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Let X and Y be vector spaces. We show that a function f : X — Y with f(0) = 0 satisfies
Af(xi,...,x,) = 0 for all xq1,...,x, € X, if and only if there exist functions C : X x X x
X - Y, B:XxX — Yand A : X — Y such that f(x) = C(x,x,x) + B(x,x) +
A(x) for all x € X, where the function C is symmetric for each fixed one variable and is
additive for fixed two variables, B is symmetric bi-additive, A is additive and Af(xy,...,x,) =

ZZ:Z(Zﬁzz Zf:iﬁl e Zﬁ,kﬂ:in,kn)f(Z?:l,i#l ,,,,, P ::{(H xi) + f(Om xi) - 22 i (f(ar +
xi) + f(x1 —x3)) + 2" — 2)f(x1) (me N, n>3) forall xyq,...,x, € X. Furthermore, we solve the
stability problem for a given function f satisfying A f(xi,...,x,) = 0, in the Menger probabilistic
normed spaces.

1. Introduction and Preliminaries

Menger [1] introduced the notion of a probabilistic metric space in 1942 and since then
the theory of probabilistic metric spaces has developed in many directions [2]. The idea of
Menger was to use distribution functions instead of nonnegative real numbers as values of
the metric. The notion of a probabilistic metric space corresponds to situations when we do
not know exactly the distance between two points, but we know probabilities of possible
values of this distance. A probabilistic generalization of metric spaces appears to be interest in
the investigation of physical quantities and physiological thresholds. It is also of fundamental
importance in probabilistic functional analysis. Probabilistic normed spaces were introduced
by Sherstnev in 1962 [3] by means of a definition that was closely modelled on the theory of
(classical) normed spaces and used to study the problem of best approximation in statistics.
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In the sequel, we will adopt the usual terminology, notation and conventions of the theory of

probabilistic normed spaces as in [2, 4-6, 6, 7, 7-18].
Throughout this paper, let A* be the space of distribution functions, that is,

A" :={F:RU{-00,00} — [0,1] : F is left-continuous,

(1.1)
nondecreasing on R, F(0) =0, F(+o0) =1},
and the subset D* C A* is the set:
D" ={Fe A" :I"F(+o0) = 1}, (1.2)

where, I” f (x) denotes the left limit of the function f at the point x. The space A* is partially
ordered by the usual point-wise ordering of functions, that is, F < G if and only if F(t) < G(t)
for all t € R. The maximal element for A* in this order is the distribution function given by

0, ift<O,
eo(t) = (1.3)
1, ift>0.

Definition 1.1 (see [2]). Amapping T : [0,1]x[0,1] — [0,1] is a continuous triangular norm
(briefly, a continuous t-norm) if T satisfies the following conditions:

(1) T is commutative and associative;

(2) T is continuous;

(3) T(a,1) =aforallae [0,1];

(4) T(a,b) <T(c,d) whenever a<cand b <dforalla,b,c,d € [0,1].

Two typical examples of continuous t-norms are Tp(a,b) = ab, Tar(a,b) = min(a, b).
Recall (see [19, 20]) that if T is a t-norm and {x,} is a given sequence of numbers in [0, 1],
T, x; is defined recurrently by

X1, if n= ].,
Tiyxi = B ) (1.4)
T(T! xi, x,), ifn>2.

T

. . o o
2 .1%i is defined as T% x4

Definition 1.2. A Menger probabilistic normed space (briefly, Menger PN-space) is a
triple (X, A,T) where, X is a vector space, T is a continuous {-norm, and A is a mapping
from X into D* such that the following conditions hold:

(PN1) Ax(0) =0 forall x € X;

(PN2) Ax(t) = eo(t) for all t > 0 if and only if x = 0;

(PN3) Aux(t) = Ax(t/|e]) forall x € X, a#0 and all t > 0;

)
)
) A
(PNyg) Axiy(t+5) > T(Ax(t),Ay(s)) forall x,y € X and all ,5 > 0.
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Clearly, every Menger PN-space is probabilistic metric space having a metrizable
uniformity on X if sup,_,T(a, a) = 1.

Definition 1.3. Let (X, A, T) be a Menger PN-space.

(i) A sequence {x,} in X is said to be convergent to x in X if, for every e > 0 and A > 0,
there exists positive integer N such that Ay,_x(e) > 1 - X whenever n > N.

(ii) A sequence {x,} in X is called Cauchy sequence if, for every € > 0 and A > 0, there
exists positive integer N such that Ay, _y,,(€) >1— A whenevern > m > N.

(iii) A Menger PN-space (X, A, T) is said to be complete if and only if every Cauchy
sequence in X is convergent to a point in X.

Theorem 1.4. If (X, A, T) is a Menger PN-space and {x,} is a sequence such that x, — x, then
limy, o Ay, (F) = Ax(t).

The concept of stability of a functional equation arises when one replaces a
functional equation by an inequality which acts as a perturbation of the equation. The
first stability problem concerning group homomorphisms was raised by Ulam [21] in 1940
and affirmatively solved by Hyers [22]. The result of Hyers was generalized by Aoki [23]
for approximate additive function and by Rassias [24] for approximate linear functions
by allowing the difference Cauchy equation ||f(x + y) — f(x) — f(y)| to be controlled by
e(||x]|” + |ly|IP). Taking into consideration a lot of influence of Ulam, Hyers, and Rassias on
the development of stability problems of functional equations, the stability phenomenon that
was proved by Rassias is called the Hyers-Ulam-Rassias stability. In 1994, a generalization of
Rassias’ theorem was obtained by Gavruta [25], who replaced £(||x||” + |ly||P) by a general
control function ¢(x, v). The functional equation,

f(X1 + xz) +f(X1 — xz) = 2f(x1) + 2f(x2), (15)

is related to symmetric biadditive function and is called a quadratic functional equation and
every solution of the quadratic equation (1.5) is said to be a quadratic function. For more
details about the results concerning such problems, the reader is referred to [26-28].

The functional equation,

fQ@xy+x2) + f(2x1 — x2) = 2f (x1 + x2) + 2f (x1 — x2) + 12f (x1), (1.6)

is called the cubic functional equation, since the function f(x) = cx? is its solution. Every
solution of the cubic functional equation is said to be a cubic mapping. The stability results
for the cubic functional equation were proved by Jun and Kim [29].

Eshaghi Gordji and Khodaei [30] have established the general solution and investi-
gated the Hyers-Ulam-Rassias stability for a mixed type of cubic, quadratic, and additive
functional equations, with f(0) =0,

foo+ ko) + i — k) = K2 (o1 + 20) + K2 f (= 20) +2(1-K2) flaer)  (17)

in quasi-Banach spaces, where k is nonzero integer numbers with k # +1. It is easy to see that
the function f(x) = ax + bx? + cx> is a solution of the functional equation (1.7), see [31, 32].



4 Abstract and Applied Analysis

The stability of different functional equations in probabilistic normed spaces, RN-spaces, and
fuzzy normed spaces has been studied in [6, 7, 33-37].

Now, we introduce the new mixed type of cubic, quadratic, and additive functional
equation in n-variables as follows:

n k  k+1 n n n—k+1 n
S(Z 3 3 (N w3
k=2 \i1=2ip=i1+1 in-t+1=Ip-k+1 i=1,i # 11,0 ip—k+1 r=1 i=1

(1.8)
=22 (fa +xi) + f(x1 - x3)) =271 (n = 2) f (x1),
i=2
where n > 3 and f(0) = 0. As a special case, if n = 3 in (1.8), then (1.8) reduces to
2 3 3 2 3 3 3
Z Z f Z Xi — inr + Zf Z Xi — Xi; + f<2x1>
i1=2iy=i+1  \i=lizi1,ip =1 =2 \i=li#i i=1
(1.9)
3
=23 (f(xr+x) + f(x1 = 1)) = 22 f (x1),
i=2
that is,
flxr—x2—x3) + f(o1 —x2+ x3) + f (%1 + X2 — x3) + f(x1 +x2 + X3)
(1.10)

= 2(f(xl +x2) + f(x1 —x2) + f(x1 +x3) + f(x1 - x3)) —4f(x1).

The main purpose of this paper is to prove the stability for (1.8), in Menger probabilistic
normed spaces.

2. Results in Menger Probabilistic Normed Spaces

We start our work with a general solution for the mixed functional equation (1.8) and then
investigate the stability of this equation in Menger PN-space.

Theorem 2.1. Let X and Y be vector spaces. A function f : X — Y with f(0) = 0 satisfies (1.8)
forall xi,...,x, € X if and only if there exist functions C : X x X xX — Y, B: X xX — Yand
A X — Y such that f(x) = C(x,x,x) + B(x,x) + A(x) for all x € X, where the function C is
symmetric for each fixed one variable and is additive for fixed two variables, B is symmetric biadditive
and A is additive.

Proof. If there exists a function C that is symmetric for each fixed one variable and is additive
for fixed two variables, B is biadditive, and A is additive, then by a simple computation one
can show that the functions x — C(x, x, x), x — B(x,x), and x — A(x) satisfy the functional
equation (1.8). Therefore, the function f satisfies (1.8).
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Conversely, let f with f(0) = 0 satisfies (1.8). Hence, according to (1.8), we get

2 3 n n n-1
DI W D VE B ¥
i1=2 ip=i;+1 r=1

ip_1=ip2+1 =10 #1100 i1

+§3: 24: zn: f< zn: xi—jzjx,-r>

0=2ir=i1+1  ipo=ina+l N\ i=li#i1,ina 21)
+ +if< i xi—xi1>+f<ixi>
=2 \i=li#i i=1
= anzi(f(xl +x3) + f(x1 = x3)) = 2" (n = 2) f (x1)
i=2
for all x4, ..., x, € X. Setting x; =0(i =4,..., n) in (2.1), we have
f(x1 —x2—x3) + ((n—3)f(x1 —x2—x3) + f(x1 —x2+x3) + f(x1 + x2 —x3))
n-3 n-3 n-3
+ << >f(.’X'1 .’X'Z—.X3)+ < >f(X1—XZ+.X'3)+ < >f(.‘Xf1 +.7C2—.X'3)
2 -4 n-4
n-3
+< >f(x1+x2+x3)>
n-—
n-3 n-3
+<< > (.X1 .X'Q—X3)+< > (X1—X2+X3)+< >f(x1+x2—x3)
3 n->5
+<n 3>f(x1 + Xy + .X'3) (22)
n-—
n-3 n-3
+<< > (x1 = xz—x3)+< > (x1—x2+x3)+< >f(x1+x2—x3)
n-3 1 1

n-3
+< 5 >f(x1 +.X'2+X3)>

+ (f(xr =x2+x3) + f(x1 +x2 —x3) + (n=3) f (21 + X2 + X3)) + f(x1 + X2 + x3)

3
=2"2% (f(xr+x:) + f(ox1 —x1)) =277 f(xa),
i=2
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that is,

n-3 -3
<1+Z<n€ >>(f(x1—xz—x3)+f(x1—x2+x3)+f(x1 +2x2 = x3) + f (1 + X2 + X3))
=1

=2"2(f (1 +22) + f (o1 = 22) + f (e1 +2x3) + f (31 = x3)) =27 f ()
(2.3)

for all x1, x,, x3 € X. On the other hand, we have the relation:

1+§<n;3>=§<n;3>=2"-3 (2.4)
=1 i=0

for all n > 3. Hence, we obtain from (2.3) and (2.4) that

flx1—x—x3) + f(x1 —x2+x3) + f(x1 + 22— x3) + f (o1 + X2 + x3)

(2.5)
=2(f (1 +2x2) + fo1 — x2) + f (o1 + x3) + f 21 — x3)) —4f (x1)
for all x1, x2, x3 € X. Replacing x3 by x; in (2.5), one gets
S +2x2) + fx1 —2x2) =4f(x1 +x2) +4f(x1 — x2) —6f(x1) (2.6)

for all x1,x, € X. Therefore, f satisfies (1.7) for k = 2. By Theorem 2.3 of [30], there exist
an additive function A : X — Y, symmetric biadditive function B : X x X — Y, and
C:X x X x X — Ysuchthat f(x) = C(x,x,x) + B(x,x) + A(x) for all x € X, where the
function C is symmetric for each fixed one variable and is additive for fixed two variables. [

From now on, let X be a real linear space and let (Y, A, T) be a complete Menger PN-
space. For convenience, we use the following abbreviation for a given function f : X — Y:

k=2 \i1=2 iry=ij+1 Tp—k+1=Ip-k+1 i=1,0 #1100 jin-ks1 r=1

n k  k+1 n n n—-k+1
Af(xl,...,x,,)=z< Z Z >f< Z xi— in,>

(2.7)

+ f<ix,> - 2"’2211: (f (1 +x3) + f(x1 —x;)) + 2" (- 2)f (x1)
i1 i

forall xq,...,x, € X.
Theorem 2.2. Let¢: X" — D" (ne€ N, n>3and &(x1,...,xy,) is denoted by &, . «,) be a function
such that

lim &y, oy, (22mt> =1 (2.8)

m— o
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forall x1,...,x, € X, t>0and

lim T2, (go,__,,o,zqux,zqux(22m+€+"-2t>) -1 (2.9)

m— oo

forall x € X and t > 0. Suppose that an even function f : X — Y with f(0) = 0 satisfies the
inequality:

Anfrn) () 2 &xpe, () (2.10)

forall xi,...,x, € X and t > 0. Then, there exists a unique quadratic function Q : X — Y such that
Af-0@ (t) 2 T2, <§0,...,0,2"*1x,2“’1x <2g+"_2t>> (2.11)

forallx € X and t > 0.

Proof. Setting x; =0(i =1,...,n-2) and x,-1 = x, = x in (2.10) and then use f(0) = 0, we
obtain that

>
Alremz () (s iy () 2 80022 (D) (212)

for all x € X and t > 0. By using evenness of f and the relation 1+ 357/ (";%) = 375 ("?) =
2"-3, we get

Aogn-2 £ (2x)-2n f(x) (£) 2 &o,....0,2,x () (213)
forallx e X and t > 0. So,
Age /-0 (8) 2 80,000 (2"1) 2 o, 0.02(2"7'1) (2.14)
for all x € X and t > 0, which implies that

Af(2£+1x)/22(e+1)_f(2€x) /22¢ (t) Z gO,..‘,O,Z‘?x,ZZx <2n+2ét> (215)
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forall x € X, t > 0and ¢ € N. It follows from (2.15) and (PNy) that

A2y /21— f () (F)

>T </\f(22x)/24—f(2x)/22 <%> , Af(2x)/227f(x) <%> ) >T <§0,...,0,2x,2x <2n+1t> , éO,..A,O,x,x <2n71t> )
>T <§0,...,0,2x,2x (2™), &0, 0.0 x <2"‘1 t> ) i

A3y /25 f ) (F)

t t
2T (Aﬂzsx)/zé—f(zx)/zz <§>f/\f<2x>/22—f<x> <§>>
t t t
T<T <A F(23x) /29~ (22x) /2* (;1)/ Af@ex /2-f )12 (Z) >/Af(2x)/22—f @) <§>>
T

(T(%0,..0202x (27°2), 80,..0252x 2"1) ). do,..0.0x (2711 )
T(T (8,022 (2711) 80,..02026(2"8) ) &0, 0,0 (278
(
(

v

v

T

v

T

=T

)
0,..,0,%,x <2"_1l‘> ,T <§0,.‘.,0,2x,2x (2"t), éo,..0.22x,22x <2"+1 t) > )
)

T <§O,.A.,O,x,x <2"_1f> +80,...0,2x,2x (2”t)>, 80.,...0,22x,22x <2"+1f
(2.16)

forall x € X and t > 0. Thus,

Agmay n-gi () 2 Tety (&, p2e e (2772 (217)

for all x € X and t > 0. In order to prove the convergence of the sequence { f(2™x)/2?™}, we
replace x with 2™ x in (2.17) to find that

Af(2m+m’x) /22(m+m’)_f(2m’x) /22 (t) > Tgril (éO,...,O,Z'”’*‘"‘lx,2'”/+e‘1x <22m +€+n—2t> > (218)

for all x € x and ¢ > 0. Since the right-hand side of the inequality tends to 1 as m' and m tend
to infinity, the sequence { f(2"x)/2°™} is a Cauchy sequence. Therefore, one can define the
function Q : X — Y by Q(x) := limy,—(1/2%") f(2™x) for all x € X. Now, if we replace
X1,..., X, with 2"xq,...,2"x, in (2.10), respectively, it follows that

Apf@mxy,..omey) /20m (8) 2 Gomay,. omx, <22mt> (2.19)

.....

all t > 0, which implies that AQ(x1, ..., x,) = 0 thus Q satisfies (1.8). Hence, by Theorem 2.1
(see [30, Lemma 2.1]), the function Q : X — Y is quadratic.
To prove (2.11), take the limit as m — oo in (2.17).
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Finally, to prove the uniqueness of the quadratic function Q subject to (2.11), let

us assume that there exists a quadratic function Q" which satisfies (2.11). Since Q(2"x) =
22mQ(x) and Q' (2"x) = 22"Q'(x) for all x € X and m € N, from (2.11), it follows that

AQ()-@ (x) ()

= Agemy-gann (2

(2.20)
2 T<AQ(2’"x)—f(2'"x> (22m_1t>/ Af@nx)-g @nx) <22m_1t>>
>T (T;g ) (go,_wo,zmw xamiety (22’"” *“*%) ) T2, (go,__,,ogmwx,zwlx (22"”" *”*%) ) )
for all x € X and t > 0. By letting m — oo in (2.20), we find that Q = Q'. O
Theorem 2.3. Let ¢ : X" — D™ be a function such that
i T (&, 2m, (27, &ams, . m, (2770) ) = 1 (2.21)
m— oo

forall xi1,...,x, € X, t>0and

lim T;il <T <§2m+éx/2m+é’—1x/2m+€—1x/0/m/0, <2m+n_5t> ’ §2m+271x,2m+271xlzmﬂ?flxlo/m/o <2m+n_7t> > > = ]_
m— o
(2.22)

forall x € Xand t > 0. Suppose that an odd function f : X — Y satisfies (2.10) forall x1,...,x, € X
and t > 0. Then, there exists a unique additive function A : X — Y such that

Afx)-8fx)-aw () > T2, (T <§2€x,2‘”1x,2€*1x,0,...,0 <2n74t> s 201y 201520150, 0 <2"76f> >> (2.23)

forall x € X and t > 0.

Proof. Setting x; =xy =x3 =xand x; =0(i =4,...,n) in (2.10), we obtain

A (2.24)

S ("2 ) (2 e flox) -2 ez i () 2 S0 0()
for all x € X and t > 0. By using oddness of f and the relation 315 (%) = 2"3, we lead to
Af@xy-af@x)5f0) (1) 2 éxxx0,..0 (2"73t> (2.25)

forall x € X and t > 0. Putting x; =2x, x, =x3 =xand x; =0(i =4,...,n) in (2.10), we have

A (2.26)

S ("3 (fax)+2f (2x))-202(2f (3x)+2f (x))+271 £ (2x) (t) 2 &2xx,0,..0(F)
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for all x € X and ¢ > 0. So
Af(ax)-af Gx)+6f@x)-af (x) (£) = E2x,x,%,0,..,0 (2"‘3 t) (2.27)
for all x € X and ¢t > 0. It follows from (2.25), (2.27), and (PN4) that
Af@n-10f@o+ef@ (£) 2T <§2x,x,x,0,‘..,0 <2"‘4t> s 6x,2,60,..0 <2"‘6t>> (2.28)

forallx € Xand t > 0. Let g : X — Y be a function defined by g(x) = f(2x) — 8f(x) for all
x € X. From (2.28), we conclude that

Agx)/2-g(0 () 2 T <§2x,x,x,o,...,o (2”*31}) 0,0 (2n75 t) >

>T <§2x,x,x,0,..4,0 <2n_4t> S &xx2,0,..0 <2n—6t> )

(2.29)

for all x € X and t > 0, which implies that

Agenxyjpen_goexy2e(t) 2T <§2€+1x,2‘?x,2€x,0,...,0 <2e+"_3f> s &0ex20x26x0,.0 <2g+n_5t> > (2.30)

forall x € X, t > 0and ¢ € N. It follows from (2.30) and (PNy) that

t t
Ng@ex)/2-gx)(H) 2T <Ag(22x)/22—g(2x)/2 <§>, Ag2x)/2-g(x) (E) >

> T(T (B2vzeaun.o(270) dmeano.a (2°1)),
T(&x0.0(277), o0 (27791) )

> (T (t2eamen..o (2) doearann.n (2°)),
T(&20mm0.0 (2740) &m0 (2790) ),

t t
Ng@ox)/-gx)(H) 2T <Ag(23x)/23—g(2x)/2 <§>, Ng(2x)/2-4(x) <§) >

t t t
T <T <Ag(23x)/23—g(22x)/22 (Z )  Ng(22x)/22-g(2x) /2 <Z> )  Ngax)/2-5(x) (E) )

>T (T (T <§23x,22x,22x,0,..‘,0 <2n_3f> s 22222522100 <2n_5t> > p

v
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T (&0, 0 (277, x2x2x0,..0(271)) ),
T(&2rn0..0(2"*), 800 (271 ) )

> T(T(T(&sp2e20,..0 (2", xiezinn, .0 (2F)),

T(82x2x260,.0(2"7*), 2026250,.0 (277°1) ) )
T(&20000..0(2"%), 0.0 (27°1) ))

Sx
=T (T <T <§2x,x,x,0,...,0 <2n > &xx,%,0,...0 (271 6f )

)
T (§22x,2x,2x,0,...,0 (2n74t> 4 €2x.2x.2x,0,..0 <2" 6t> ) )

T <§23x,22x,22x,0,...,0 <2 > &02x 223 22x.0,...0 <2" 6t) >>

(2.31)
forall x € X and t > 0. Thus,

Ag@mx)jam—gx) (t) > Ty, (T <§2€x,25’1x,2€*1x,0,...,0 (2"_4t> s &2ty 06100120 0 <2n_6f> ) ) (2.32)

for all x € X and t > 0. In order to prove the convergence of the sequence {g(2"x)/2"}, we
replace x with 2™ x in (2.32) to find that

Ag(2m+m’ x)/2m+m’ _g(zm’x)/zm’ (t)

" " (2.33)
2 Teﬂil <T <§2m’+€x,2m’+€71 x,2m+=1x0,...,0 <2m n t) 7 §2m’+€—1 x,2m =1y pm'+e=1x () () <2m n t> > )

for all x € X and t > 0. Since the right-hand side of the inequality tends to 1 as m’ and m
tend to infinity, the sequence {g(2"x)/2™} is a Cauchy sequence. Therefore, one can define
the function A : X — Y by A(x) = lim,, . (1/2")g(2™x) for all x € X. Now, if we replace
X1,..., X, with 2"xq,...,2"x, in (2.10), respectively, it follows that

Ang@mxy,..omx) /2 () = App@mi,,.. 2mix,) /2m-8(A f(2ma,..2mx,) /2m) (F)

forall xy,...,x, € X and t > 0. By letting m — oo in (2.34), we find that Axa(x,,.x,) (t) = 1 for
allt >0, Wthh implies AA(xy,...,x,) = 0, thus A satisfies (1.8). Hence, by Theorem 2.1 (see
[30, Lemma 2.2]) the function A : X — Y is additive.

To prove (2.23), take the limit as m — oo in (2.32).
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Finally, to prove the uniqueness of the additive function A subject to (2.23), let us
assume that there exists a additive function A’ which satisfies (2.23). Since A(2™x) = 2™ A(x)
and A'(2"x) =2"A’(x) for all x € X and m € N, from (2.23), it follows that

An)-a (F)
= M- (27) 2 T<AA(2"’X>‘8 @) <2m71t>f Agnx)-a@nz) <2m’1t>>
>T <T21 (T <§2’"+e x,2mel oy 2mee-1x0,..,0, <2m+n_5t> , &omee- x,2mHe-1x omi-ly () () <2m+"_7t> ) > ,

T;Zl (T <§2m+€x/2m+éfl x,2"’*€*1 x,0,...,0, <2m+n_5t> 7 §2m+é’1x,2m+é’lx,2m*é’lx,O,...,O <2m+n_7t> ) > )

(2.35)

for all x € X and t > 0. By letting m — oo in (2.35), we find that A = A’ O
Theorem 2.4. Let ¢ : X" — D™ be a function such that

i T (e, 2me, (2778), &, o, (227724) ) = 1 (2.36)

forall xi,...,x, € X, t>0and

7,}1_{1’100’1121 <T <§2m+é’xl2m+é’—1xlzmw—lxrolmlor <23m+2€+n75t> 7 §2m+é'—1x’2m+é—1x,2m+€—1x,0,_“’0 (23m+2€+n77t> > ) = 1
(2.37)

forall x € X and t > 0. Suppose that an odd function f : X — Y satisfies (2.10) forall x1,...,x, € X
and t > 0. Then, there exists a unique cubic function C : X — Y such that

Af@e)-2f(x)-Ccx) (£) 2 Tp2, <T <'§2"x,2"*1x,2‘?*1 %,0,...,0 (22“”74'*) S €013 001500150, 0 <22€+n76t> > )
(2.38)

forall x € X and t > 0.

Proof. Similar to proof of Theorem 2.3, we obtain (2.28) forallx e X and t > 0.Leth: X — Y
be a function defined by h(x) := f(2x) — 2f(x) for all x € X. Therefore, (2.28) implies that

Ay /23-hx) (8) 2 T <§2x,x,x,0,.‘.,0 (2"‘11%) +65,0,0,..0 (2"‘3t> )

(2.39)
2T (‘§2x,x,x,0,...,0 <2n_2t> , éx:X,x,O,.A.,O <2n—4t> >

for all x € X and t > 0, which implies that

Apesixy 3@ _pexy e () 2 T (éZ“lx,Z[x,Zex,O,..‘,O <23é+"_1 t) s 6205 00x20x,0,..0 (23€+"_3t> > (2.40)
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forallx € X, t >0, and ¢ € N. It follows from (2.40) and (PNy) that
Apmy j2m -z (t) 2 Ty, <T <§2"x,2€*1x,2"’1x,O,...,O (22€+"_4t> S &ty pe1x 00120 0 <22€+"_6t> )) (2.41)

for all x € X and t > 0. In order to prove the convergence of the sequence {h(2"x)/2°"}, we
replace x with 2™ x in (2.41) to find that

Ah(2m+m’x)/23(m+m’)_h(2m’x) /23m (t)

U . ! -
2 T;il <T <§2m’+(5x,2m’+€—1 x,2M+-1x0,...0 <23m 28+ 4t> ’ §2m’+€—1x,2m’+é—l x,25m+¢-1x 0.0 (23m *2e4n 6t> > >
(2.42)

for all x € x and t > 0. Since the right-hand side of the inequality tends to 1 as m’ and m
tend to infinity, the sequence {h(2™x)/2%"} is a Cauchy sequence. Therefore, one can define
the function C : X — Y by C(x) := limy, o (1/23")h(2™x) for all x € X. Now, if we replace
X1,..., %X, with 2"xq,...,2"x, in (2.10), respectively, it follows that

.....

for all t > 0, which implies AC(x,...,x,) = 0, thus C satisfies (1.8). Hence, by Theorem 2.1
(see [30, Lemma 2.2]), the function C : X — Y is cubic. The rest of the proof is similar to the
proof of Theorem 2.3. O

Theorem 2.5. Let ¢ : X" — D* be a function satisfies (2.21) for all x1,...,x, € X, t > 0 and
(2.22) for all x € X and t > 0. Suppose that an odd function f : X — Y satisfies (2.10) for all
X1,..., X, € X and t > 0. Then, there exists a unique additive function A : X — Y and a unique
cubic function C : X — Y such that

Af(x)-A)-c(x) (F)
>T <T§§1 <T <§2€x,2"*1x,2€’1x,0,..4,0 (3-2"_41‘) s €265 061y 20150, 0 <3-2n_6t> ) >/ (2.44)

T;Zl <T <§2€x,2€—1x,22—1 x,0,...,0 <3.22€+n_4t> ’ ézz—lx,zé—l x,ZZ‘lx,O,...,O <3.22g+n_6t> ) > >

forallx € Xand t > 0.

Proof. By Theorems 2.3 and 2.4, there exist an additive function Ay : X — Y and a cubic
function Cy : X — Y such that

Nf@x)-8fx)-aox) (t) 2 Tg, (T <§2fx,2€-1x,26’-1x,o,...,o <2n_4t> s §201x 261520150, 0 (2n_6t> > > ,

Af@x)-2f(x)-Cox) (B) 2 T2, (T <§2€x,24’1x,2€*1 x,0,..,0 <Zze+n_4f> s 62015 261520150, 0 <22e+"_6t> ) >
(2.45)
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for all x € X and t > 0. It follows from (2.45) that
AF()+(1/6) Ag(x)-(1/6)Co(x) (£) 2 T (Afax)-8F(x)-Ao(x) (B), A (2227 (x)-Co(x) (B1)) (2.46)

for all x € X and t > 0. Thus, we obtain (2.44) by letting A(x) = —(1/6)Ao(x) and C(x) =
(1/6)Co(x) for all x € X.

To prove the uniqueness property of A and C, let A’,C' : X — Y be another additive
and cubic functions satisfying (2.44). Let A= A - A’ and C = C - C'. So,

AZ(x)+E(x) (t)

> T<A F)-AG)-Cx) (é)/\ A (%))
T e P
T2, (T (&t 10,0 (B22458), arexpe a0 (3224771) ) ),
T(T2, (T (&2rx210201x0,.0(327°t) oz, 0 (32771) ),

T2, (T (ézfx,szl x,26-1x,0,....0 <3-22€+n_5 t> s 62015 261520150, 0 <3-22€+"_7t> > ) > )

(2.47)

for all x € X and ¢ > 0, then (2.47) implies that

AZ(2’”x) /23m 4 C(2mx) /23m (t)
(e A7) i o625
T;:l <T <§2m+ex,2m+ef1 X 21200 <3_23m+2€+n75 t> )
Gomee-ty pmet-y pmee-1x 0 (3.23m+2€+"‘7t> ) ) > ,
! <T21 <T <§2m+€x,2m+€—1 XA <3'23m+n_5t> s gty mre-ty pmee-y 0,0 <3.23"’+"_7t> ) ) ,
T

Pt (T <§2m+€x12m+€71x,2m+é771x,0,_",0 (3.23m+22+n—5t> ,

Somee1 x,2m+e-1 e 2m+e-1x 0,0 <3‘23m+2€+n—7t> ) > > )
(2.48)

for all x € X and t > 0. Since the right-hand side of the inequality tends to 1 as m tends to
infinity, thus lim,, _, ,, A(2™x) /2% + C(2™x) /23" = 0 for all x € X, which implies that C = 0.
So, from (2.47), we lead to A = 0. O

Now, we are ready to prove the main theorem concerning the stability results for (1.8),
in Menger PN-space.
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Theorem 2.6. Let ¢ : X" — D™ be a function satisfies (2.8) and (2.21) forall x1,...,x, € X, t >0
and satisfies (2.9) and (2.22) for all x € X and t > 0. Suppose that a function f : X — Y satisfies
(2.10) for all x1,...,x, € X and t > 0. Furthermore, assume that f(0) = 0 in (2.10) for the case
f is even. Then, there exists a unique additive function A : X — Y, a unique quadratic function
Q: X — Y, and a unique cubic function C : X — Y satisfying
Af@-a@-Q)-c (F)
2T [T (Téﬁl <§0,...,0,2€-1 x20-1x <2g+n_3t> ) /T2y (@0,...,0,2@-1 x,2¢1x (28+n_3t> > ) ’
T <T <T;il <T (§2éx,2271x,2é—1x,0/,_.10 <3.2n_5t> S &ae1yne1y 00130, 0 <3.2n_7t> ) > ,
Tz, <T <§2"x,2€*1 x2¢1x,0,...0 <3-22€+n75f> s &261x 261520150, 0 (3-222+n77t> > ) ) ,
T <T521 <T (éZex,Zf‘l x/z(?—] x,0,...,0 <3.2n_5t> 7 ézé’—l x/2€—1 x,ZZ‘l x,0,...,0 (3.2n_7t> > > ’

T2, <T <§22x,2"*1 x.2¢1%,0,..0 <3'22€+n—5 t) s €265 061520150, 0 (3-22€+n_7t> ) ) ) >]

(2.49)
forallx € X and t > 0.
Proof. Let f.(x) = (1/2)(f (x) + f(=x)) for all x € X. Then, f.(0) =0,f.(-x) = fe(x) and
Aaf i) () = Aafeera)+dfximsxn)/2(E) 2 T (Aaf ) (B, Aaf-xi,.-x) () (250)

forall xy,...,x, € X and t > 0. Hence, in view of Theorem 2.2, there exist a unique quadratic
function Q : X — Y such that

Afo-0)() 2T <T§i1 <§0,...,0,2‘-’*1x,2é'*1x <2€+n_2t) > T2 <§0,...,0,2"*1x,25*1x <22+n_2t> > ) (2.51)

forall x € X and t > 0. On the other hand, let f,(x) = (1/2)(f(x) — f(-x)) for all x € X. Then,
fo(0) =0, fo(=x) = —fo(x) and by using the above method, from Theorem 2.5, there exist a
unique additive function A : X — Y and a unique cubic function C : X — Y such that

Af,(0-Ax)-c(x) (£)

>T <T <T21 <T <§2é’x,2H %.2¢1x,0,...0 <3~2n74t> s 26122615201 x.0,..,0 (3-2n76t> > ) ,
T (T (&tee1x20100,.0(32% ) ot a0 (322977)))), (25)
T <TZZ1 <T <§22x,2"*1 x2¢1x,0,..,0 <3~2n_4t> s 2015001500150, 0 (3‘2"_61‘) > ) ,

Tz, (T (§24x,2€*1x,2"*1x,0,...,0 <3-223+n74t> £ 20152015 20150,.0 (3-22“"76’5) > ) ) >

for all x € X and t > 0. Hence, (2.49) follows from (2.51) and (2.52). O
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