity

A(x,A8) = AP A(x, ¢), (1.4)

for almost every x € Q and all ¢, ¢ € A[(R"), A € R.

In particular, for A(x,§) = |¢[P~2¢, then (1.1) is simplified to the nonhomogeneous p-
harmonic equation:

d*(|g+du|”*2(g+du)) =d'h. (1.5)

By Browder-Minty theory, see [1], the existence and uniqueness of a solution to the
Dirichlet problem

d*A(x,g+du) =d*h in Q,
(1.6)
ur =0 on 09,

in WP (Q, A") has been obtained by Iwaniec et al., see [2]. For the solution u € W7 (Q, Al™1)
with vanishing tangential component on 0€Q, we write it as u € W%’p(Q, A1),

Definition 1.1. Given that (g, h) € L (Q, A x W(Q, A, a differential form u is called a solu-
tion to the Dirichlet problem (1.6) if u € W;’p (, A1) and it holds

I (A(x, g +du),dp)dx = f (h,d¢)dx, (1.7)
Q Q

for all ¢ € W7 (Q, A7),

A-harmonic equations for differential forms have been a very active field in recent
years because they are an invaluable tool to describe various systems of partial differential
equations and to express different geometrical structures on manifolds. Moreover, they can
be used in many fields, such as physics, nonlinear elasticity theory, and the theory of quasi-
conformal mappings, see [3-10]. The purpose of this paper is to study properties of solutions
of the Dirichlet boundary value problem (1.6) based on the existence of its solutions.

2. Notation and Preliminary Results

This section is devoted to the notation of the exterior calculus and a few necessary prelimi-
naries. For more details the reader can refer to [2, 3].



Abstract and Applied Analysis 3

We denote by Al = Al(R") the space of I-covectors in R” and the direct sum
AR™) =@ A'(R") (2.1)
1=0

is a graded algebra with respect to the wedge product A. We will make use of the exterior
derivative:

d:C* (Q A’> —C® <Q /\“1) (2.2)
and its formal adjoint operator
d* = (1) w dw . C= (Q /\l+1> —C® (Q /\l>, (2.3)

known as the Hodge codifferential, where the symbol * denotes the Hodge star duality oper-
ator. Note that each of the operators d and d* applied twice gives zero.

Let C*(Q,Al) be the class of infinitely differentiable [-forms on Q c R". Since Q is
a smooth domain, near each boundary point one can introduce a local coordinate system
(x1,x2,...,x,) such that x, = 0 on 0Q and such that the x,-curve is orthogonal to 0Q. Near
this boundary point, every differential form w € C*(Q,A!) can be decomposed as w(x) =
wr(x) + wn(x), where

wr(x) = Z wi,,..i (x)dx; A--- Ndx,
1<ij<<ij<n

(2.4)
wn(x) = Z wi,,.i(X)dxi, N--- A dx,

1<ij<-<ij=n

are called the tangential and the normal parts of w, respectively. Now, the duality between d
and d* is expressed by the integration by parts formula

Jg(du,v> = fg(u, d'v), (2.5)

for all u € C*(Q,A) and v € C*(Q, A1), provided ur = 0 or vy = 0. The symbol (-, -)
denotes the inner product, that is, let & = X,; aj(x)dx; and g = 3; fr(x)dx;, then (a, ) =
S i () ().

Due to (2.5), extended definitions for d and d* can be introduced as the introduction
of weak derivatives.
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Definition 2.1 (see [2]). Suppose that w € L}, (Q,A") and v € L} _(Q, A1) If
[ wan-[ @ 26
Q Q

for every test form n € C3(Q, A1), one says that w has generalized exterior derivative v and
write v = dw.

The notion of the generalized exterior coderivative d* can be defined analogously.

Definition 2.2 (see [2]). Suppose that w € L}, (Q,A") and v € L} (Q, A1) If
[ wan = wn 27
o Q

for every test form 7 € C3°(2, A1), one says that w has generalized exterior coderivative v
and write v = d*w

Remark 2.3. (i) Observe that generalized exterior derivatives have many properties similar to
those of weak derivatives. For example, (i1) if it exists, it is unique; (i) if w is differentiable in
the conventional sense, then its generalized exterior derivative dw is identical to its the clas-
sical exterior differential dw. Analogous results hold for generalized exterior coderivative.
(ii) If the generalized exterior derivative of w, da) exists, then dw also has its
generalized exterior derivative d(dw). Moreover, d(dw)
In fact, according to Definition 2.1, it holds

fg<w, dp) = jg(ﬁw,¢> (2.8)

for every test form ¢ € CP(Q,A*Y). Thus, for every n € CP(Q,A*?), we have d*'n €
C(Q, A1) and by taking ¢ = d*7 in the above integral equality implies

f da) d'n f (w,d*d* ¢
Q

- f (0,0) (2.9)
Q

Therefore, Definition 2.1 yields that d (c?w) exists and d (Jw) = 0. Similarly, we have a (c?*w) =
0.
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(iii) Together with the expression of differential forms, the definition of weak deriva-
tive and its uniqueness, we can prove that d and d have analogous expressions, that is, for
w(x) = > wr(x)dx;, we have

dw(x) = Zzai xi A dxy,
T k=1
~ (2.10)
2 0wy
dw(x = ZZa_ xi A dxy,
T k=1

where 0 denotes the ordinary derivative and 0 the weak derivative. So in the next we use d
to represent the action instead of d, similar for d* and d*.
(iv) Lastly, we refer to

kerd={weLlloc< ,/\l> :dw=0} 2.11)

as the closed I-forms and to

kerd* = {we L

loc

(9, /\l> L dw = 0} (2.12)

as the coclosed I-forms.

Definition 2.4 (see [2]). A I-form w is said to have vanishing tangential component at 0Q in a
generalized sense, if both w and dw belong to L' (Q, AD and

fQ<w, d'n) = fg(dw,m (2.13)

holds for any 17 € C*(Q, A*1). One writes wr = 0.

The notion of vanishing normal part wx = 0 can be defined analogously. Now, the fol-
lowing extension of the identity (2.5) can be introduced, by an approximation argument
proved by Iwaniec and Lutoborski [3].

Proposition 2.5 (see [3]). For (p,q) a Holder conjugate pair and u € WW(Q,A), v €
WLa(Q, A1) one has

fg(du,v) = fg(u,d*v> (2.14)

provided ur =0 or vy = 0.
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Finally, we present briefly some spaces of differential forms:

LP(Q, N)—the space of I-forms w with coefficients in LF (Q);
L’f (Q, A)—the space of I-forms w such that Vw is a regular distribution of L (Q, Al);

WP (Q, Al)—the Sobolev space of I-forms w defined by LP(Q, A') N LY (Q, AY);

W%’p (Q, A)—the space of I-forms w in W' (Q, A!) with vanishing tangential compo-
nent on 0Q2.

which are used throughout this paper.

3. Main Results

We study the properties of solutions of the Dirichlet boundary value problem (1.6) whose
existence can be deduced by the following.

Lemma 3.1 (see [2]). For each data (g,h) € LP(Q,AY) x WY4(Q, A, there exists a solution u €
W,?(Q, A1) to the Dirichlet problem (1.6).

3.1. An Integral Estimate
We start with a proposition which gives an important estimate for solutions of (1.6).

Proposition 3.2. Given (g,h) € LP(Q,Al) x W4(Q, Al), suppose that u is a solution of (1.6) in
W;’p(Q, A1), Then one has

J‘ |dulPdx < c(p, a, B) <f || dx + J. |h|"dx>. (3.1)
Q Q Q
Proof. Taking the solution u as the test function in (1.7) yields
J‘ (A(x, g +du),du) = J‘ (h,du), (3.2)
Q Q
thus we have
j (A(x, g +du),g+du) = J (A(x, g +du),g)+ I (h,du). (3.3)
Q Q Q

Next we apply Young’s inequality as follows:

ab<ea +& VDD e50, r>1. (3.4)
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It follows from the structural assumptions (1) and (2) that

af |g+du|p§I (A(x, g +du), g +du)
Q Q

:I (h,du>+f (A(x, g +du),g)

Q Q

ng|h||du|+ﬁj‘g |g +dul""|g|

sf Ihlidu|+ﬂf (elg +dul"+c(e,p)lgl")
Q Q

=¢pf fQ |g +dul’ + fQ|h||du| +c(e,p)p fQ lg]”-

By choosing € = a/(2f) and using again Young's inequality, we have

2
f |g+dul” < ZI || Idul+C(P,a/ﬂ)I |sI”
Q Q @

Therefore, we get that

j duf?
Q

< 2 (eaur + (e plhlr) +c(prap) [ Is"
Q Q

<[ dlg=aul +1gly

gzﬂf |g+du|P+zvf gl
Q Q

p+1 2p+l
c

2
e[ s Zocep) [ e | st
Q a Q Q

<

Finally, we obtain by choosing & = a/2P*? that

The theorem follows.

J‘Q |dulPdx < c(p, a, B) (J‘Q |g|"dx + fQ |h|qu>.

(3.5)

(3.6)

(3.7)

(3.8)
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3.2, Stability of Solutions

In this section, we establish the weak convergence of solutions of (1.6) with varying differen-
tial forms g and h. Particularly, given a sequence (gj, hj) € LP(Q, A') x W14(Q, '), Lemma 3.1

implies that there exists solution u; € W;’p(Q, A to
d*A(x, gj +duj) = d*h;. (3.9)

Suppose that (gj, h;) — (g h) in LP(Q, Al) x WY(Q, A1), and u; — u in WIP(Q, A1), we
will show that u € W%’p(Q, A1) is a solution of (1.6).

Theorem 3.3. Under the hypotheses above, u € W;’p (Q, AI™Y) is a solution of (1.6).

To prove Theorem 3.3, we need firstly to give the definition of the weak convergence
for sequences in spaces of differential forms.

Definition 3.4. One says that ¢; is weakly convergent to ¢ in LP(Q, A) if

fg<¢j/h> — Lw,h» (3.10)

whenever h € L1(Q, \') and write ¢; — ¢ in LP(Q, A!).
It is easy to verify that it has the following equivalent definition.

Definition 3.5. One says that ¢; weakly convergent to ¢ in LP(Q, N) if

J‘ijAh—>fQ¢Ah (3.11)

whenever h € L1(Q, A") and write ¢; — ¢ in LP(Q, N).

According to the well-known results in Sobolev space in terms of functions, and
together with the expression of differential forms and the diagonal rule we can easily obtain
that

Proposition 3.6. For 1 < p < oo, LP(Q, A1) is reflexive.

Proposition 3.7. ¢; — ¢ in W'Y (Q,A!) if and only if ¢; — ¢ in LP(Q,N) and V; — Ve in
LP(Q, A1), where Vo = ((8p/0x1),...,(dp/xy)) and the partial differentiation is applied to the
coefficients of .

Lemma 3.8. Suppose that a sequence of differential forms {¢;} converges to ¢ weakly in LP(Q, ')

while the generalized exterior derivatives of ¢;, dy;, exist and stay bounded in LP(Q, A*1). Then the
generalized exterior derivative of ¢, dep, exists and dy; — dy in L (Q, A1),
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Proof. On the one hand, since ¢; has generalized exterior derivative dg;, then according to
Definition 2.1 we have

I (depj, 1) =f (s, d™n), (3.12)
Q Q

for every 11 € C°(Q, A'*1). Notice that ¢; — ¢ in LP(Q, A') and d*n € CF(Q, ) € LY(Q, AY), it
follows from Definition 3.4 that

f (pj d™n) — f (p,d™n). (3.13)
Q Q
Thus, we obtain

[ capmy— | ., 614
Q Q

for every 11 € CP(Q, A1),

On the other hand, since dy; stays bounded in LF(Q,A"*!), then it follows from
Proposition 3.6 that there exists weakly convergence subsequence of dy;, we may assume
that

dpi— g (3.15)

in LP(Q, A""1). Hence, for 1 € C2(Q, A1) € L1(Q, A™*!) we have
f (dgj,n) — f (8:1)- (3.16)
Q Q
Combining (3.14) and (3.16), the uniqueness of the limit yields

L@» dn) = f9<g,ﬂ>, (3.17)

for every 11 € C(Q, A'*1). Thus, Definition 2.1 implies that the generalized exterior derivative
of ¢ exists and g = dy. Furthermore, we have from (3.15) that dgp; — d¢ in LP(Q, A'*!). The
lemma follows. O

Proof of Theorem 3.3. Taking (u; — ux) as test differential form in (1.7) for both
d*A(x, gj +du;) = d*hj,

(3.18)
d*A(x, 8k + duk) = d*hk,
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then we obtain
JQ(A(x, gj +duj) — A(x, gk + dux), duj — duy) = J;(hi — h, duj — duy), (3.19)
or, equivalently, we have

L(A(x/ 8j +duj) — A(x, gi + dux), (8 + du;j) — (8 + du))

(3.20)
= J‘ (A(x,gj +duj) — A(x, gk +du), g — gk) + J‘ (hj — hi, du;j — duy).
Q Q
Write § = gj + duj and § = gk + du, then the above identity can be simplified to
[ Awp-amni-o
(3.21)

= J‘ <A(xr§) - A(xlé)lgj - gk> +f <h] - hy, du]- - duk>.
Q Q

Then it follows from the Lipschitz condition (1), the monotonicity condition (2), and Holder
inequality that:

ajg E- P < ﬂj@ 21+ 127 |5 — ]

+f Iy — || — |
Q

JIRCE |§|>P)W ([ 13 —gd")l/p (62)
()"t

< cpB) (1™ + 1605V - sill, + s — ], [~ e,
Therefore, we obtain

16 =2l < c(pa, B) (107 + 121, ") M1 - il

/ /
+e(p,a)||du; — dug||, 7|1~ |7

(3.23)
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Since gj and h; are Cauchy sequences in L7 (€, Al) and L(Q, '), respectively, we have || gjlly <
oo and ||kj|l; < oo for all j € N, and further we get by applying Proposition 3.2 that

/ / / / / /
21,7+ 1 < e o) (Il + Nidasi 17+ llgill, ™ + el )
1/ 1/ 1/
<ce)(lgill, "+ e, B) (llgill, " + 11l ’“)
/ / 1/
+gell, "+ c(pa B) (el + Ielly™))

1/ / / 1/
<cp.a ) (lgilly "+ Ngelly + I lly” + el

(3.24)
< o,
et - due 17 < o) (et + et} )
/ / -1/ (a-1)/
<clp,a,B) (1 + Nel? + | + 1 67
< co.
Combining (3.23)-(3.24), we obtain
Is-¢ll, —0, (3.25)
as j,k — oo. Thus, the Minkowski inequality implies
[l = dull, = 16 =& = (8 - g,
(3.26)

<& =&l + g - gell, — 0,

as j,k — oo, thatis, {du;} is a Cauchy sequence in L7 (<, AD. Thus, we have du; is bounded
in L?(Q, A). Then, it follows from Lemma 3.8 that du exists and duj — duin LP(€, Ah. Note
that {du;} is a Cauchy sequence in LF(£2, Al), then we have by the uniqueness of weak limit
that

duj — du (3.27)

in LP(Q, A'). According to Definition 2.4, we know that
f (uj, d*n) =f (duj, 1), (3.28)
Q Q
for any 17 € C*(Q, \Y). And it follows easily that

fQ<u, d'n) = f9<du,n>, (3.29)
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since u; — u in WP (Q, ™) and Q is bounded. Hence, we have u € W;’p(Q, AF1). The final

step in our proof is to show that u satisfies (1.7). Recall that
[ (A du,ap) = [ (u,a9)
forall ¢ € W;’p (Q, A7), Tt is rather easy to obtain the following;:
J;(A(x, gj +duj) — A(x, g +du),dp)
<p [ 1+ d) = (5 +u) gl

< Bll (g + duy) ~ (g +du) [} |49 ]|,

-1 -1
<pllagll, (Il — il + u; - dull} ™) —o,
as j — oo, that s, it holds
[ (ACeg+au),ap) — [ (AGg+du),ap),
as j — oo. On the other hand, an easy computation gives that
[ gy — [ (nag),
Q Q

as j — oo. Therefore, we obtain

[ (AGog+du),dpy= [ (nap),

Q Q

for all ¢ € WP (Q, Al!), which implies the desired result.

3.3. Weak Reverse Holder Inequality

In virtue of the fact that d*(d*) = 0, we can write (1.1) as the following;:
A(x,g+du) =h+d'v,

for some v € WH(Q, Al*1). For v in (3.35) we have

|d*v| = |A(x, g +du) —h| < ,[3|g+du|w1 +|hl,

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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thus, by using the Minkowski inequality and Proposition 3.2, we have the estimate
ld*oll, < c(p, a, B) ||g||5/‘7 + |1k, (3.37)

For an arbitrary nonnegative test function 7 € Cf°(L2), we multiply (3.35) for ¥ and
by the homogeneity assumption (3), and we obtain that

A(x,ng +nldu) = nPh+nPd*v. (3.38)
Since
nldu =d(n'u) -d(n?) Au,
(3.39)
d v = d*(5Pv) — (1) x d () A *v,
we have
A(x,nig—d(n?) Au+d(niu)) =nPh - (-1 1)+ & d(n”) Axv + d* (nfv). (3.40)

Applying the operator d* to the above equation leads to a new nonhomogeneous A-harmonic
equation as follows:

d*A(x,n1g —d(n?) Au+d(nlu)) = d* <117"h D)™ % d(nP) /\*v) (3.41)

where

nlu e Wg’p <Q, /\H),
n'g—d(n’) nueLr(Qn), (3.42)

n’h - (- )"M*d(q”’)/\*vewl‘?( /\l”).

Then by applying Proposition 3.2 to (3.41) we have

[ 1l < coap ([ s -t nul

(3.43)
+L2 |11Ph ~ (-1)"™ % d () A *v‘q>,
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which implies

[ el = [ Jacrmy - o) nulf
Q Q
SZPI |d(11‘7)/\u|p+2pf |d(nu)|”
Q Q
<2 [ o) nul +c(pap)( [ sl .44

o[ 1do nul + [ en”
Q Q

[ lae) o).

Therefore, we obtain

[ wrnur < (o, p)([ Wil + [ wrei(lst 1)

[ el

(3.45)

For an arbitrary cube Q C R", we can choose a cut-off function 7 € Ci°(2Q) such that 0 <7 <
1, |Vl < ¢(n)|QI"V" and 11 = 1 on Q, where |Q| denotes the Lebesgue measure of Q. Now
inequality (3.45) yields

P 1 P 1 q P q
jQ|du| sa(n,p,a,ﬂ)<|Q|p/n LQ'“' G LQ ol + LQ(IgI +Jh >> (3.46)

Note that (3.35) is not affected if a closed form 1w is subtracted from u and a coclosed
form vy is subtracted from v. Therefore, the above calculation shows

1 1
dulf P, - uplP - v P+1n7) ). 3.
IQ| uf <c(nm,p “ﬁ)<|;|p/,, LQ|u u| +| 7 LQ|U vy +LQ(|8| +| |)> (3.47)

Now, a Poincaré-Sobolev inequality for differential forms is needed.
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Lemma 3.9 (see [2]). Let Q be a cube in R™. Suppose that & € W (Q,A) and § € W(Q, A,

where 1 < r, s < n. Then there exist a closed form & € L(Q, A") and a coclosed form ¢, € L5(Q, ')
such that

”g - gOHnr/(n—r) < C(1’l, T') ”d{i”rl

(3.48)
16 = 6l s /sy < €m0l

As a consequence of Lemma 3.9, we obtain the following by proceeding as in the proof
of Corollary 3 in [5].

Corollary 3.10. Let Q be a cube in R". Suppose that ¢ € W (Q, AY) and { € W5(Q, A, where
1 <1, s < co. Then there exist a closed form & € L™(Q, A') and a coclosed form } € L5(Q, Al) such
that

(n+r-1)/nr

1/r
; —&|" nr/(n+r-1)
diam(Q) <](Q|§ Sol > <c(n,r) <][Q|d§| ! > ) (3.49)

(n+s-1)/ns

1/s
; —*° * v 1S/ (n+s-1)
diam(Q) <)(Q|§ %l > <c(n,s) <][Qld q > , (3.50)

where )fQ denotes the integral mean over Q, that is,

f-al (351)

It follows from (3.49) that

(n+p-1)/n
I 1~ uolPdx < c(n, p) Q" f a7 , (3.52)
2Q 2Q

and we have by (3.50), Holder inequality, and (3.37) that

1 %
||'U - vO”q;ZQ < C(n/p)|Q| /nq”d v”nq/(n+q—l) 2Q

< c(n,p)|QI"™2Q| "4 VM| d )| 5 (3.53)

n /
< c(mp,a B)IQI"" (8150 + llya0)-

Combining (3.52) and (3.53) with (3.47), we obtain that

(n+p-1)/n
j|du|ch(n,p,a,ﬁ) |Q|(1"’)/”<J‘ |du|"P/<"+P-1>> +I (|g|” + ") ). (3.54)
Q 2Q 20
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Therefore, we obtain that
(n+p-1)/n
;F ldul’ < c(n,p,a,B) <]f |du|"P/<"+P-1>> +Jf (lg|” +1h7) ). (3.55)
Q 2Q 2Q

This is the desired estimate.
In conclusion, we summarize the above results in the following theorem.

Theorem 3.11. For (p,q) a Holder conjugate pair. Given (g, h) € LP(Q, Al) x W1 (Q, Al), suppose
that u € W;’p(Q, N=1) is a solution of (1.6). Then one has

(n+p-1)/n
;F|du|p§c(n,p,a,ﬁ) <]f |du|"P/<"+P-1>> +Jf (|g|” + 17 ), (3.56)
Q 2Q 2Q

where )fQ denotes the integral mean over Q, that is,

J(Q = é IQ. (3.57)
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