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We investigate relations between solutions, their derivatives of differential equation f® +
A;Hf(k‘l) +ooeet Alf' + Aof = 0, and functions of small growth, where A; (j = 0,1,...,k - 1)
are entire functions of finite order. By these relations, we see that every transcendental solution
and its derivative of above equation have infinitely many fixed points.

1. Introduction and Results

In this paper, we use the standard notations of the Nevanlinna’s value distribution theory
([1-3]). We use A(f) and X f) to denote exponents of convergence of the zero sequence and
the sequence of distinct zeros of a meromorphic function f(z), and o(f) to denote the order
of growth of f(z).

In 2000, Chen [4] considered fixed points of solutions of second-order linear dif-
ferential equations and obtained precise estimation of the number of fixed points of solutions.
Recently, a number of papers (including [5-11]) considered relations between solutions, their
derivatives of some differential equations, and functions of small growth.

In 2006, Chen and Shon [7] proved the following theorem.

Theorem A. Let A; (z) (#£0) (j = 0,1) be entire functions of o (A;) < 1, a, b be complex
constants such that ab#0 and arga# argb or a = cb (0 < ¢ < 1). Let ¢ (z) (#0) be an entire
function of finite order. Then, every solution f (#0) of the equation

f”+Ale“zf’+Aoebzf — 0’ (11)
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satisfies
(f=9) =A(f' -9) =A(f" - 9) = co. (12)

In 2010, Xu and Yi [11] proved the following theorem.

Theorem B. Let A; (z) (#£0) (j = 0,1) be entire functions of o (A;) < 1, a, b be complex
constants such that ab#0 and a/b ¢ {1,2}. Let ¢ (z) (#0) be an entire function of o () < 1.
Then, every solution f (#£0) of (1.1) satisfies (1.2).

In [5, 6, 8-10], authors considered similar problems in Theorems A and B. For relations
between solutions, their derivatives of some differential equations, and functions of small
growth, particularly, relations between derivatives and functions of small growth are difficult
problems. Such problems on higher-order differential equations are more difficult.

In this paper, we consider the higher-order differential equation

FO L A fR D AL 4+ Aof =0, (1.3)

and prove the following results.

Theorem 1.1. Let A; (j =0,1,...,k — 1) be entire functions of finite order, not all identically equal
to zero, such that if A;#0, then A (A;) < o (Aj); ifi#], then o (Ai/A;j) = max{o(A;),0(Aj)}.
Suppose that ¢(z) is a finite-order transcendental entire function. Then, every transcendental solution
f of (1.3) satisfies X (f —¢) = 0 (f) = oo. Furthermore, if X (¢) < A (Ao), then every solution

f (#0) of (1.3) satisfies A (f' —¢) =0 (f) = oo.

Theorem 1.2. Let A; (j =0,1,...,k~1) satisfy conditions of Theorem 1.1 and Ao #0. Suppose that
H is a nonzero polynomial. Then, every solution f(#0) of (1.3) satisfies I(f’ -H) = X(f -H) =
o(f) = oo.

Corollary 1.3. Let A; (j =0,1,...,k—1) satisfy all conditions of Theorem 1.2. Then, every solution
f(#0) and its derivative of (1.3) have infinitely many fixed points.

To prove Theorems 1.1 and 1.2, we use a new method. Our method is different from
methods before (including methods applied in [4-13]) which cannot be applied to prove our
Theorems 1.1 and 1.2.

2. Auxiliary Lemmas

Lemma 2.1 (see [12]). Let A; (j =0,1,...,k-1) beentire functions of finite order, not all identically
zero. Suppose that if A;#0, then A (A;) < o(A;); if i#], then o (A;i/A;) = max{o(A;),c(A))}.
Then, every transcendental solution f of (1.3) satisfies o (f) = oo. Furthermore, according to the
order of Ao, A1, ..., Ax-1, if Aj is the first coefficient satisfying A;#0, then (1.3) may at most have
polynomial solutions of degree < j—1, and all other solutions are of infinite order. If Ag#0, then every
nonzero solution f of (1.3) has infinite order.
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Lemma 2.2 (see [13]). Let A; (j =0,1,...,k=1), F (#0) be meromorphic functions of finite order.
Then, every meromorphic solution of

f(k) + Akflf(k_l) +o+ Al f + Aof = F, (2.1)

satisfies A (f) = A (f) = o (f).

Lemma 2.3 (see [14]). Let f be a transcendental meromorphic function of o (f) = 0 < co. Let
H = {(ki,j1), (k2,j2), ..., (kq, jq)} be a finite set of distinct pairs of integers that satisfy k; > j; > 0
fori=1,2,...,q. Also, let € > 0 be a given constant. Then,

(i) there exists a set E C [0,2r) of linear measure zero such that, if ¢ € [0,2or) \ E, then
there is a constant Ry = Ro(¢) > 1 such that for all z satisfying arg z = ¢ and |z| > Ry and for all
(k,j) € H, we have

)
)

< [z Do), (2.2)

(ii) there exists a set E C (1,00) of finite logarithmic measure, such that, for all z satisfying
|z| € EVU[0,1] and for all (k,j) € H, we have

()
f0 )

< [z Do), (2.3)

(iii) there exists a set E C (0, o0) of finite linear measure such that, for all z satisfying |z| ¢ E
and for all (k,j) € H, we have

fO(z)

LT g keDlere) 2.4
() |z| (2.4)

Lemma 2.4 (see [7]). Let g(z) be a meromorphic function of o (g) = p < oo. Then, for any given
€ > 0, there is a set E C [0,20r) that has linear measure zero, such that, if ¢ € [0,20r) \ E, there is a
constant R = R (¢) > 1 such that, for all z satisfying arg z = ¢ and |z| = r > R, we have

exp{—rﬂ”} <|g(=)] < exp{rﬁ+£}. (2.5)

Lemma 2.5 (see [12, 15]). Suppose that P(z) = (a + if)z" + --- be a polynomial with degree
n > 1, where a, p are real numbers satisfying |a| + |B| # 0. Let w (z) #0 be an entire function with
0 (w) <n.Set g =we, z=re®, 6 (P,0) = acosn@-pPsinnd. Then, for any given e (0 < e < 1),
there exists a set Hy C [0, 2or) of linear measure zero such that, for 0 € [0,20r) \ (H1 U Hy), there is
a constant R > 0 such that, for |z| = r > R, we have

(i) if 6 (P,0) > 0, then

exp{(1-¢€)8(P,0)r"} < | g(reie) | <exp{(1+e)5(P,0)r"}, (2.6)
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(ii) if 6 (P,0) <0, then

exp{(1+¢€)8(P,0)r"} < | g(rei9> | <exp{(1-¢)6(P,0)r"}, (2.7)

where Hy = {0 € [0,20r); 6(P,0) = 0} is a finite set.

3. Proof

Proof of Theorem 1.1. Suppose that f (z) is a transcendental solution of (1.3). By Lemma 2.1,
we know that o (f) = oo. Set g9 = f — ¢. Then, 0 (g0) = 0 (f) = oo and A(go) = A(f — ¢).
Substituting f = go + ¢ into (1.3), we obtain

S+ Ag T o Ag) + Aggo = - [(p(k) + Ao D o A + Ao(p]. (3.1)

Since all transcendental solutions of (1.3) have infinite order and ¢ is a transcendental entire
function of finite order, we see that p®) + Ax_19* D + ... + A1’ + Agp # 0.So that, by
Lemma 2.2, we obtain X(go) =0(go) = oo, that s, X(f -p) =0(f) = co.

Now suppose that A (¢) < A (Ag). Thus, Ag#0. In what follows, we prove that A(f' -
) =0 (f) =oo. _ _

Setgi = f' — ¢.Then,o(g1) = o(f') = o(f) = wand A(g,) = A(f'—¢). Differentiating
both sides of (1.3), we obtain

FED 4+ A fO 4 (AL + Ara) f& D+ 4 (AL + Ap) f/ + Ay f = 0. (3.2)

By (1.3), we obtain
1 1
f:—_O[f(k)+Ak_1f(k’1)+...+A1f]_ (33)

Substituting (3.3) into (3.2), we deduce that

(k+1) A,O (k) ! A6 (k-1)
f + Ak,‘l - A_O f + Ak*l + Ak,Z - A—OAk,1 f
(3.4)

+o+( AL+ A —iéA '=0
1 0 AO 1 f— .
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Substituting ' = g1 +¢, f" =g, +¢,..., &1 = g% + o®) into (3.4), we obtain

(k) AB (k-1) , Aé (k=2)
& |\ Ak— 7 )& | A A2 A )&
Ag Ag
AI
+ -+ <A,1+A0_A_0A1>g1 Zh,
0
where

Al Al
~h =" + (Ak—l - A—2>‘P(k_l) + <A;<—1 + Agz — A—ZAk—1>‘P(k_2)

(3.5)

(3.6)

Since when A;#0, A(Aj) < o(A;), by Hadamard-Borel theorem, we know that
Aj(z) = h]-(z)epf () where hj(z) is nonzero entire function, P;(z) is a nonzero polynomial,

such that o(hj) = A(A)) <0(Aj) = deg P;. By Aj(z) = hj(z)epf(z), we obtain

A;.(z) ~ h;.(z)
Aj(z)  hi(z)

+Pl(2),
A(z) = (=) + P2y (2) ) P2,

Next we prove h#0. Suppose to the contrary h = 0. Then,

Al Al
o® 4 (A =20 ) o 4 (AL 4 Ay - 204, )k
Ag Ag

, Ay
+ -+ A1+A0——A1 (p=0
Ap

Dividing ¢ into both sides of (3.8) and substituting (3.7) into (3.8), we obtain

Bi_1(z)e™1®) 4+ By (z)e™ 2 4 ... 4 Bi(2)e® + By(z)e™® + B(z) =0,

where

By = hy,

Bl =h1£’ + hll +h1P{ —A—Bhl ,
) Ao

(3.7)

(3.8)

(3.9)
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7

Bzzhzﬂ"r h"’rthl—A_thz
¥ 2 2 A

0

< <.

) Al (j-1)
B]'Z ]'(P—+ I’l;+h]P]’——0hl (p—,
) Ao )

(k=1) Al (k-2)
¥ ! / 0 ¥
Br_1 = hy_ +( B, +hea P, — —hy_ ,
k-1 k-1 " <k_1 k-1 A0k1> "
_ ‘P(k) ~ A_{)q)(k—l).
» Ay @
(3.10)

Since A (hy) = A (Ag) > A (¢), we see that By = ho#0. It is obviously that not all
Bi-1, Bk-2, . .., Bo are equal to zero. Without loss of generality, we may suppose that all B; (j =
0,1,...,k - 1) are not identically zero. In fact, if there exists some B; = 0, we can remove it
and rewrite the subscript of each function in (3.9).

Since o(p) < +oo and o(Ap) < +oo, by Lemma 2.3, there exists a set E; C [0,2) of
linear measure zero, such that, if 8 € [0,2ur) \ E1, there is a contant R = R(0) > 1, such that,
for all z satisfying arg z = 0 and |z| > R, we have

()
(i;(—? <E® (j=1,2,...,k-1),
(3.11)
Ay(2) o(Ag)
WE) <z .
By (3.10) and (3.11), we obtain
e® )| [AG |le* (=)
AU e R e e 612

< |Z|k0'((p) + |Z|O'(Ag)|z|ko'(lp) < 2T2k0,

where o = max{o(p),c(A)}.
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Since ¢, Ay are entire functions of finite order, then we obtain

Ay
m<r, A_o> =0O(logr),

(P(i)
m r,7 =O(10g1") (]=1,,k—1)

(3.13)

By (3.10), (3.13), for sufficiently large r, we obtain

() Al
. . v ! ; 0
m(r, Bj) < 3m(r, hj) +m<r, ’ > +m<r,h].> +m<r,Pj> +m<r, A0>

(-1
- m<r, (p‘P > +0(1) <4T(r,hj) +O(logr) (j=2,...,k-1), (3.14)

1 1
N(r,B))<XN(r,—)+N(r,— i=1,...,k-1).
(. By) < <P> < Ao) U )
By (3.14), we obtain

T(r,Bj) = m(r,Bj) + N(r,Bj) <4T(r, hj) + N(r, %) + N(r, i)

Ag (3.15)
+0(logr) (j=2,...,k-1).
Since o/(I}) = A(A;), () < A(Ag), by (3.15), we obtain
o(B;) < max{A(p), A(Ap), 0 (k) } = max{A(Ao), A(A))} (j=2,....k=1).  (3.16)
Using the same method as above, we obtain
o(By) < max{A(Ag), (A1) }. (3.17)
Clearly,
o (Bo) = o(ho) = A(Ap). (3.18)

By (3.16)—(3.18), we obtain

0(Bs) <max{A(A;) [0<j<k-1} (s=0,1,...,k-1). (3.19)
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Set

d =max{degP; |j=0,1,...,k -1},

~ (3.20)
d = max{deg Pj,\(A;) |i=0,...,k-1,degP; <d, je{0,1,...,k-1}}.
According to definitions of d and dand (3.19), we obtain d<dand
0(Bs) <max{A(Aj) [0<j<k-1)<d (s=0,1,...,k-1). (3.21)

Next, we discuss functions B]-epf (j=0,1,2...,k—1). We divide them into two cases:

I ={B]~epf|degp]~<d, je {0,1,...,k—1}},
(3.22)
11 :{B,-epf |degPj=d, je {0,1,...,k—1}}.

Firstly, we consider Bje®s € 1. By the definition of d and (3.21), for any Bje" € I, we
have

a(B,-ePf) <d. (3.23)

By Lemma 2.4, for any given &; (0 <& <d - J), there is a set E, of linear measure zero, such
that, if 0 € [0,24r) \ E, there is a constant R = R (6) > 1 such that, for all z satisfying argz = 0
and |z| =7 > R, we have

|B]~(z)epf(z)

<exp { pi+en } . (3.24)

Asr — oo, we have pd+er /rt = 0, that is, pd+er < g7?. Then, inequality (3.24) can be
rewritten as form

|B]~(z)epf(z)

< exp{slrd}. (3.25)

Secondly, we consider Bje®i € IL By the definition of II, for every Bje"i, we have
deg P; = d. By (3.21), we obtain o (B;) < d < d. So, for any Bje"i € II, we have o (Bj) <
d = o (P;). By Lemma 2.5, there is a set E3 C [0, 2or) which has the linear measure zero, such
that, for any given €, (0 < &; < 1), and we have that for all z satisfying argz = 6 € [0,2) \ E3
and [z| =7 > R,if 6 (P;,0) > 0, then

exp{(1-2)6(P;,0)r*} < |Bie”| < exp{ (1 +)5(P;, 0)r}, (3.26)
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if 6 (P;,0) <0, then
exp{ 1+ 5)5(13]-,90)#} < |BjePf| < exp{ (1-¢)6(P;, Qo)rd}. (3.27)

Now, we further consider Bjep i(j=01,...,k-1). Take a fixed polynomial P € IL
Thus, deg Ps = d. Set

E=1{0€[0,2r) | 6(P,0) >0},
Es={0€[0,27)|6(P-P;,0)=0, 0<i<j<k-1}, (3.28)
i@ e [0,27) | 6(P;,0) =0, j=0,1,..., k- 1}.

Clearly, the linear measure of E \ (E; U E; U E3 U E,) is greater than zero. Now, we take ray
argz =0y € E\ (E{UE,UE3UE,), then 6 (Ps,6p) > 0. When j#s, we have 6 (P]-, 6o) #0; when
i < jand deg P; = deg P;, we have 6(P;, 6p) # 6(P;, 6p). Set

6 = max{6(P;, 60) | Bje" e 1}. (3.29)

It is clearly 6 > 0. Since 6 (P;, 6p) #6(P;j,6o) (i < j and deg P; = deg P;), there exists a unique
integer t (0 <t < k—1), such that 6 (P, 6y) = 6. Suppose that P satisfies 6 (Ps,6p) = 6. On
the ray arg z = 0y, we have that

| B (Z)ePS(Z)

> exp{ 1- £)6rd}. (3.30)
Set

6= max{6(P]-,90) | Bjehi €11\ {BSePS}}. (3.31)

Thus, 6 < 6. For any B; ef € I\ {Bse'™}, by (3.26) and (3.27), we see that, on the ray arg z = 0,
if 6 (Pj,6p) > 0, we have

|B,-ePf| < exp{ 1+ e)6(P]-,60)rd}, (3.32)
if 6(P;,0) <0, we have

'B]-(z)epf(z)

< exp{(1-£)6(P;,0)r} <1. (333)
Hence, if B]-ef €1I\ {Bse™}, then we have

|B]~(z)epf(z)

< exp{ (1+ 5)5(P]~,90)rd} +1< exp{(l + S)Srd} +1. (3.34)
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Hence, (3.9) can be rewritten as form
By(z)e™® =3, Bj(z)e"® + B(z). (3.35)
By (3.12), (3.25), (3.30), (3.34), and (3.35), for above ¢, set

1 [ 6 6-6
£—§mln{m,m,€1,€2}, (336)

then, for all z satisfying arg z = 6y and sufficiently large r, we have

exp{(l —5)6rd} < |Bs(z)ep5(z)

S2j¢s

Bj(z)e"®

+|B(2)]
) (3.37)
<0(1) exp{srd} +0(1) exp{ 1+ 5)6rd} +O(1) + 2r%,

Thus, we obtain 1 < 0. This is a contradiction which shows h #0. _
Since h#0 and o (g1) = oo, by Lemma 2.2 and (3.5), we obtain A (g1) = 0(g1) = o,

thatis, A (f' —¢) = o(f) = 0.

Thus, Theorem 1.1 is proved. O
Proof of Theorem 1.2. Using the same method as in the proof of Theorem 1.1, we can prove
Theorem 1.2. O
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