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We consider a discrete almost periodic ratio-dependent Leslie system with time delays and
feedback controls. Sufficient conditions are obtained for the permanence and global attractivity
of the system. Furthermore, by using an almost periodic functional Hull theory, we show that the
almost periodic system has a unique globally attractive positive almost periodic solution.

1. Introduction

Among the relationships between the species living in the same outer environment, the
predator-prey theory plays an important and fundamental role. The predator-prey models
have been extensively studied by many scholars [1-4]. Under the assumption that reduction
in a predator population has a reciprocal relationship with per capita availability of its
preferred food, Leslie [5] proposed the famous Leslie-Gower predator-prey model where the
carry capacity of the predator’s environment is proportional to the number of prey:

X1 = x1[b - ax1] — cx1x2,
(1.1)
o = _fX2
wesleor2]

where x; and x; represent prey and predator densities at time ¢, respectively. cx; is the
predator’s rate of feeding upon prey, that is, the so-called predator’s functional response.
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If we assume that the predator consumes the prey according to the functional response p(x1),
then system (1.1) formulates as the following:

X1 = x1[b - ax1] - p(x1)x2,
(1.2)

where p(x;) is prey-dependent functional responses. Owing to its theoretical and practical
significance, system (1.2) and its various generalized forms have been studied extensively
and seen great progress (see, for example, [6-9]).

However, in the study of the dynamic behaviors of predator-prey system, many
scholars argued that the ratio-dependent predator-prey systems are more realistic [10, 11].
A ratio-dependent predator-prey system with Leslie-Gower term takes the form of

X; =x1[b—-axi] - p<i—;>xz,
(1.3)

Though much progress has been seen in the asymptotic convergence of solutions
of population systems, such systems are not well studied in the sense that most results
are continuous-time cases related. Already, many scholars have paid attention to the
nonautonomous discrete population models, since the discrete time models governed by
difference equation are more appropriate than the continuous ones when the populations
have a short life expectancy, nonoverlapping generations in the real world (see [12-23]).
Furthermore, the asymptotic convergence of solutions of difference equations with delay is
one of the most important topics in the study of population dynamics, and many excellent
results have already been obtained and seen great progress (see [24-26] and the references
cited therein).

Since time delays occur so often in nature, a number of ecological systems can be
described as systems with time delays (see [14, 15, 19, 21-27]). One of the most important
problems for this type of system is to analyze the effect of time delays on the stability
of the system. Furthermore, as we know, ecological systems in the real world are often
distributed by unpredictable forces which can result in changes in biological parameters such
as survival rates, so it is reasonable to study models with control variables which are so-called
disturbance functions [22, 23].

So it is very interesting to study dynamics of the following discrete ratio-dependent
Leslie system with time delays and feedback controls:

x1(k +1) = x1 (k) exp [b(k) ~ a(kyx (k- 1) - % ~ d(kyun (k - on],
2 1
xz(k —Tz) (1-4)

x2(k +1) = x2(k) exp [g(k) - f(k) —P(k)uz(k—oz)],

x1(k — 12)
Aui(k) = —ai(k)ui(k) + pi(k)x;i(k - p;), i=1,2,
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where x;(k), i = 1,2 stand for the density of the prey and the predator at time k, respectively.
u;(k), i = 1,2 are the control variables at time k. h? is a positive constant, denoting the
constant of capturing half-saturation.

In this paper, we are concerned with the effects of the almost periodicity of ecological
and environmental parameters and time delays on the global dynamics of the discrete ratio-
dependent Leslie systems with feedback controls. To do so, for system (1.4) we always
assume that fori =1,2,k € Z

(Hy) a(k), b(k), c(k), d(k), g(k), f(k), p(k), ai(k), Pi(k) are all bounded non-

negative almost periodic sequences such that

0O<d <a’, 0<b <b’, 0<c<c’, 0<d<d', 0<g<g"
(1.5)
O<fl<f 0<p'<p! O<al<al<l, 0<pi<p

Here, we let Z, Z* denote the sets of all integers, nonnegative integers, respectively, and
use the notations: f* = sup,_,{f(k)}, f! = infrez{ f (k)}, for any bounded sequence { f (k)}
defined on Z.

Let 7 = max{7;, 0 pi,i = 1,2}, we consider system (1.4) with the following initial
conditions:

xi(0) = ¢:i(0), O¢€[-1,00nZ, $i(0) >0,
1.6
u;(0) =¢;i(0), 0e€[-1,01nZ ¢;(0)>0,i=1,2. (10

One can easily show that the solutions of system (1.4) with initial condition (1.5) are
defined and remain positive for k € Z*.

The principle aim of this paper is to study the dynamic behaviors of system (1.4),
such as permanence, global attractivity, and existence of a unique globally attractive positive
almost periodic solution of the system. To the best of our knowledge, no work has been done
for the nonautonomous difference system (1.4).

The organization of this paper is as follows. In the next section, we introduce some
definitions and several useful lemmas. In Section 3, we explore the permanent property of
system (1.4). We study globally attractive property of system (1.4) in Section 4 and the almost
periodic property of system (1.4) in Section 5. Finally, the conclusion ends with brief remarks.

2. Preliminaries
In this section, we will introduce some basic definitions and several useful lemmas.

Definition 2.1. System (1.4) is said to be permanent, if there are positive constants m; and M;,
such that for each positive solution (x1(k), x2(k), u1(k), uz(k))T of system (1.4) satisfies

m; < llicm inf x;(k) <limsup x;(k) < M;,
-t k—+o0
(2.1)
n; < llicm infu;(k) <limsupu;(k) <N;, i=1,2.

— +00 k— 400
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Definition 2.2. Suppose that X(k) = (x1(k), x2(k), ur (k), un (k)T is any solution of system
(1.4). X(k) is said to be a strictly positive solution in Z if for k € Z and i = 1,2 such that

i . < . i . < . .
0< irelé xi(k) < skg) xi(k) < oo, 0< ireg u;(k) < ilézp u;(k) < o (2.2)

Definition 2.3 (see [16]). A sequence x : Z — R is called an almost periodic sequence if the
e-translation set of x

Ele,x}={rteZ:|x(k+71)-x(k)|<e, Vk € Z} (2.3)

is a relatively dense set in Z for all € > 0; that is, for any given ¢ > 0, there exists an integer
I(¢) > 0 such that each interval of length I(¢) contains an integer 7 € E{¢, x} with

|lx(k+71)—-x(k)|<e, VkeZ, (2.4)

T is called an e-translation number of x (k).

Definition 2.4 (see [17]). The hull of f, denoted by H(f), is defined by
H(f) = {g(k,x) : ,}E%of(k + 7y, x) = g(k, x) uniformly on Z x S}, (2.5)
for some sequence {7,}, where S is any compact set in D.
Lemma 2.5 (see [20]). Assume that {y(k)} satisfies y(ki) > 0 and
y(k+1) <y(k)exp{r(k)(1-ay(k))}, (2.6)

for k € [ky,+o0), where a is a positive constant and ky € Z*. Then

limsup y(k) < % exp(r* —1). (2.7)

k—+o0
Lemma 2.6 (see [20]). Assume that {y(k)} satisfies y(ks) > 0 and
y(k+1) > y(k)exp{r(k)(1-ay(k))}, (2.8)

for k € [ky, +o0), limsup, ., y(k) < M, where a is a constant such that aM > 1 and ko € Z*.
Then

l,i<m infy(k) > % exp(r*(1 —aM)). (2.9)
— +00
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Lemma 2.7 (see [22]). Assume that A > 0 and y(0) > 0. Suppose that

y(k+1)<Ay(k)+B(k), n=12,.... (2.10)
Then for any integer m < k,
m-1
y(k) < A"y(k-m)+ > AB(k-j-1). (2.11)
j=0

Especially, if A < 1 and B is bounded above with respect to M, then

M
. (2.12)

i <
limsup y(k) < T A

k—+o0
Lemma 2.8 (see [22]). Assume that A > 0and y(0) > 0. Suppose that

y(k+1) > Ay(k) + B(k), n=12,.... (2.13)

Then for any integer m < k,

m—1
y(k) > A"y(k—m)+ > AB(k-j-1). (2.14)
j=0

Especially, if A < 1 and B is bounded below with respect to N, then

N

- (2.15)

liminf y (k) >
k—+o0

3. Permanence
In this section, we establish a permanent result for system (1.4).
Theorem 3.1. Assume that (H,) holds; assume further that
(Hy) b' > c¢*/2|h|
holds. Then system (1.4) is permanent.

Proof. Let X (k) = (x1(K), x2(k), u1 (k), uz (k)T be any positive solution of system (1.4), from
the first equation of system (1.4), it follows that

x1(k +1) < x1(k) exp[b(k)] < x1(k) exp[b"]. (3.1)
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It follows from (3.1) that

k-1 xl(]+1)

H < H exp[b”] < exp[b“m],

j=k-11 xl(]) j=k-1i
which implies that
x1(k — 1) > x1(k) exp[-b"m].

Substituting (3.3) into the first equation of (1.4), it immediately follows that

x1(k +1) < x1(k) exp[b(k) — a(k)xi(k - 71)]
< x1(k) exp[b(k) — a(k) exp[-b"T1]x1(k)].

By applying Lemma 2.5 to (3.4), we have

lim sup x; (k) < l exp[b”(’rl +1)-1] =

k—+o0

(3.2)

(3.3)

(3.4)

(3.5)

For any € > 0 small enough, it follows from (3.5) that there exists enough large K; such that

for k > K1,

xl(k) <M +e.

From the second equation of system (1.4) it follows that

x2(k +1) < x(k) exp[g(k)] < x2(k) exp[g"],
f (k)

x2(k + 1) < xa(K) exp [g(k)

From (3.7), similar to the argument of (3.1), one has

xp(k +1) < x2(k) exp [g(k) T M te exp[-g“72] x2(k)] .

By applying Lemma 2.5 to (3.8) again, we have

lim sup x, (k) < M 1+€ exp[g“(m +1) - 1].

k—+o0

Setting ¢ — 0 in the above inequality, we have

. M
lim sup x, (k) < Tll exp[g“(m2 +1) - 1] = M,.

k—+o0

x2(k Tz)] for k> K;+7T.

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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For any € > 0 small enough, it follows from (3.5) and (3.10) that there exists enough
large Ky > Ky + 7 such that fori = 1,2 and k > K,

xi(k) £ M; + . (3.11)
For k > K, + 7, (3.11) combining with the third and fourth equations of system (1.4) leads to
Aui(k) < —ai(k)ui(k) + pi(k)(M; +¢), i=1,2, (3.12)

that is,
ui(k+1) < (1-aﬁ.)ui(k) +pMi+e), i=1,2. (3.13)

By applying Lemma 2.7, it follows from (3.13) that

_ pr(M;+e) .
lim sup u;(k) < —) i=1L2 (3.14)
k—+oo o;
Letting ¢ — 0 in the above inequality, we have
. B M, .
lim sup u;(k) < =N;, i=12 (3.15)

LII

k—+o0 i

For any ¢ > 0 small enough, it follows from (3.11) and (3.15) that there exists enough
large K3 > K> + 7 such that fori = 1,2 and k > K3

xi(k) < Mi + €, ui(k) < Ni + €. (316)

Thus, from (3.16) and the first equation of system (1.4), it follows that

Cu

x1(k +1) > x1 (k) exp [b' - a* (M +¢) - —d"“(N; +¢)

2| (3.17)
=:x1(k)exp[D1e], for k> Ks+T,
where

Cu
2|h|

Dy, =b —a“(M; +¢) - —d“(Ny +¢)

< bl - lJluMl
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bl a*exp[b" —1]

al exp[-b¥7]

<b' - b
<0.
(3.18)
For any integer 7 < k, it follows from (3.17) that
Lo (j+1
1<] ) > H exp[Die] > exp[Die1], (3.19)
j=k-n X1 (]) j=k-n
and hence
x1(n) < x1(k) exp[-(k —1)D1.]. (3.20)
From the third equation of system (1.4), we have
w(k+1) < (1 - ag)ul(k) + pxy (k = pr)
< (1-a)ua(k) + By exp[-p1Dsc] x1 (k) (321)

= Ajuy (k) + By (k),

where A1 = 1 - all and By(k) = pexp[-p1Di]x1(k). Therefore, for any m < k — 7, by
Lemma 2.7, (3.20), and (3.21), one has

m-1
up (k) < Af'uy (k —m) + Z AlBi(k-j-1)
=0

m-1

< Al'ua(k —m) + Z Al [5” exp[-p1Die]xi(k—j-1) (3.22)
7=0

m-1
< Al'uy(k = m) + xq (k) ZAlﬁl exp[-(j + 1+ p1)D1e].
7=0

Since ay(k) € (0,1), we have 0 < A; < 1. So

0< AT'uy(k -m) < AT'(Ny1 +¢) — 0, for m — oo. (3.23)
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By the conditions (H;), for any solution (x1(k), x2(k), ur (k), 1z (k)T of system (1.4),
there exists a positive integer M such that d*Al"u;(k - m) < (1/2)(b* - ¢*/2|h|) for m > M.
In fact, we can choose M = max{1, [logA1 ((b' = c*/2|h])/2d*N)] + 1}. Then we get

M-1 |
uy (k) < AM(Ny +e) +x1(k) D Alpiexp[-(j + 1+ p1)Dic]
=0 (3.24)

= AM(N1 +¢) + Fiexa (k),

where Fi. = 31" AlpY exp[~(j + 1+ p1)Dic].
Substituting (3.20) and (3.24) into the first equation of system (1.4), one has

x1(k+1) > x1(k) exp [b(k) —a(k)xi(k—m) - C2(|—I;l|) —d(k)ui(k - 0'1)]
> x1(k) exp [b(k) - % - d(k)Aiw(Nl +€)
(3.25)
—(a(k) exp[-71D1¢] + d(k) Fi exp[-01D1c]) x1 (k)]
- _ (S2(k)
-menfsan(o- (28)0)]
where
S1e(k) = b(k) - ) _ o) AM(N, + ),
2|k (3.26)
Soe(k) = a(k) exp[_TlDle] +d(k)Fye exp[_alDle]-
In particular, we have
S, a* exp[-11D1¢] + d“Fi. exp[—01D1]
M, =
Sllg b’—c“/2|h|—d“A{VI(N1 +€)
a* exp[-T1 D] exp[b¥(T1 +1) —1]
= b! al
N a“exp[-Tib] exp [V (T +1) - 1] (3.27)
- b! a
_ &P b -1]

2 b

>1,
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where we use the inequality exp(x — 1) > x for x > 0. By applying Lemma 2.6 to (3.25), it
follows that

lim inf k>Sll€ su (1 SgSM 3.28
irgigxl()_s—ggeXp 1e _S_L 1) |- (3.28)

Setting ¢ — 0 in the above inequality, we have

. S ul 1 5
lllclgg.lofxl(k) > Su exp|Sy( 1- ?Ml = mj. (3.29)

2 1
From (3.29) we know that there exists enough large K4 > K3 + 7 such that for k > Ky,

x1(k) >my —¢. (3.30)

From (3.30) and the second equation of system (1.4), it follows that

“(M
xy(k +1) > xy(k) exp |g' - f(m_:@ —p“(Ny +¢)
! (3.31)
=1 xp(k) exp[D2.], for k> K4+,
where Dy, = ¢! — f*(My +¢€)/(m1 — €) = p*(Na + €) < 0.
This implies for any integer 17 < k
x2(1) < x2(k) exp[-(k — 1) Dy]. (3.32)

From (3.32) and the fourth equation of system (1.4), by a procedure similar to the discussion
of (3.21)—(3.24), we can verify that

ur (k) < AY (N2 +€) + Faexa (), (3.33)

where

(3.34)
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Substituting (3.32) and (3.33) into the second equation of system (1.4), one has

f(k)

m — €

x(k+1) > x2(k) exp [g(k) - X2 (k — 1) — p(k)uz(k - 02)]

> x, (k) exp [g(k) -p(k)AY (N +¢)
(3.35)

mi

=: x5 (k) exp [S3E(k) <1 - (?;283 )m(k))] ,

_<f (k exp[~72Da.] + p(k) Fae exp[—02D2£]>x2(k)]

where

Sac(k) = g(k) - p(k) AY (N, +¢),

(3.36)
A exp[-T2Dy¢] + p(k) Fae exp[-02D2].

Sie(k) =

mq
In particular, we have

Sy, M (f*/m1) exp[-T2Dsc] + p"Fy exp[-02D2]
24e pp, =

M
Sk gh—p AN (N2 +¢) ?
N (f*/mq) exp[-12Dae] Myexp[g* (T2 +1) - 1]
- g’ f!
N (f*/mi) exp[-128'] Miexp[g'(m+1) 1] (3.37)
- gl fu
vl 1]

> g
> 1.

By applying Lemma 2.6 to (3.35) again, it follows that

. . Ség u SZE
111<I312fx2(k) > Gu P S5 1- S—le . (3.38)

4e 3¢

Setting ¢ — 0 in the above inequality, we have

lim inf k>Sl3 Syl 1 SZM = 3.39
iIBiQXZ()_S_ZeXp by —5—13 2 )| = my. (3.39)
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From (3.29) and (3.39) we know that there exists enough large K5 > K4 + 7 such that for
k 2> KS/

xi(k) >m; —e. (3.40)

For k > K5+, (3.40) combining with the third and fourth equations of system (1.4) produces

ui(k +1) > (1-a)u;(k) + pi(m; —¢), i=1,2. (3.41)

By applying Lemma 2.8, it follows from (3.41) that

!
(m; —€
liminf u; (k) > M i=1,2. (3.42)
k—+o a;
Setting ¢ — 0 in the above inequality, we have
o pimi .
limmfu,-(k) > s =m 1= 1,2. (3.43)
— 400 .

1

Consequently, combining (3.5), (3.10), (3.15), (3.29), (3.39) with (3.43), system (1.4) is
permanent. This completes the proof of Theorem 3.1. O

4. Global Attractivity
Firstly, we prove two lemmas which will be useful to our main result.

Lemma 4.1. For any two positive solutions (x1(k), x2(k), ui(k), 1wy (k) and (y1(k), y2(k), v1(k),
v (k)T of system (1.4), one has

X1(k + ].)
In yik+1)

x1 (k)
yl(k)

=1n

= a(k) [x1 (k) = y1 (k)]

—d(k)[u1(k - 01) = v1(k = o1)] + E1(k) [x1(k) = y1 (k)] + E2 (k) [x2(k) = y2(k)]
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k-1
+a(k) {P1(S) [b(S) - a(s)yi(s — 1)

s=k-1|

c(s)y1(s)ya(s)

_hzyﬁ(s) +2(s) —-d(s)vi(s - 01)] [x1(s) = y1(s)]

+x1(s)Pa(s) [~a(s) [x1(s — 1) — ya(s — T1)]

—d(s)[ui(s —01) —vi(s — 01)]

+ E1(s) [x1(8) = y1(s)] + Ea(s) [x2(s) = y2(s)]] },

(4.1)
where
E (S) — C(S)yl(S)J/Z(S) [xl (S) + 11 (5)] _ C(S)XZ(S)
1 [hzxﬁ(s) + x%(s)] [thg(s) + y%(s)] hzxg(s) N x%(s)'
E, (S) — I’lzC(S)yl (S)y2 (S) [XQ(S) + yZ(S)] B C(S)yl(s)

[h2x2(s) + x2(s)] [R2y23(s) + ¥2(s)]  h2x3(s) + x2(s)’

c(8)y1(8)y2(s)

Pi(s) = exp{el (s) [b(s) -alsn(s =) - o5 s
2 1

—d(s)vi(s - 0'1)] },
c(s)x1(s)x2(s)
h2x3(s) + x3(s)

Py(s) = eXP{QZ(S) [b(s> ~a(s)xi(s— 1) - — d(s)u (s - on]
c(8)y1(s)yals)

+ (1-64(s)) [b(s) —asyi(s-m) - h2y2(s) + y3(s)
2 1

d(s)vi(s - 01)] },

01(s),02(s) € (0,1).
(4.2)

Proof. It follows from the first equation of system (1.4) that

nk+1) | xi(k)
yi(k+1) yi(k)

xak+1) | yik+1)

=hm " m

_ c(k)xi(k)xa(k)

_ [b(k) —a(k)xi(k —1) hzxg(k) + x%(k)

d(k)us(k - 0'1)]

c(k)y1(k)y2(k)

- [b(k) - a(k)yl(k - Tl) - hzyz(k) + yZ(k)
2 1

—d(k)vi(k - 01)]



14 Abstract and Applied Analysis

= —a(k) [x1(k = 71) = y1(k = 7)] - d(k)[ui(k — 01) —v1(k - 01)]

_ c(k)x1(k)xa (k) N c(k)y1(k)y(k)
h2x3(k) + x2(k)  h?y5(k) + y3 (k)

= —a(k) [xl(k) - y1(k)] —d(k)[ui(k — 01) —vi(k - 01)]
+ Eq (k) [x1(k) = y1(k)] + Ea(k) [x2(k) = y2 (k)]
+a(k){[x1(k) —y1 (k)] - [xi(k = 71) =y (k - m)]},

4.3)
where
Ey(k) = c(k)y1(k)y2 (k) [x1(k) + y1 (k)] _ c(k)xa(k)
e [h2x3 (k) + x7 (k)] [R2y3 (k) + yi(k)]  h2x3(k) + x7(k) ’ )
E>(K) = h2c(k)y1 (k) ya (k) [x2(k) + ya (k)] B c(k)ya (k) .
2 [hzxg(k) + x%(k)] [hzyg(k) + y%(k)] hzxg(k) + x%(k)‘
Hence
In T = 0 g~ a0 1) = 1 (0] =) k=) =1 (k=)
+ Ev(R) [1(k) - ya (0)] + E2() [x2(K) - 2(K)] (49
+ ﬂ(k){[xl(k) -xi1(k-m)] - [y1(k) -yi(k - Tl)] }
Since
[x1(k) = x1(k —T1)] - [yl(k) -yi(k - Tl)]
k-1 k-1
- 1) - - 1) -
s=k-11 [X1 (S " ) * (S)] s=k-1; [yl (S ’ ) s (S)] (46)

{[xi(s+1) =yi(s + D] = [x1(s) —y1(9)] },

[x1(s+1) =y (s +1)] = [x1(s) — y1(5)]

c(s)x1(s)x2(s)
h2x3(s) + x3(s)

= {xl(s) exp [b(s) —a(s)x1(s—1) - —d(s)ui(s - 01)]
c(s)y1(s)ya(s)

hzy%(s) + y%(s) —d(s)vi1(s - 0'1)] }

—yi(s) exp [b(S) —a(s)yi(s —11) -

= [x1(8) = y1(5)]
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(8)y1(s)y2(s)
= [xl(s) - y1(s)] {exp [b(s) —a(s)yi(s—m) - % —d(s)vi(s — 01)] - 1}

+ x1(s) {exp [b(s) —a(s)x1(s—1) - M —d(s)ui(s - ol)]

h2x3(s) + x3(s)

c(s)y1(s)y2(s)
—exp [b(s) —a(s)yi(s—m) - W_F?%(S) —d(s)vi(s - 01)] }

4.7)
By the mean value theorem, one has
[x1(s+1) —y1(s + 1)] = [x1(s) — y1(5)]
= [4(9) - ()] Pi(s) [b(s) —a(yals - 1) - SO g0 (5 - ol>]
h2y3(s) + y3i(s)
+x1(8) P2 (s) [ —a(s) [xl(S -71) —y1(s - Tl)] —d(s)[ui1(s —o01) —v1(s — 01)]
_cs)x(s)xa(s) | c(s)y1(s)ya(s)
h2x%(s) + x3(s)  h2y3(s) + y2(s)
- () - ()] PL(S) [b(s) —a()yr(s - 1) - SO g0y (5 - on]
hzyg(s) + y%(s)
+x1(s)Pa(s) [-a(s) [x1(s = 1) — y1(s — 71)] — d(s)[u1(s — 01) — v1(s — 01)]
+ E1(s) [x1(s) = y1(s)] + Ea(s) [x2(s) — y2(5)]].
(4.8)

Combining (4.6) with (4.8), we can easily obtain (4.1). The proof of Lemma 4.1 is completed.
O

Lemma 4.2. For any two positive solutions (x1(k), x2(k), ui(k), ug(k))T and (y1(k), y2(k), v1(k),
o (k)T of system (1.4), one has

xo(k +1)
ya(k+1)

x(k)  fk)
yz(k) x1(k — 1)

f(K)y2(k - 1)

=1
& x1(k - )y (k - 72)

[x1(k = 72) = y1(k — )]

[x2(k) = ya(k)] +

- p(k)[uz(k — 02) = v2(k — 02)]
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_fk) kZ

xl(k )

{Q1<s) [g(s) £ (s - o) [xa(s) = 12(9)]

et yi(s— 1)

+xz(S)Q2(S)[ f() [xz(S—Tz) Yo(s — )]

f(8)ya(s — )

x1(s —T)y1(s — 1)

[x1(s = T2) = y1(s — )]

- p(k)[ua(s — 02) —va(s - 0'2)]] },
(4.9)

where

yz( 72)

Q) = exp{(9)[315) - F) 25

-p(s)va(s - 02)] },

x2(s — T2)
x1(s — 1)

Q(s) = eXp{(pz(S [g(s) fls2e=™) —P(S)uz(s—oz)]

]/2( 72)

(102 [369) - 9 2=

—p(s)va(s - 02)] } 91(s), @a(s) € (0,1).
(4.10)

Proof. The proofs of Lemma 4.2 are very similar to those of Lemma 4.1. So we omit the detail
here. O

Now we are in the position of stating the main result on the global attractivity of
system (1.4).

Theorem 4.3. In addition to (H,)-(H>), assume further that

(H3) there exist positive constants s;, wj, i = 1,2 such that

i I I
a=: mm(sl‘ul — Sopp — w1, S2v1 — 51v2 — waffy, Wiy — 51Q1, Wrdk, — 52Q2> >0 (4.11)

holds, where p1, pa, v1, va, Q1, Q2 are defined by (4.37). Then for any two positive solutions (x1(k),
x2(k), u1(k), uz2 (k)" and (y1(k), y2(k), v1(k), va(k))" of system (1.4), one has

lim |x;(k) - yi(k)| =0, lim [ui(k) —vi(k)|=0, i=12 (4.12)
k—+o0 k—+o0
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Proof. For two arbitrary nontrivial solutions (x1(k), x2(k), u1 (k), u2(k))T and (y1(k), ya(k),
v1(k), v2 (k)T of system (1.4), we have from Theorem 3.1 that there exist positive constants

ko and M;, N;, m;, n; (i =1,2) such that forall k > kgandi=1,2

m; < xi(k) < M, n; < u;i(k) < Nj,

m; < yi(k) < M;, n; < vi(k) < Nj.
Firstly, we define
Vi (k) = |Inx; (k) - Iny (k).

From (4.1), we have

‘m % < 'm ;83 — a(k) [x1 (k) = y1 (k)] | + d()|ur (k — 1) - 01 (k - o))
+ Eq(k)|x1(k) = y1 (k)| + Ex(k) |x2(k) — y2(K) |
k-1
+a(k) {[P1(5)G1(s) + x1(s) Pa(s)E1 (s)]|x1(s) — y1(s)|
+x1(s)Pa(s) [a(s) |x1(s = 71) = yi(s — 7) |
+d(s)|ui(s —o1) —v1(s — 01)]
+Ex(s)|x2(s) = y2(s)|] },
where

c(8)y1(8)y2(s)

Gi(e) =ble) +al@mle =)+ 42 2 ey

+d(s)vi(s — o1).

By the mean value theorem, we have

x1(k) - y1 (k) = exp[Inx; (k)] - exp[Iny; (k)] = & (k) In x1(k) ,
yi(k)

that is,

k 1
m% = 5o 0 - m®)],

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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where ¢; (k) lies between x; (k) and y; (k). So, we have

|1 K)o k) [ () - 1 ()] '

0
) ‘h‘ ;ﬁ; ) ‘1“ ;ﬁ; ’ ‘1“ —;183 — alk) P (k) -y (k)] (4.19)
_ |y xa(k) 1
N ‘ln yi1(k) [§1(k) A0 —a(k) ] |x1(k) = y1 (k).

For k > kg + T, it follows that

1

AV,
ns & (k)

—a(k)

[‘;l(k) ] |21 (k) = y1 (k)|

+d(k)|ui(k — 01) —v1(k - 01)|

+ E1(k)|x1(k) = y1 (k)| + Ez(k) [x2(k) = y2(k) |

+ a(k) Z [P1(5)Gi(s) + MiPa(s)Ex ()] |x1(5) - 11 (5)] (4.20)
s=k—1;
+ M1 Py(s)[a(s)|x1(s — T1) = y1(s — 1) |
+d(s)[ur(s — 01) —v1(s — 01)|
+ Ea(s)|x2(s) = y2(s)|] }-
Secondly, we define
k-1
Via(k) = d(s + o1)|ui(s) —vi(s)
s=k-o
k=1+1 k-1
+ Z a(s) Z {[P1(1)G1 (1) + M1 P (u) Eq ()] |21 (1) — y1 (w) |
s=k U=s-11
(4.21)

+ My Py (u) [a(u) |1 (u—11) —y1(u—11)|
+d(u)|ui(u—o1) —vi(u—o1)|

+ Ex(u)|x2(u) — y2(w)|]}.
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Then

AVyp = d(k + o1)|ui (k) —v1(k)| = d(k)|u1(k — 1) —vi(k — 01)]

k+1)
+ Z a(s){[P1(k)Gi(k) + My P (k)E; (k)] |x1 (k) — y1 (k)|
s=k+1
+ M1 Py (k) [a(k)|x1(k = 71) = y1(k — 1)
+d(k)ui(k — 01) = v1(k — 01)| + Ex (k) |x2(k) = ya2 (k)] }
k-1
- a(k) Z {[P1(u)G1 (1) + M1 Py (u) Eq ()] |21 () — ya (u) |
+ My Py(u) [a(u)|x1(u—71) = y1 (u—71)|
+ d(u)|uy(u—01) —v1(u - 01)| + Ex(u) | x2(u) — y2(w) ]}
(4.22)
Thirdly, we define
k-1 1+27
Vis(k) = My Z Py +m)al+m)|xi (1) -y (D] Z a(s)
I=k-1; s=l+11+1 (4.23)
k-1 l+o1+711
+M; D) Po(l+o)d(+o)u () —or(D)] D, a(s).
I=k—0q s=l+o1+1
By a simple calculation, it follows that
k421
AVig= D' a(s)MiPy(k +7)a(k + )| x1(k) - y1 (k)|
s=k+11+1
k+7
- >, a(s)MiPy(k)a(k)|xi(k = 71) - y1(k - 71)]
s;k+1 (4.24)
+ D, a(s)MiPy(k +01)d(k + 01)[us (k) — 01 (k)|
s=k+o1+1
k+1
- > a(s)MiPy(k)d(k)|uy(k — 01) — 01 (k - 01)].
s=k+1

We now define

Vi(k) = Via(k) + Via(k) + Viz(k). (4.25)
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Then for all k > kg + 7, it follows from (4.14)—(4.24) that

1
¢1(k)

AVy <

- a(k)

J5w- [0 =y 061+ e s ) = 1)

+ Eq(k)|x1(k) = y1 (k)| + Ex(k) |x2(k) — y2(K)|

k+T1
+ > a(s){[Pi(k)Gi(k) + M1 Py(k)E1 (k)] |x1(k) - ya (k)|
s=k+1
(4.26)
+M1 Py (k) Ex (k)| x2(k) = y2(k) |}

k421
+ Z a(s)Mi P (k + ) a(k + 1) |x1 (k) — y1 (k)|
s=k+11+1
k+o1+T11

+ Z a(s)Mle(k+01)d(k+01)|u1(k) —’Ul(k)|.

s=k+01+1
Similarly, we define
Va(k) = Vai(k) + Vaa (k) + Vas(k), (4.27)
where
Vor(k) = |Inxz (k) - Iny,(k)|, (4.28)

k-1 M2 k-1
Va(k) = >, Wﬂs +m)|x1(s) = ya(s)| + D pls +02)lua(s) - va(s)|
s=k—-1, 1

s=k-0p

k-1+7 k-1
S % 5 {Ql(u)Gz(u)|x2(u)—y2(”)|

s=k 1 u=s-m

(u (4.29)

) |x2(u —Tz) —yz(u —Tz)l

+ M2Q2 (u) [f

mq

+ %;f(uﬂxl(u—?'z) _yl(u_T2)|
n

+p )z (1 - 02) —Uz(u—02)|] }
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k-1 1+27)
Vo) = M2 ST Quiamf s ) -] 3, 1
I=k-1) s=l+1r+1
M2 1+27) f(S)
+ 2 Z Qe+ ) fA+T)|x1() - (D] D (4.30)
ml I=k-1> s=l+1+1
k-1 1+02+7
My 3 Qi+ oapli+ o) ~w) 3, L,
I=k-02 s=l+0oy+1
yz( 72)
Ga(s) =g(s) + f (s) o p(s)va(s — 02). (4.31)
Thus for all k > kg + 7, it follows from (4.27)—(4.30) that
1 1 f(k)
Avas - [gz(lo @ mEom || v
# 2 (ks )l () -y (0] + pk + 0l K) — o2 (K)
1
k+1, f( )
Z Q1 (k)Ga (k) |x2(k) — y2(Kk)|
s=k+1
k+21) f(S) Mz
+ Qz(k+7'2)f(k+7'2)|x2(k — 2 (k)|
s=k+1p+1
o ST LM ke e+ ) - (R
s=k+m+1 m ml ’ ’ ' S
k+0o2+1
> LD a4 o)) - w0
s=k+0y+1
(4.32)
Fori=1,2, we define
k-1
Vi (k) = |ui(k) = v (k) [+ D, Bi(s +pi)|xi(s) = yi(s)|. (4.33)
s=k—pj
By calculation, it derives that
AV} < —aij(k)|ui(k) — vi(k)| + i (k + p;) | xi(k) = yi(k)|. (4.34)

We now define a Lyapunov function as

V (k) = 5, Vi (k) + s5Va(k) + wi VI (k) + wr Vi (k). (4.35)
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It is easy to see that V (k) > 0 and V (ko + T) < +oo. Calculating the difference of V along the
solution of system (1.4), we have that for k > ko + 7,

2
AV < {51 |— min<al, Sy a“) +EY + 1a" PG} + M1 PYE} + Mlpga“]]
1

M, u[ M,
o5y L2 (] 4 pp 2 puQu
Zm%f zmlsz

) 1 2 u u M
+ {sz [—m1n<]\{[—l, M 1{1—1> + 7'21];1—1 [Q?Gg + m—fQ;f”]]

+ s1E4[1 + Ta“ My PY] + wzﬂ;} |x2(Kk) = y2(k)|

+ wlfﬁ} |21 (k) = y1 (k)|

+ {—wlall +s1d"[1 + 11a" M, PY] }Iul(k) - v1(k)|

+ {—wzalz + sop"

s er] | IO
< = [s1p1 = sopz = wr ] |2 (k) = ya (k)| = [s2v1 = s1v2 — wa B ] |2 (k) = y2(K) |

- [wlall - lel] I (k) — o1 (K)| - [wzulz - SzQz] lua (k) — v (K)|

2
<—a D ([xi(k) = yi(k)| + us(k) = vi(K)),
i=1

(4.36)
where
Hi = min(a’, Mil - a”) - EY — 7ya"[P'GY + My PYEY + M Pya"],
Ho = %f” 1 +T2]1\11/I—12Q5‘f”]r
v = min<]{4—ll, Miz - 1{1—1> - Tz,% [Q?Gﬁ + %Qé‘f”]/ (4.37)

Vo = Eg [1 + Tla“MlP;],

01 = a* [1 + Tla”Mlpé‘],

Q2= pu 1+ Tzi—leQg] .
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Summing both sides of (4.36) from kq + 7 to k, it derives that

k

s=ko+T s=ko+7 i=1

It then follows from (4.38) that for k > kg + T,

k 2
Vik+1)+a > > (|xi(s) = yi(s)] + [ui(s) —vi(s)]) < V(ko + 1),

s=ko+7 i=1

that is
S ; ko + T)
Z Z(|xl(s) yz(s + |ui(s) —vi(s)|) < —a
s=ko+1 i=1
Then
2
Z Z(|x1(5) yz(S)| +|ui(s) —vi(s)]) £ ———= V(ko 7) < 400,
k=ko+7 i=1

from which we see that
lim |x;(k) - yi(k)| =0, lim |u;i(k) —vi(k)|=0, i=1,2.
k—+o0 k—+o0
This completes the proof of Theorem 4.3.

5. Almost Periodic Solutions

In this section, we consider the almost periodic property of system (1.4).

k 2
D Vis+D) =V <-a D > (|xi(s) —yi(s)| + [ui(s) - vi(s)]).

23

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

We assume that a*(k) € H(a(k)), b*(k) € H(b(K)), c*(k) € H(c(k)), d*(k) e

H(d(k)), f*(k) € H(f(k)), g"(k) € H(g(k)), p*(k) € H(p(k)), a;(k) € H(ai(k)), p;(k) €
H(pi(k)), i =1,2. By Definitions 2.3 and 2.4, there exists an integer valued sequence y, with

Yo — owasn — ocosuchthatfori=1,2, ke Z

a(k +y,) — a*(k), b(k +y,) — b*(k), c(k +yn) — c*(k),

d(k+y,) —d(k),  f(k+y.) — f(k),  glk+y.) — g"(k),
plk+ya) —p'(k), ai(k+y.) —aj(k),  Pi(k+y.) — P (k).

(5.1)
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Then we have the following Hull equation of system (1.4)

c*(k)x1(k)xa (k)

x1(k +1) = x1(k) exp I:b*(k) —a*(k)xi(k —71) - hzxg(k) + x%(k)

—d"(k)ui(k - 01)],

x5 (k = T3) (5.2)

a4 1) = xa(k) exp g () - £ 2 — p (k- )|,

Au(k) = —at (k)u; (k) + Br (k) xi(k - pi), i=1,2.

According to the almost periodic theory, we know that if system (1.4) satisfies
(H1)-(H3), then Hull equation (5.2) also satisfies (H;)—(H3).
The following Lemma is Lemma 4.1 in [15].

Lemma 5.1. If each hull equation of system (1.4) has a unique strictly positive solution, then the
almost periodic difference system (1.4) has a unique strictly positive almost periodic solution.

Theorem 5.2. Assume that (H1)—(H3) holds. Then the almost periodic difference system (1.4) has a
unique strictly positive almost periodic solution which is globally attractive.

Proof. We divided the proof into two steps.
Step 1. We prove the existence of a strictly positive solution of each Hull equation (5.2).
By the almost periodicity of the parameters of system (1.4), there exists an integer-
valued sequence y, with y, — ooasn — cosuchthatfori=1,2, keZ

a*(k+yn) — a*(k), b*(k+vy,) — b*(k), " (k+y,) — c*(k),
d'(k+yn) —d'(k),  fr(k+yn) = f(k),  gk+y)—g'k,  (53)
prk+yn) —pik),  ai(k+yn) —aik),  fi(k+ya) — fi (k)

Suppose that X (k) = (x1(k), x2(k), u1 (k), uz (k)T is any positive solution of Hull
equation (5.2). Since (H;), (Hz) hold, according to Theorem 3.1, we obtain

m; < llicm inf x;(k) < limsup x;(k) < M;,

k—+o0

(5.4)
n; < llicm infu;(k) <limsupu;(k) <N;, i=12.
—too k—+o0
Therefore, one has
0 < inf x;(k) < sup xi(k) < oo,
kez: kez+
(5.5)

0 < inf u;i(k) <supui(k) <o, i=1,2.
kez* keZ+
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For any € > 0 small enough, it follows from Theorem 3.1 that there exists enough large
Ky > K5 + 7 such that fori =1,2 and k > K

m; —e < xi(k) < M; +¢, n;—e <uj(k) < N;+e. (5.6)

Let x,(k) = x,(k + y,) and u,(k) = uy(k +7vy,) fork > Ko+7 -7y, n=1,2,.... For
any positive integer g and i = 1,2, it is not difficult to show that there are sequences {x;, (k) :
n > q} and {u;, (k) : n > q} such that the sequences {x;,(k)} and {u;,(k)} have subsequences,
denoted by {xi,(k)} and {u;,(k)} again, converging on any finite interval of Z as n — oo,
respectively. So we have sequences {y;(k)} and {v;(k)} i =1,2 such thatforke Z, n — o

Xin(k) — yi(k), uin(k) — vi(k),
x1(k +1) = x1(k) exp [b*(k + 1) —a*(k +yn)xi(k — 1)

(k) xi(k)xa(k)
h2x3 (k) + x2 (k)

d*(k+Yn)u1(k—01)], (5.7)

x2(k —12)

x2(k+1) = x2(k) exp m

(k) — F(k+ 1) -y (ks - )|,

Aui(k) = —a; (k +yn)ui(k) + i (k +yn)xi(k—pi), i=1,2,
which implies

c*(K)y1(k)ya (k)
h2y3 (k) +yi (k)
nk-n)
yl(k -T)

yi(k +1) = yi(k) exp [b*(k) —a (kyi(k-m) - —d'(k)oi(k - 01)],

(5.8)

ya(k +1) = ya(k) exp [g*(k) ) P (K)0a (k - 02)],

Avi(k) = —a: (K)oi(k) + B ()i (k= pi), i=1,2.

Thus we can easily see that Y'(k) = (y1(k),yz(k),vl(k),vz(k))T is a solution of Hull
equation (5.2) and m; —e < yi(k) < M; +¢,n—e <vi(k) < Nij+¢, fori=1,2,k € Z. Since ¢
is an arbitrary small positive number, it follows that

0 < inf y;(k) < sup yi(k) < oo,
keze keZ*
(5.9)
0 < inf v;(k) <supvi(k) <oo, i=1,2.
kez* keZ+

This completes the proof of Step 1.
Step 2. We show the uniqueness of the strictly positive solution of each Hull equation
(5.2).
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X* (k) =

(x3(k), x5(k), u’{(k),uz(k))T and Y* (k) =

Abstract and Applied Analysis

a Lyapunov function V*(k) on k € Z as follows:

where

2 2
Vi(k) = X si(Vi (k) + Vi (k) + Vi (k) + D wiVi* (k),
i=1

i=1

Vi (k) = |Inxj (k) - Iny; ( i=12,
k-1
Vi (k) = d(s + o1)|ui(s) —v;(s)|
s=k-01
k—1+11 k-1
+ DL als) D {[P1(w)Gr(u) My Py(u) Eq (w)] | x; (1) — yi (u) |
s=k Uu=s-7
+ My Py(u) [a(u) |} (u = 71) = yj(u—71)|
d(u) |uj(u - 01) - vj(u—01)|
+ Ex(u) |5 (u) - y3w) ]},
k-1 1+21;
Vis(k) = My -y Y, als)
I=k—1; s=l+11+1
k-1 l+o1+1;
+ My > Py(l+o)d(l+o)|ui() -o5()| D, als),
I=k-0y s=l+o1+1
k-1 k-1
Vs, (k) = Z o f(s +T)|x5(s) = yi (s)| + p(s+02)|us(s) —v5(s)|
s=k-1 s=k—0,

k=141 k-1
Dy {Ql<u>cz<u>|x3<u>—y3<”>|

s=k U=8—To

f(

+ M>Q» () |x2(u ) - y5(u—1)|

- —Mjﬂu>|x1‘<u—n> —yi(u-1)|
m
1

+ ()| (u - ) —v;<u—02>|] }

Suppose that the Hull equation (5.2) has two arbitrary strictly positive solutions
(y1(k), y5(k),vi(k), v;(k))T. Now we define

(5.10)
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k-1 1+21;
ik = M2 D Ql+n)fl+n)|x0) -0 f,,(f)
I=k-7, s=ltmptl
% k-1 1+27 fS)
— Z Ql+m) f(l+m)|x; (1) - yi (D]
1 I=k-T s=l+1p+1
k-1 l+02+1
M, a0 S L2,
I=k-0, s=l+0y+1
, k-1
V¥ (k) = |uj (k) - o} (k)| + Pi(s +pi)|xi () - y;
s=k—p;

(5.11)

where E;, G;, P, Q;, i =1,2 are defined by Theorem 4.3.
Similar to the discussion of (3.32), calculating the difference of V*(k) along the solution
of the Hull equation (5.2), one has

2
AV* < —a Y (| (k) = y; (k)] + |5 (k) =
i=1

for k € Z. (5.12)

It follows from (5.12) we know that V*(k) is a nonincreasing function on Z. Summing both
sides of the above inequalities from k to 0, we get

ai zz:(|x;“(s) —yi ()| + |u; (s) —vi(s)]) < V*(k) - V*(0), for k<0O. (5.13)
s=k i=1

So we have ZS:k 21-2:1(|x;"(s) =y (s)| +|ui(s) —v;(s)]) < +o0, k — —oo, thus we obtain
klim |x} (k) - y; (k)| =0, klim |u; (k) —v; (k)| =0, i=1,2. (5.14)
From (5.14), for a positive integer K, we have

|x} (k) —yi (k)| <e, |uf (k) —vi(k)| <e, fork<-K,i=1,2. (5.15)
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It follows from (5.10) that

. 1, ., . 1
Vi(k) < E'xi (k) —yi (k)| < E‘E/

Vi (k) = oyd*max|ui 5) - 07 )|
+ (Tl)za”{ [PIGY + MiPYE{]max|xi(s) - yi(s)|
+ M Py [a” max|x;(s) — v (s)| + d* max|uj(s) — vj(s)|
s<k s<k
+E} max|x3(s) — y}(s)|] }
s<k
< {oud" + (m)%a" [(PIGY + MiPYEY) + My Py (a" +d" + E2)] Je,
Vi (k) < 7 M Py a* (Tla” rr513(x|x’1‘(s) - yi(s)| + od” rr513<x|uf(s) - vi(s) |>

<M Pa"(ma" + o1d")e,

* M u * * u * *
Vi (k) < Tz?%zf max|x}(s) - yi(s)] + o2p" max|uz(s) ~v3(s)|
f (5.16)
+ (7‘2)2 {Q1 G; max|x2 s) - y2(5)|
u fu * * Mz u * *
+ MaQ; [;ﬁg}}lxz(s) - ¥5(9)] + i max|xj(s) - y; (s)|

+p rgg{Xluz(S) —vz(S)I] }

< {Tz—f"+O'P +(T2)2fu [QlFu+M2Q2<TJ:’: 2f”+p )]}

my
* fu u fu * _ * u
Vi3 (k) < 1 —M,Q% [ T>—max|x5(s) - y3(s)| + Tz—f max|x1(s) yi(s)]
mq Mmq s<k
+ oop* rrsl<akx|u§(s) - vz(s)|>

STzﬁMzQE’ Tzﬁﬂ'z—f + opp*
msq mq 11’1

+pify max|xi(s) —y; ()] < (1+pif)e.
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Let

Q= sl{mi1 +o1d" + (11)a* [(P*GY + M1 PYEY) + M P¥ (a* + d* + EY)]

+T M Py a" (T1a" + old”)}

(5.17)
+sz{mi2+72—f + opp™ + (12)? 2/ I:QlG“+M2Q2<f1 2f +p >]

u u 2
+ TQEM2Q§<TQ—1 +T2—f +oop >} + D wi(1+pifpt).
i=1

It follows from (5.10) and the above inequalities that V*(k) < Qe for k < —K, hence
limy . V*(k) = 0. Furthermore, V* (k) is a nonincreasing function on Z, thus V*(k) = 0, that
is, x7 (k) = yi(k), u; (k) = v;(k), i=1,2forall k € Z. This ends the proof of Step 2.

By the above discussion and Theorem 4.3, we conclude that any hull equation of
system (1.4) has a unique strictly positive solution. Then the almost periodic system (1.4)
has a unique strictly positive almost periodic solution which is globally attractive. The proof
of Theorem 5.2 is completed. O

6. Concluding Remarks

In this paper, a discrete almost periodic ratio-dependent Leslie system with time delays
and feedback controls is considered. By applying the difference inequality, some sufficient
conditions are established, which are independent of feedback control variables, to ensure
the permanence of system (1.4). By constructing the suitable Lyapunov function, we show
that system (1.4) is globally attractive under some appropriate conditions. Furthermore, by
using an almost periodic functional hull theory, we show that the almost periodic system
(1.4) has a unique strictly positive almost periodic solution which is globally attractive.

We would like to mention here the question of whether the feedback control variables
have the influence on the stability property of the system or not. It is, in fact, a very challeng-
ing problem, and we leave it for our future work.
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