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Let A be a ternary Banach algebra. We prove that if A has a left-bounded approximating set, then A
has a left-bounded approximate identity. Moreover, we show that if A has bounded left and right
approximate identities, then A has a bounded approximate identity. Hence, we prove Altman’s
Theorem and Dixon’s Theorem for ternary Banach algebras.

1. Introduction

Ternary algebraic operations were considered in the 19th century by several mathematicians
such as Cayley [1] who introduced the notion of cubic matrix which in turn was generalized
by Kapranov et al. in [2]. The comments on physical applications of ternary structures can be
found in [3-7].

A nonempty set G with a ternary operation [-,-,-] : G x G x G — G s called a ternary
groupoid and denoted by (G, [+,-,:]). The ternary groupoid (G, [-,,-]) is called a ternary
semigroup if the operation [, -, -] is associative, that is, if

[[x, v z],u0] =[x, [y zu],v] =[xy, [z u07]] (1.1)
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holds for all x,y,z,u,v € G. A ternary semigroup (G, [-,-,-])) is a ternary group if for all
a,b,c € G, there are x,y, z € G such that

[x,a,b] = [a,y,b] =[a,b,z] =¢, (1.2)

where the elements x, y, z are uniquely determined (see [8]).

A ternary Banach algebra is a complex Banach space A, equipped with a ternary
product (x,y,z) — [x,y,z] of A% into A, which is associative in the sense that
[[xr Yy, Z], u, U] = [xr Yy, [Z/ u, ‘U]] = [x/ [y/ z, u]r ‘U] and satisfies ” [x/ Y, Z] “ < ”x” ”y” ”Z” An
element e € A is an identity of Aif x = [x,e,e] = [e, e, x] for all x € A.

Assume that A is a ternary Banach algebra a bounded net (eq, f.) is a left-bounded
approximate identity for A if lim,[e,, fo,a] = a for all a € A. Similarly, a bounded net
(ea, fa) is a right-bounded approximate identity for A if limy[a, e,, fo] = a for all a € A.
Also, (eq, f«) is a middle-bounded approximate identity for A if lims[e,, a, fo] = a for all
a € A. A net (eq, fa) is a bounded approximate identity for A if (e,, fa) is a left-, right-,and
middle-bounded approximate identity for A.

For ternary Banach algebra A, a set U x V is said to be an approximating set for A (U
and V are bounded subsets of A) if for every € > 0, and every a € A, thereexistu c U, v € V
such that ||[u,v,a] — al| <€, ||[[u,a,v] —al <€, ||[a,u,v] -a| <e.

Existence of bounded approximating set for binary Banach algebras guarantees
existing of bounded approximate identity (Altman’s Theorem [9, Proposition 2, page 58] or
[10]) and also this notion generalized for commutative Fréchet algebras [11]. For normed
algebra A with left-bounded approximate identity and right-bounded approximate identity,
Dixon [12] proved that A has a bounded approximate identity [13, Proposition 2.9.3].

In this paper, we prove Altman’s Theorem and Dixon’s Theorem for ternary Banach
algebras. By “o”, we mean the quasiproduct between elements x, y of binary algebra A which
are defined by x oy = x + y — xy.

2. Main Results

We start our work with the following theorem which can be regarded as a version of Altman’s
Theorem for ternary Banach algebras.

Theorem 2.1. Let A be a ternary Banach algebra and U,V be bounded subsets of A such that for
givena € Aand € > 0 thereareu € Uandv € V, ||[u,v,a] —a| < €. Then A possess a left-bounded
approximate identity.

Proof. Let € > 0, and set

W =UV oUV = {(u1v1) o (u02) : u1,up € U, v1v, € V}. (2.1)

For proof of theorem, it is sufficient to show that for every finite subset F C A, there
exists w = uv o st € W such that ||[uv o st,a] — a|| < e for every a € F.
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Step 1. Let F = {a} be singleton. Then, there are u € U and v € V such that ||uv| < M, and

2,1 - all < gy 22)

Letting w = uv o uv, then

[[[uv o uv, a] — a|| = ||[w, v, [u,v,a] —a] - ([u,v,a] —a)| <e. (2.3)

Step 2. Let F = {ay, ax}. There is a (u1,v1) € U x V such that ||[uy,v1,a1] — a1]| < e/(1 + M),
and for [uy,v1,a;] — a; € A thereis a (up, v2) € U x V such that

[z, 02, [U1, 01, 2] = a2] = ([u1,v1, a2] — @2)|| <e. (2.4)

Put wy = w101 and w, = u»v,. Then

[w02 0 w1, ai] — ail| = ||[u2, v2, ai] + [w1,v1, ai] = [u2, v2, [u1,v1, ai]] — ai| 25)
= ||[uz, v2, @i = [w1, 01, a4i]] = (ai = [wa,v1, ai])|| <e,

fori=1,2.

Step 3. Now, suppose that obtained results in Steps 1 and 2 are true for i = 1,2,...,n. Let
F={ay,ay,...,a,11}, and let K = max{||a;|| : i =1,...,n}. There exist wy o w, € W such that
llai = [wy0ws, ai]|| < €/3(M +1)?, fori=1,2,...,n, where w; and w, are defined as in Step 2.
Also, we can choose a; = 01771 and a, = 0,7, such that ay oy € W,

[|[az2 0 a1, 25 0 w1 ] = w0 w|

= || [62, 112, w2 0 w1 — [61, 111, w2 0 wi]] — (w2 0wy — [61, 171, ws 0 wi]) || (2.6)

_ €
3K’

and ||[az 0 a1, api1] — apall < €. Then forevery j =1,2,...,n we have

a2 0 a1, 4] = aj| < [|a; = [w2 0 w01, aj] || + [ a2 0 &1, 4] = [z 0 ar, [0z 0 201, )] ]|

|20 @, [z 001, ] - [r0n 0w, ]|

< ||j-usrona || + oo 0 arllf|a; = [e02 0 01, ]| 27)
+ [z 0 a1, w2 0 w1 ] — W, 0w ||| 4|

<eE.
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Let F(A) be the collection of all finite subsets of A and A = N x N x F(A). Then A is a
direct set with the following partial order:

(n1,my, Fr) < (npy,mp, Fy) iff Fy C Fy, ny < np, my < my. (2.8)

Now, we can choose a bounded approximate identity (e, 1), for A. O

Now, we prove Dixon’s Theorem for ternary Banach algebras. Hence, we prove that if
a ternary Banach algebra has both left- and right-bounded approximate identities, then it has
a bounded approximate identity.

Theorem 2.2. Let A be a ternary Banach algebra and (eq, fa) and (ep, fp) be bounded left and right
approximate identities of A, respectively. Then A has a bounded approximate identity.

Proof. Consider (cup, dup) = (eafa © epfp, epfp © eafa). We claim that (cap, dap) is a bounded
approximate identity for A. Boundedness of mentioned net is clear. Therefore, we have to
show that (cap, dap) is a right, left, and middle approximate identity for A.

Step 1. (Cap,dap) is a left approximate identity. Because

|| [eafa o epfp epfp © €afa a] - al

= ||[eafarepfy 0 eafaral + [epfp, 5fp © €afara] = leafacsfp epfp o eafu a] —all

< |[eafus€afaral = all + || [eafes €pfp, a] = [eafaepfp €afaral|
+ N eafaepfp eafara] = lesfp eafa al | + || leafaes fp esfp al = esfp epfp all
+ || eafeepfp epfpeafa al = [epfresfp eafas all

< |ew far lear fur al] = [eas fural | + || [eas fur a] = al| + lleafalllesfolllla— [ea, fur al
+ | [ew far [epfor €afaral] = [esfp afara] |
+ [lew for [epfo epfp all = [esfp esfp al |
+ |[ew fa [ep for epfpeafar al] = [ep foep fp eafur al |

5e €

< ——— [
SyvN+1 PMNFINGT <@
(2.9)

where [leq fol| < lleallll fall < M, and [leg fgll < llegllll fpll < N.
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Step 2. (Cap,dap) is a right approximate identity because

\|[a, eafu o esfp epfpoeafa] - afl

= ||[a eafarepfpoeafa] + [aepfp epfp o eafa] = [a,eafaepfp epfpoeafa] —al

< ||[a.epfp epfs] —all + |l [a eafarepfp] = [a eafaepfp epfy] |
+ |[{a, eafaepfp eafal = [a€afareafal | + || [a s fp ep fpeafal = [a epfp, eafa] |
+ ||{a, eafaep fp. ep fpeafa] = [a,eafa epfpeafal

< |\[la ep. fol. ep fo] = [a ep. folll + [ [a, ep, f5] - all
+||[a ea, fol = [[a, eas fal g, fol lepfoll + I [[a €a ful. ep, fo] = [a, €as fa] || |eafall
+|[{[a. ep. fol . ep. f5] = [a,ep, fo] || leafall

+ |[[[a eafu epfpl epfs] = [a eafarepfo] | lleafell

< 2e N 3Me N Ne ce
“"MN+1 MN+1 MN+1 '

(2.10)

Step 3. By the similar method, we show that the net (c,p,dsp) is @ middle approximate
identity:

|| eafu o esfp, arepfpoeafa] - all

= |leafara,epfp 0 eafa] + [epfp.arepfp 0 eafa] = [eafaepfp.a epfpoeafa] - al

< ||[eafararepfp] — al| + || [eafar arafa] = [€afara,epfpeafa]||
+ || {eafaepfp.aepfp] = lepfo arepfo] || + | [eafucsfo, a eafa] = [esfp a eafa] |
+ || [eafuepfo, a epfpeafa] — [epfo, a epfpeafal

< |lleas far [a,ep, fo]] = [a ep, fo] | + || [a. ep. f5] - all
+ || {ea, far a] = [[eas fur al. ep, fo] || leafall
+ || [ea far lep fp. arepfp]] — [esfor a epfol |
+ || [ea fu: lepfp. areafa]] = lepfp aeafa] |

+||[ea, far [epfp, a epfpeafal] = [epfo a epfpenfal ||

< d¢ + Me <€
SMN+1 MN+1_-¢

(2.11)

This completes the proof of theorem. O
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