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We introduce an implicit-relation-type cyclic contractive condition for a map in a metric space and
derive existence and uniqueness results of fixed points for such mappings. Examples are given to
support the usability of our results. At the end of the paper, an application to the study of existence
and uniqueness of solutions for a class of nonlinear integral equations is presented.

1. Introduction and Preliminaries

It is well known that the contraction mapping principle, formulated and proved in the Ph.D.
dissertation of Banach in 1920, which was published in 1922 [1], is one of the most important
theorems in classical functional analysis. The Banach contraction principle is a very popular
tool which is used to solve existence problems in many branches of mathematical analysis
and its applications. It is no surprise that there is a great number of generalizations of this
fundamental theorem. They go in several directions modifying the basic contractive condition
or changing the ambient space. This celebrated theorem can be stated as follows.

Theorem 1.1 (see [1]). Let (X, d) be a complete metric space and let T be a mapping of X into itself
satisfying:

d(Tx,Ty) <kd(x,y), Vx,yeX, (1.1)

where k is a constant in (0,1). Then, T has a unique fixed point x* € X.
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There is in the literature a great number of generalizations of the Banach contraction
principle (see, e.g., [2] and references cited therein).

Inequality (1.1) implies continuity of T. A natural question is whether we can find
contractive conditions which will imply existence of a fixed point in a complete metric space
but will not imply continuity.

On the other hand, cyclic representations and cyclic contractions were introduced by
Kirk et al. [3].

Definition 1.2 (see [3, 4]). Let (X,d) be a metric space. Let p be a positive integer and let
Ay, Ay, ..., Ap be nonempty subsets of X. Then Y = Ule A;is said to be a cyclic representation
of Y with respectto T : Y — Y if

(i) A, i=1,2,...,p are nonempty closed sets, and

(ii) T(A1) C As, .., T(Ay1) € Ay, T(A,) C Ar.

Kirk et al. [3] proved the following result.

Theorem 1.3 (see [3]). Let (X,d) be a metric metric space and let Y = UL A; be a cyclic
representation of Y with respect toT : Y — Y. If

d(Tx,Ty) < kd(x,y) (1.2)

holds for all (x,y) € Aix Aiy,i=1,2,...,p (where Apy1 = A1), and 0 < k <1, then T has a unique
fixed point x* and x* € (\_; A;.

Notice that, while contractions are always continuous, cyclic contractions might not
be.

Following [3], a number of fixed point theorems on cyclic representations of ¥ with
respect to a self-mapping T have appeared (see, e.g., [4-12]).

In this paper, we introduce a new class of cyclic contractive mappings satisfying
an implicit relation in the framework of metric spaces and then derive the existence and
uniqueness of fixed points for such mappings. Suitable examples are provided to demonstrate
the validity of our results. Our main result generalizes and improves many existing theorems
in the literature. We also give an application of the presented results in the area of integral
equations and prove an existence theorem for solutions of a system of integral equations in
the last section.

2. Notation and Definitions

First, we introduce some further notations and definitions that will be used later.

2.1. Implicit Relation and Related Concepts

In recent years, Popa [13] used implicit functions rather than contraction conditions to prove
fixed point theorems in metric spaces whose strength lies in its unifying power. Namely, an
implicit function can cover several contraction conditions which include known as well as
some new conditions. This fact is evident from examples furnished in Popa [13]. Implicit
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relations on metric spaces have been used in many articles (for details see [14-19] and
references cited therein).

In this section, we define a suitable implicit function involving six real nonnegative
arguments to prove our results, that was given in [20].

Let R, denote the nonnegative real numbers and let T be the set of all continuous
functions T : R® — R satisfying the following conditions: Ty: T(#1, ..., ts) is non-increasing in
variables t,, ..., ts; To: there exists a right continuous function f : R, — Ry, f(0) =0, f(¢) <t
for t > 0, such that for u >0,

T(u,v,u,v,0,u+v)<0 (2.1)

or
T(u,v,0,0,v,v) <0 (2.2)

implies u < f(v); Ts: T(u,0,1,0,0,u) >0, T(u,u,0,0,u,u) > 0, for all u > 0.

Example 2.1. T(ty,...,t¢) = t1 —amax{ty, t3,ta} — (1 — a)[ats + bts], where 0 < a <1, 0 < a <
1/2, 0<b<1/2.

Example 2.2. T(tl,. .. ,t6) =t - kmax{tz, L3, 1y, (1/2) (t5 + t6) }, where k € (O, 1)

Example 2.3. T(t1,...,t6) = t1 — ¢p(max{to, t3,ts,(1/2)(t5 + ts)}), where ¢ : R, — R, is right
continuous and ¢(0) =0, ¢(¢) <t fort > 0.

Example 2.4. T(ty,...,t) = t2 — t1(aty + bts + cty) — dtste, where a > 0,b,c,d >0,a+b+c<1
anda+d<1.

We need the following lemma for the proof of our theorems.

Lemma 2.5 (see [21]). Let f : R, — R, be aright continuous function such that f(t) <t for every
t > 0. Then lim,,_, o f"(t) = 0, where f" denotes the n times repeated composition of f with itself.

Next, we introduce a new notion of cyclic contractive mapping and establish a new
results for such mappings.

Definition 2.6. Let (X,d) be a metric space. Let p be a positive integer, let A;, Ay, ..., A, be
nonempty subsets of X, and Y = J/_ A;. An operator ¥ : Y — Y is called an implicit relation
type cyclic contractive mapping if

(*)Y = Ule Aj is a cyclic representation of Y with respect to F;

(x*) for any (x,y) € Ai x Ajy,i=1,2,...,p (with Apy = Ay),

T(d(Fx, Fy) d(x,y), d(x, Fx),d(y, Fy), d(x, Fy), d(y, Fx)) <O, (2:3)

forsome T € C.

Using Example 2.2, we present an example of an implicit relation type cyclic contract-
ive mapping.
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Example 2.7. Let X = [0,1] with the usual metric. Suppose «#; = [0,1/2], 4, = [1/2,1], and
A3 = H1; note that X = U$:1 A;. Define  : X — X such that

1
scxz{g’ xe£0,1), (2.4)
, x=1

Clearly, +#1 and <4, are closed subsets of X. Moreover, F(<#;) C A1 fori =1,2, so that U?=1 A;
is a cyclic representation of A with respect to ¥. Furthermore, if T : R*" — R* is given by

3 ts +
T(tlr t2/ t3/ t4/ t5/ t6) = tl - Z max{t2/ t3/ t4/ % }/ (25)

then T € T. We will show that implicit relation type cyclic contractive conditions are verified.
We will distinguish the following cases:

(1) XEJl,yEJz.

(i) When x € [0,1/2] and y € [1/2,1), we deduce d(¥x, ¥y) = 0 and inequality
(2.3) is trivially satisfied.

(ii) When x € [0,1/2] and y = 1, we deduce d(¥x, ¥y) =1/2 and

1

1
t=|x-1|, t3 = - =1, ty=1, ts = x, te = =, 2.6
2= |x -1 3=|X—5 4 5= X 6= 5 (2.6)

then T(ty,t,t3,t4,t5, 1) = 1/2 — 3/4. Inequality (2.3) holds as it reduces to
1/2 <3/4.

(2) X € H, VAS A
(i) When x € [1/2,1) and y € [0,1/2], we deduce d(¥x, ¥y) = 0 and inequality

(2.3) is trivially satisfied.
(ii) When x € 1 and y = [0,1/2], we deduce d(¥x, ¥y) =1/2 and

1
tbh=|1-y , ts = 5 te = y. (2.7)

, tz =1, t4=‘y——

Then T(t1,t,t3,t4,t5,t6) = 1/2 — 3/4. Inequality (2.3) holds as it reduces to
1/2 < 3/4.

Hence, ¥ is an implicit relation type cyclic contractive mapping.

3. Main Result

Our main result is the following.
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Theorem 3.1. Let (X, d) be a complete metric space, p € N, Ay, A, ..., Ap nonempty closed subsets
of X,and Y = Ule A;. Suppose F Y — Y is an implicit relation type cyclic contractive mapping,
for some T € T. Then F has a unique fixed point. Moreover, the fixed point of F belongs to (\}_, A;.

Proof. Let xo € A; (such a point exists since A; # ). Define the sequence {x,} in X by
Xps1 =Fx, n=0,1,2,.... (3.1)
We will prove that

lim d(x,, xp+1) = 0. (3.2)

If for some k, we have xy.1 = xi, then (3.2) follows immediately. So, we can suppose that
d(xy, xu41) > 0 for all n. From the condition (*), we observe that for all n, there exists i =
i(n) € {1,2,...,p} such that (x,, x4+1) € A; X Aj;1. Then, from the condition (*x), we have

T(d(Fxn, Fxn-1),d(xn, xn-1), d(xn, Fxn), d(Xn-1, FxXn-1), d(xn, FxXn-1), d(Xn-1, Fxu)) <0
(3.3)

and so
T(d(Xne1, Xn), A, X 1), A, Xi1), A1, %), 0, d (X1, Xn11)) < 0. (3.4)
Now using Ty, we have
T(d(xns1,%n), A(xXn, Xp-1), A(Xn, Xns1), d(Xn-1, %n), 0, A(Xn-1, Xn) + d(2n, Xn41)) <O (3.5)

and from T, there exists a right continuous function f : R, — R,, f(0) =0, f(t) <t fort >0,
such that foralln € {1,2,...},

d(xps1,x,) < f(d(xn; Xp-1))- (3.6)

If we continue this procedure, we can have

d(xus1,x,) < f(d(x1, x0)) (3.7)
and so from Lemma 2.5,
nlgrgod(xnﬂ,xn) =0. (3.8)

Next we show that {x,} is a Cauchy sequence. Suppose it is not true. Then we can find
a 6 > 0 and two sequences of integers {m(k)}, {n(k)}, n(k) > m(k) > k with

1k = d(Xmky, Xny) 26 for ke {1,2,...}. (3.9)
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We may also assume

A(Xm(k), Xnk)-1) <6 (3.10)

by choosing n(k) to be the smallest number exceeding m (k) for which (3.9) holds. Now (3.7),
(3.9), and (3.10) imply

6 < 1 < d(Xm(iey, Xn()-1) + A(Xn()-1, Xn(ic) ) (311)
<6+ O (d(xo, %)) |

and so

lim r¢ = 6. (3.12)

k— o0

On the other hand, for all k, there exists j(k) € {1,...,p} such that n(k) —m(k) +j(k) =
1[p]. Then X x)-jx) (for k large enough, m(k) > j(k)) and x,) lie in different adjacently
labelled sets A; and Aj,q for certaini € {1,...,p}. Using the triangle inequality, we get

| (Xmo-jk), Xniiy) = A( Xy, Xmiry) |
< d(Xm(k)-j(k), Xm(k))

j(k)-1
< Z A (Xim(k)=j (k)41 Xm(k)—j(k)+1+1) (3.13)
1=0
-1
< d(xm(k),]-(k)”, xm(k),j(k)+l+1) —0 ask— (from (3.2)),
I

=

1l
(=}

which, by (3.12), implies that

Jim d (xm(r)-j) X)) = O (3.14)

Using (3.2), we have
Jim d(2m(0 -0 +1, Xm)-jk)) = 0, (3.15)
Jim d (X1, %n () = 0- (3.16)

Again, using the triangle inequality, we get

| A (Ximw)-jcky, Xniy1) = A(Xme)-jky, Xncky) | < A(Xn(ky, Xniye1)- (3.17)
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Passing to the limit as k — oo in the above inequality and using (3.16) and (3.14), we get

l}ijT;Qd(Xm(k)fj(k),xn(k)+l) = 0. (3.18)

Similarly, we have
| (xny, Xm-jcky 1) = A(mei)-j ), Xn(iy) | < A (Xmky-jys Xmio)-jky+1)- (3.19)
Passing to the limit as k — oo and using (3.2) and (3.14), we obtain

Jim d (%), Xm(o-j41) = 6 (3:20)

Similarly, we have

I}Ergod(xm(k)—j(k)+1/xn(k)+1) = 0. (3.21)

Using the condition (2.3) for x = Xyx)-jk) and y = x,x), we have

T (A (Fxmi)-jo), FXnik))» A(Xmi)-j(), Xne) ) » A(Xmior-jck) FXmiy-jiio ), (322

d (Xn(ky, Fxnm)), A (Xmm)-jk), FXntey)» A Xy, FXmiy-jxy)) <0
and so

T (d(Xmk)-j k) +1, Xn)+1), A(Xmk)-j k) Xnk) ) A(Xm(k)-j k) Xm()-j(k)+1), (323

A(Xn(ky, Xn(ky+1), A(Xmk)-jk)r Xnk)+1) A(Xn(k), Xm(io)-jk)+1) ) < 0.

Now letting k — oo and using (3.12), (3.14), and (3.18)—(3.21), we have, by continuity of T,
that

T(6,6,0,0,6,6) <0, (3.24)

a contradiction with T3 since we have supposed that 6 > 0. Thus, {x,} is a Cauchy sequence
in X. Since (X, d) is complete, there exists x* € X such that

lim x,, = x*. (3.25)
We will prove that
P
x* €A (3.26)
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From condition (), and since xo € A1, we have {x,},59 C A1. Since A; is closed, from (3.25),
we get that x* € A;. Again, from the condition (), we have {x;p1},50 C Az. Since A; is
closed, from (3.25), we get that x* € A,. Continuing this process, we obtain (3.26).

Now, we will prove that x* is a fixed point of T. Indeed, from (3.26), for all n, there
existsi(n) € {1,2,...,p} such that x,, € Aj,). Applying (**) with x = x* and y = x,,, we obtain

T(d(Fx*, Fxn), d(x*, xn), d(x*, Fx*), d(xy, Fxn), d(x*, Fx,), d(x,, Fx*)) <0 (3.27)

and so letting n — oo from the last inequality, we also have

T(d(Fx*,x*),0,d(x*, Fx*),0,0,d(x*, Fx*)) <0, (3.28)

which is a contradiction to Ts. Thus, d(x*, Fx*) = 0 and so x* = ¥x*; that is, x* is a fixed point
of T.

Finally, we prove that x* is the unique fixed point of . Assume that y* is another fixed
point of &, that is, y* = y*. By the condition (x), this implies that y* € (,_; A;. Then we can
apply (x*) for x = x* and v = y*. Hence, we obtain

T(d(Fx*, Fy*),d(x",y*), d(x*, Fx*),d(y*, Fy*), d(x", Fy*), d(y*, Fx*)) <0.  (329)

Since x* and y* are fixed points of ¥, we can show easily that x* # y*. If d(x*, y*) > 0, we get

T(d(x*,y*),d(x*,y7),0,0,d(x", y*), d(y*, x*)) <0, (3.30)

which is a contradiction to T5. Then we have d(x*,y*) = 0, that is, x* = y*. Thus, we have
proved the uniqueness of the fixed point. O

In what follows, we deduce some fixed point theorems from our main result given by
Theorem 3.1.

If we take p = 1 and A; = X in Theorem 3.1, then we get immediately the following
fixed point theorem.

Corollary 3.2. Let (X,d) be a complete metric space and let F : X — X satisfy the following
condition: there exists T € T such that

T(d(Fx, Fy), d(x,y),d(x,Fx),d(y, Fy),d(x, Fy),d(y, Fx)) <0, (3.31)

forall x,y € X. Then § has a unique fixed point.
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Corollary 3.3. Let (X, d) be a complete metric space, p € N, A1, A, ..., A, nonempty closed subsets
of X, Y = Uf;l Aj,and F 1Y — Y. Suppose that there exists T € T such that

()Y =\, A; is a cyclic representation of Y with respect to F;

(x+)" for any (x,y) € Ai x Ay, i=1,2,...,p(with Ap,1 = Ay),

(3.32)

d(x, d(y,
d(¥Fx,Fy) < kmax{d(x,y),d(x,qx),d@,?y), (x ?y); (v, Fx) } )

where k € (0,1). Then §F has a unique fixed point. Moreover, the fixed point of F belongs to ﬂle A;.
Remark 3.4. Corollary 3.3 is an extension to Theorem 2.1 in [3, 4].

Corollary 3.5. Let (X, d) be a complete metric space, p € N, A1, Ay, ..., A, nonempty closed subsets
of X,Y=U", A, and F:Y — Y. Suppose that there exists T € T such that

()Y =, A; is a cyclic representation of Y with respect to F;

(xx)" for any (x,y) € Ai x Ay, i=1,2,...,p(with Apy1 = Ar),

d(Fx, Fy) < (;b<max{d(x,y),d(x, ¥Fx),d(y, Fy), d(x, Fy) 42—d(y, #x) }> , (3.33)

where ¢ : R, — R, is right continuous and ¢(0) = 0, p(t) < t fort > 0. Then §F has a unique fixed
point. Moreover, the fixed point of F belongs to (Y., A;.

Remark 3.6. Taking in Corollary 3.5, ¢(t) = (1 — k)t with k € (0,1), we obtain a generalized
version of Theorem 3 in [3, 8].

Corollary 3.7. Let (X, d) be a complete metric space, p € N, A1, A, ..., A, nonempty closed subsets
of X, Y = Ule Ai,and F 1Y — Y. Suppose that there exists T € T such that

()Y =, A; is a cyclic representation of Y with respect to F;
(%)’ for any (x,y) € Ai x A1, i=1,2,...,p(with A,y = A1),

d(Fx, Fy) <amax{d(x,y),d(x,Fx),d(y, Fy)} + (1 - a)[ad(x, Fy) + bd(y, Fx)],
(3.34)

where0<a<1,0<a<1/2,0<b<1/2.
Then F has a unique fixed point. Moreover, the fixed point of F belongs to (Y., A.
The following example demonstrates the validity of Theorem 3.1.
Example 3.8. Let X = R with the usual metric. Suppose 41 = [-2,0] = o#3, 2 = [0,2] = A4,

and Y = U?:l #;. Define F : Y — Y by Fx = —x/6, for all x € Y. Clearly, #4;(i = 1,2,3,4)
are closed subsets of X. Moreover, F(<4;) C 411 fori = 1,2,3,4 so that Uil #; is a cyclic
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representation of Y with respect to . Moreover, mapping ¥ is implicit relation type cyclic
contractive, with T : R* — R* defined by

1 ts + £,
T(tlr tZ/ t31 t4/ t5/ t6) = tl - E max{ t2/ t3/ t41 % } (335)

Indeed, to see this fact we examine the following cases.
Inequality (2.3) reduces to

5lx| 5ly| |x+y/6]+|y+x/6]|

X —
x| max{|x—y|,T, e 5 } (3.36)

d(?x,?y) = 6

<

N —

(I) For x € 41, y € A2t

(i) suppose x = -1 and y = 0. Then inequality (2.3) holds as it reduces to 1/6 <

7/18;

(ii) suppose x = 0 and y = 1. Then inequality (2.3) holds as it reduces to 1/6 <
7/18;

(iii) suppose x = =1 and y = 1. Then inequality (2.3) holds as it reduces to 1/3 <
2/3;

(iv) suppose x = =2 and y = 1. Then inequality (2.3) holds as it reduces to 1/2 < 1;

(v) suppose x = =2 and y = 2. Then inequality (2.3) holds as it reduces to 2/3 <
2/3.

(II) For x € Ay, y € #1:

(i) suppose x = 1/2 and y = —1/2. Then inequality (2.3) holds as it reduces to
1/6 <1/3;
(ii) suppose x = 2 and y = —1. Then inequality (2.3) holds as it reduces to 1/2 < 1;

(iii) suppose x = 1 and y = —1. Then inequality (2.3) holds as it reduces to 1/3 <
2/3.

(L) For x = y, d(¥x, Fy) = 0, inequality (2.3) trivially holds.

Similarly other cases can be verified. Hence, ¥ is an implicit relation type cyclic
contractive mapping. Therefore, all conditions of Theorem 3.1 are satisfied and so & has a
fixed point (which is z = 0 € N}, ).

We illustrate Theorem 3.1 by another example which is obtained by modifying the one
from [22].

Example 3.9. Let X = R and we defined : £ x X — [0,1) by

d(x,y) = |x1 = 1| + |2 = ya| + [x3 - y3|, for x = (x1,x2,x3), v = (y1,Y2,¥3) € X,
(3.37)

and let & = {(x,0,0) : x e R*}, B ={(0,y,0) : y € R*},and C = {(0,0,z) : z € R*} be three
subsets of X.
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Define ¥ : AUBUC — 4UBUCby
1
F((x,0,0)) = <o,gx,0); Vx € RY;
F((0,,0)) = (o,o, gy); Vy € RY; (3.38)

1
F((0,0,z2)) = <gz,0,0>; Vx € R*.
Let the function T : R*" — R* be defined by

ts + £
T(tlr t2/ t3/ t4/ t5/ tﬁ) = tl - (i) <maX{t2, t3/ t4/ % }>/ (339)

where t; = d(¥x,Fy), to = d(x,y), t3 = d(x,¥x), ts = d(y,Fy), t5 = d(x,Fy), and ts
d(y, ¥x), for all x,y € X. Then ¥ is an implicit type cyclic contractive mapping for ¢(t)
(1/4)t for t > 0. Therefore, all conditions of Theorem 3.1 are satisfied and so ¥ has a fixed
point (which is (0,0,0) e £ NBNC).

4. An Application to Integral Equations

In this section, we apply Theorem 3.1 to study the existence and uniqueness of solutions to a
class of nonlinear integral equations.
We consider the following nonlinear integral equation,

T
u(t) = fo G(t,s)f(s,u(s))ds, Vte[0,T], (4.1)

where T>0, f: [0,T] xR — Rand G: [0,T] x [0,T] — [0, o) are continuous functions.
Let X = C([0, T]) be the set of real continuous functions on [0, T]. We endow A with
the standard metric

de(u,v) = tre‘?&g]m(t) -o(t)], Yu,veX (4.2)

It is well known that (X, d,) is a complete metric space. Define the mapping ¥ : X — X by

T

Fu(t) = j G(t,s)f(s,u(s))ds, Vtel0,T]. (4.3)

0
Let (a, B) € X2, (a0, o) € R? such that

4] <a< ﬁ < ﬁo. (44)
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We suppose that for all t € [0, T], we have
T
a(t) < f G(t,s)f (s, B(s))ds, (4.5)
0
T
p(t) > J‘ G(t,s)f(s,a(s))ds. (4.6)
0

We suppose that for all s € [0, T], f(s,) is a decreasing function, that is,

x,yeER x>y = f(s,x) < f(s,y). (4.7)
We suppose that
T
sup | G(t,s) ds<1. (4.8)
te[0,T] Y0

Finally, we suppose that for all s € [0,1], for all x,y € R with x < ffy and y > ag or x > ag and
y < ﬁO/

|f(s,2) = f(s,y)| < kmax{d(x,y), d(x, Fx),d(y, Fy),d(x, Fy),d(y, Fx)},  (49)

where k € (0,1).
Now, define the set

C={ueC(0,T]) :a<u<p). (4.10)

We have the following result.

Theorem 4.1. Under the assumptions (4.4)—(4.9), Problem (4.1) has one and only one solution u* €
C.

Proof. Define the closed subsets of X, ¢/, and 4, by

H={ueX:u<p},
(4.11)
H={ueX:u>ajl.

We will prove that
F(H) C Ao, F(A2) C A;. (4.12)

Let u € #4, that is,

u(s) < p(s), Vse[0,T]. (4.13)
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Using condition (4.7), since G(t,s) > 0 for all t,s € [0, T], we obtain that
G(t,s)f(s,u(s)) > G(t,s)f(s,B(s)), Vtse][0,T].

The above inequality with condition (4.5) imply that

ITG(t,s)f(s,u(s))ds > ITG(t, s)f(s,B(s))ds > a(t),

0 0

for all t € [0, T]. Then we have Fu € ;.
Similarly, let u € &4,, that is,

u(s) > a(s), Vse][0,T].
Using condition (4.7), since G(t,s) > 0 for all t,s € [0, T], we obtain that

G(t,s)f(s,u(s)) < G(ts)f(s,a(s)), Vtsel0,T].

The above inequality with condition (4.6) imply that

[ G, 5)f (s, uls))ds < [ "G, 9)f (s, als))ds < )

0 0

for all t € [0, T]. Then we have ¥u € 4. Finally, we deduce that (4.12) holds.

Now, let (1, v) € 41 x o4, thatis, forall £ € [0, T],

u(t) < p(t), v(t) > a(t).

This implies from condition (4.4) that for all t € [0, T],

u(t) < o, v(t) > ap.
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(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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Now, using conditions (4.8) and (4.9), we can write that for all t € [0, T], we have
T
Fu-Fol) < | Glt:9)|f(s,u(s) - £(s,0()]ds
0

T
< f G(t, s)k max{|u(s) — v(s)|, |u(s) — Fu(s)|,

0

[o(s) = Fo(s)l, [u(s) - Fo(s)l, lv(s) - Fu(s)|}ds

T
< k max{ doo (u/ U)/ doo (u/ ?u), doo (U/ ?U), doo (u/ ?U), doo (U/ ?u) } J‘ G(t, S)dS
0
< kmax{de(u,v),de(u, Fu), dew (v, Fv), do (4, Fv), do (v, Fu) }.
(4.21)

This implies that
Ao (Fu, Fv) < kmax{dy (u,v), do (1, Fu), de (v, Fv), do (1, Fv), do (v, Fu) }. (4.22)

Using the same technique, we can show that the above inequality holds also if we take (1, v) €
e42 X e41.

Now;, all the conditions of Corollary 3.3 are satisfied (with p = 2) and we deduce that
% has a unique fixed point u* € #1 N#;, = C; thatis, u* € Cis the unique solution to (4.1). O
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