Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2012, Article ID 414718, 26 pages
doi:10.1155/2012 /414718

Research Article

A New General System of Generalized
Nonlinear Mixed Composite-Type Equilibria and
Fixed Point Problems with an Application to
Minimization Problems

Pongsakorn Sunthrayuth and Poom Kumam

Department of Mathematics, Faculty of Science, King Mongkut's University of
Technology Thonburi (KMUTT), Bang Mod, Bangkok 10140, Thailand

Correspondence should be addressed to Poom Kumam, poom.kum@kmutt.ac.th
Received 9 August 2012; Accepted 24 September 2012

Academic Editor: RuDong Chen

Copyright © 2012 P. Sunthrayuth and P. Kumam. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and

reproduction in any medium, provided the original work is properly cited.

We introduce a new general system of generalized nonlinear mixed composite-type equilibria
and propose a new iterative scheme for finding a common element of the set of solutions
of a generalized equilibrium problem, the set of solutions of a general system of generalized
nonlinear mixed composite-type equilibria, and the set of fixed points of a countable family of
strict pseudocontraction mappings. Furthermore, we prove the strong convergence theorem of the
purposed iterative scheme in a real Hilbert space. As applications, we apply our results to solve
a certain minimization problem related to a strongly positive bounded linear operator. Finally,
we also give a numerical example which supports our results. The results obtained in this paper

extend the recent ones announced by many others.

1. Introduction

Let H be a real Hilbert space whose inner product and norm are denoted by (-,-) and
| - ||, respectively. Let C be a nonempty closed and convex subset of H. Let ¢ : C — R
be a real-valued function, where R is the set of real numbers. Let G,B : C — H be two
nonlinear mappings and © : H x C x C — R be an equilibrium-like function, that is,
O(w,u,v) = O(w,v,u) = 0 for all (w,u,v) € H x C x C. We consider the following new

generalized equilibrium problem: find x* € C such that

O(Gx*, x*,y) + p(y) —p(x*) + (Bx*,y —x*) >0, VyeC.
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The set of solutions of the problem (1.1) is denoted by GEP(C, G, ©, ¢, B). As special cases of
the problem (1.1), we have the following results.

(1) If B =0, then problem (1.1) reduces to the following generalized equilibrium problem:
find x* € C such that

O(Gx*,x*,y) +P(y) —p(x*) >0, VyeC, (1.2)

which was considered by Cho et al. [1] for more details. The set of solutions of the
problem (1.1) is denoted by GEP(C, G, ©, ¢).

(2) If B=0and O(w, u,v) = F(u,v), where F : CxC — Ris an equilibrium bifunction,
then problem (1.1) reduces to the following mixed equilibrium problem: find x* € C
such that

F(x*,y) +$(y) - 9p(x") >0, ¥yeC, (1.3)

which was considered by Ceng and Yao [2] for more details. The set of solutions of
the problem (1.3) is denoted by MEP(F, ¢).

(3)IfB=0,¢ =0and O(w,u,v) = F(u,v) where F : C x C — R is an equilibrium
bifunction, then problem (1.1) reduces to the following equilibrium problem: find x* €
C such that

F(x*,y) >0, VyeC. (1.4)

The set of solutions of problem (1.4) is denoted by EP(F).

4)If© =0, ¢ = 0, then problem (1.1) reduces to the following classical variational
inequality problem: find x* € C such that

(Bx*,y-x*)>0, VyeC (1.5)

The set of solutions of the problem (1.5) is denoted by VI(C, B).

In brief, for an appropriate choice of the mapping G, the function ¢, and the convex set
C, one can obtain a number of the various classes of equilibrium problems as special cases.
In particular, the equilibrium problems (1.4) which were introduced by Blum and Oettli [3]
and Noor and Oettli [4] in 1994 have had a great impact and influence on the development
of several branches of pure and applied sciences. It has been shown that the equilibrium
problem theory provides a novel and unified treatment of a wide class of problems which
arise in economics, finance, image reconstruction, ecology, transportation, network, elasticity,
and optimization. In [3, 4], it has been shown that equilibrium problems include variational
inequalities, fixed point, minimax problems, Nash equilibrium problems in noncooperative
games, and others as special cases. This means that the equilibrium problem theory provides
a novel and unified treatment of a wide class of problems which arise in economics,
finance, image reconstruction, ecology, transportation, network, elasticity, and optimization.
Hence collectively, equilibrium problems cover a vast range of applications. Related to
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the equilibrium problems, we also have the problems of finding the fixed points of the
nonlinear mappings, which is the subject of current interest in functional analysis. It is natural
to construct a unified approach for these problems. In this direction, several authors have
introduced some iterative schemes for finding a common element of the set of solutions of
the equilibrium problems and the set of fixed points of nonlinear mappings (e.g., see [5-18]
and the references therein).

Recall the following definitions.

Definition 1.1. The mapping S : C — Cis said to be

(1) nonexpansive if

||[Sx-Sy|| <|x-y|, VYxyeC (1.6)

(2) L-Lipschitzian if there exists a constant L > 0 such that

[[Sx =Syl < Lljx -y

, Yx,yeC, (1.7)

(3) k-strict pseudocontraction [19] if there exists a constant k € [0,1) such that

Sx-Sy|* < |lx-vy|*+k||(I-S)x-(I-9S)y|]>, VYx,yeC (1.8)
y y y y
(4) pseudocontractive if

ISx=Syll* < lx=yl* + (I - S)x - (I - S)y|>, Vx,yeC. (1.9)

Clearly, the class of strict pseudocontractions falls into the one between classes of
nonexpansive mappings and pseudocontractions. It is easy to see that (1.8) is equivalent to

1-k
(Sx-Sy,x-y) <|x-y|*- T”(I -S)x-(I-9S)y|?> Vx yeC (1.10)

thatis, I-Sis (1-k)/2-inverse-strongly monotone. From [19], we know that if S is a k-strictly
pseudocontractive mapping, then S is Lipschitz continuous with constant (3—k) /(1 -k), that
is, |Sx - Sy|| < 3-k)/(1-k)||x - y||, forall x,y € C.

In this paper, we use Fix(S) = {x € C : Sx = x} to denote the set of fixed points of S.

Definition 1.2. A countable family of mapping {T,},-; : C — C is called a family of k-strict
pseudocontraction mappings if there exists a constant k € [0, 1) such that

ITux = Tuy|I” < llx = y|* + k| (I - T)x - (I - T)y|", Vx,yeCn>1. (111)

On the other hand, let C be a nonempty closed and convex subset of a real Hilbert space H.
Let F1,F,,F3 : C x C — R be three bifunctions and let ¥, ¥,, ¥3, ®;, ®,,d; : C — H be six
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nonlinear mappings and let ¢1, (2, ¢3 : C — R be three functions. We consider the following
problem of finding (x*, y*, z*) € C x C x C such that

prF1(x*, x) + (1 (P1 + D)y + x* =y, 0 —x*) > i (x*) — a1 (x), Vx eC,
WaF2 (v, y) + (P2 + @2)2" +y" = 2",y = y*) 2 oo (v°) — a2 (y), Yy eC, (1.12)
usF3(z", z) + (u3(Ws + D3)x™ + 2" — x*, 2 - 2*) > psg3(z*) — psps(z), VzelC,

which is called a new general system of generalized nonlinear mixed composite-type equilibria,
where y; > 0 for all i = 1,2,3. Next, we present some special cases of problem (1.12) as
follows.

MUY, =%, D, =D, F, =F,and ¢; = ¢ for all i = 1,2,3, then the problem (1.12)
reduces to the following new general system of generalized nonlinear mixed composite-
type equilibria: find (x*, y*,z*) € C x C x C such that

IFE,x) + (1 (¥ + D)y +x° — ', x—x*) 2 pp(x’) - g(x), YxeC,

F (Y, y) + (¥ + D)z +y" -z y - y") 2 oo (y*) — 2 (y), Yy €C, (1.13)
usF (2", z) + (us(¥ + @)x* + z* — x*,z — 2*) > usp(z*) — uap(z), VzeC,

where y; >0 foralli=1,2.

(2)If F3=0,%¥; =®3 =0, 3 =0, and z* = x*, then the problem (1.12) reduces to the
following general system of generalized nonlinear mixed composite-type equilibria: find
(x*,y*) € C x C such that

prF1(x*, x) + (1 (P1 + D)y + x* =y, 0 —x*) > i (x*) — papr (x), Vx eC, (114

wFa (Y, y) + (pe(P2+ @)x" +y" = x"y —y") > o2 (y°) — pagp2(v), Yy €C,

which was introduced and considered by Ceng et al. [20], where y; > 0 for all
i=1,2.

(3)IfF3=0,%; =d3 =0,u3 =0,and ¢; = 0 foralli =1,2,3 and z* = x*, then the
s '
problem (1.12) reduces to the following a general system of generalized equilibria: find
(x*,y*) € C x C such that

Fi(x*,x) + (P1y*, x — x*) + #l(x* -y, x-x)>0, VxeC,

1

. (1.15)
By, y) + (¥ax",y - y") + P72<y* -xy-y)20, V¥yecC,

which was introduced and considered by Ceng and Yao [21], where y; > 0 for all
i=1,2.
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@IUF=FY¥ =¥ and ®; = D, ¢; = ¢, foralli =1,2,3, then the problem (1.12)
reduces to the following generalized mixed equilibrium problem with perturbed mapping:
find x* € C such that

F(x*y) +¢(y) —p(x) + (¥ +D)x", y —x*) >0, VyeC, (1.16)

which was introduced and considered by Hu and Ceng [22].

(5) If F; =0,®; =0,and ¢; = 0 for all i = 1,2, 3, then the problem (1.12) reduces to the
following general system of variational inequalities: find (x*,y*,z*) € C x C x C such
that

(m¥y +x* -y, x-x")>0, VYxeC,
(¥rz*+y -z, y-y*) >0, VyeC, (1.17)

(usWsx* +z* —x*,z-2") >0, VzeC,

which was introduced and considered by Kumam et al. [23], where y; > 0 for all
i=1,2,3.

(6) If F;=0,0;=0,¢p; =0foralli=1,2,3, ¥3 = 0 and z* = x*, then the problem (1.12)
reduces to the following general system of variational inequalities: find (x*,y*) € CxC
such that

(m¥ry* +x" -y, x-x*) >0, VxeC, (118)
(¥x* +y* -x*,y-y*) >0, VyeC, .

which was introduced and considered by Ceng et al. [24], where y; > 0 for all
i=1,2.

In 2010, Cho et al. [1] introduced an iterative method for finding a common element
of the set of solutions of generalized equilibrium problems (1.2), the set of solutions for a
systems of nonlinear variational inequalities problems (1.18), and the set of fixed points of
nonexpansive mappings in Hilbert spaces. Ceng and Yao [21] introduced and considered
a relaxed extragradient-like method for finding a common element of the set of solutions
of a system of generalized equilibria, the set of fixed points of a strictly pseudocontractive
mapping, and the set of solutions of a equilibrium problem in a real Hilbert space and
obtained a strong convergence theorem. The result of Ceng and Yao [21] included, as special
cases, the corresponding ones of S. Takahashi and W. Takahashi [10], Ceng et al. [24], Peng
and Yao [25], and Yao et al. [26].

Motivated and inspired by the works in the literature, we introduce a new general
system of generalized nonlinear mixed composite-type equilibria (1.12) and propose a new
iterative scheme for finding a common element of the set of solutions of a generalized
equilibrium problem, a general system of generalized nonlinear mixed composite-type
equilibria, and the set of fixed points of a countable family of strict pseudocontraction
mappings. Furthermore, we prove the strong convergence theorem of the purposed iterative
scheme in a real Hilbert space. As applications, we apply our results to solve a certain
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minimization problem related to a strongly positive bounded linear operator. The results
presented in this paper extend the recent results of Cho et al. [1], Ceng and Yao [21], Ceng
et al.[20], and many authors.

2. Preliminaries

A bounded linear operator A is said to be strongly positive, if there exists a constant y > 0 such
that

(Ax,x) > ¥|lx|>, VxeH. (2.1)

Recall that, a mapping f : C — C is said to be contractive if there exists a constant & € (0, 1)
such that

1) = fWl <alx-yl, YxyecC (22)

A mapping A : C — H is called a-inverse-strongly monotone if there exists a constant a > 0
such that

(x -y, Ax - Ay) > a||Ax - Ay|]’, Vx,yeC. (2.3)

Let C be a nonempty closed convex subset of a real Hilbert space H. For every point x € H
there exists a unique nearest point in C denoted by Pcx, such that

lx - Pex|| < ||x-y|, VyeC. (2.4)

Pc is called the metric projection of H onto C. It is well known that Pc is nonexpansive (see
[27]) and for x € H,

z=Pex & (x-2z,y-2z)<0, VyeC (2.5)

Let ¢ : C — R be a real-valued function, G: C — H be amappingand ©: HxCxC — R
be an equilibrium-like function. Let r be a positive real number. For all x € C, we consider
the following problem. Find y € C such that

O(Gx,y,z) +$(z) - Pp(v) + %(y ~x,z-y)>0, VzeC, (2.6)

which is known as the auxiliary generalized equilibrium problem.
Let T™) : H — C be the mapping such that, for all x € H, T is the solution set of the
auxiliary problem (2.6), that is,

T") (x) = {y €C:0(Gx,y,z) +P(z) - p(y) + %(y—z,z—x} >0, Vz € C}. (2.7)
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Then, we will assume the Condition (A) [28] as follows:

(a) T™ is single-valued;
(b) T™ is nonexpansive;
() Fix(T®) = GEP(C, G, ©, §).

Notice that the examples of showing the sufficient conditions for the existence of the
condition (A) can be found in [6].

Throughout this paper, we assume that a bifunction F : CxC — Rand ¢ : C — Ris
a lower semicontinuous and convex function satisfy the following conditions:

(H1) F(x,x) =0,Vx € C;
(H2) F is monotone, thatis, F(x,y) + F(y,x) <0,Vx,y € C;

)

)
(H3) for all y € C, x = F(x,y) is weakly upper semicontinuous;
(H4) forall x € C, y — F(x, y) is convex and lower semicontinuous;
)

(Al) for all x € H and r > 0, there exist a bounded subset D, € C and y, € C such that
forall ze€ C\ Dy,

F(zy) +9(0) = 9(2) + (s = 2,2-x) <0 @8

(A2) Cis abounded set.
In order to prove our main results in the next section, we need the following lemmas.

Lemma 2.1 (see [29]). Let C be a nonempty closed and convex subset of a real Hilbert sapce H. Let
F : CxC — R be a bifunction satisfying condition (H1)—(H4) and let ¢ : C — R be a lower

semicontinuous and convex function. For r > 0 and x € H define a mapping T :H - C follows
T (x) = {y €eC:F(y,z)+o(z)—o(y) + %(y— z,z-x)>0, Vz € C}. (2.9)

Assume that either (A1) or (A2) holds, then the following statements hold

(1) Tr(F"P) #0 forall x € H and Tr(F’(”) is single-valued;

(ii) T s firmly nonexpansive, that is, forall x,y € H,

(iii) Fix(T""") = MEP(F, p);
(iv) MEP(F, ) is closed and convex.

2
Tr(F"”)x _ Tr(F,(p)y” < <T£F,<p)x _ T,(F"p)y,x _ y>; (2.10)

Remark 2.2. 1f ¢ = 0, then Tr(F’(P) is rewritten as T/ (see [21, Lemma 2.1] for more details).
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Lemma 2.3 (see [30]). Let {x,} and {I,} be bounded sequences in a Banach space X and let {B,} be
a sequence in [0,1] with 0 < lim inf, B, <lim sup, _, B, < 1. Suppose xp1 = (1= Bn)ly + Prx,
for all integers n > 0 and lim sup,, _, __ (|luc1 = Lul| = [[Xns1 — xnl|) < 0. Then, limy, —, [|I, — x,|| = 0.

Lemma 2.4 (see [31]). Let H be a real Hilbert space. Then the following inequalities hold.
@) [Ax + (1= Nyl = Mix|? + @ = Yllyl? = A1 - Vllx -yl ¥x,y € H and A € [0,1].
(i) lx + yl* < llx|* + 2(y, x +y), ¥x,y € H.

Definition 2.5 (see [32]). Let {T,} be a sequence of mappings from a subset C of a real Hilbert
space H into itself. We say that {T,} satisfies the PT-condition if

lim pff =0, (2.11)

k,l— oo

where p{‘ =sup, {ITkz - Tiz||} < oo, forall k,I € N.
Lemma 2.6 (see [32]). Suppose that {T,} satisfies the PT-condition such that

(i) for each x € C, {T,} is converse strongly to some point in C

(ii) let the mapping T : C — C defined by Tx = lim,,_, ., Tyx for all x € C.
Then, lim,, _, oosuUp [ Tw — Tpw|| = 0.
Lemma 2.7 (see [33]). Let C be a closed and convex subset of a strictly convex Banach space X.
Let {T, : n € N} be a sequence of nonexpansive mappings on C. Suppose (- Fix(T,,) is nonempty.
Let {y,} be a sequence of positive numbers with >,;° 1 ¥, = 1. Then a mapping S on C defined by
Sx = 3021 YnTux for all x € C is well defined, nonexpansive, and Fix(S) = (-, Fix(T,,) holds.

Lemma 2.8 (see [19]). Let T : C — H be a k-strict pseudocontraction. Define S : C — H by
Sx = 6x+(1-6)Tx foreach x € C. Then, as 6 € [k, 1), S is nonexpansive such that Fix(S) = Fix(T).

Lemma 2.9 (see [34]). Let C be a closed and convex subset of a real Hilbert space H and let S : C —
C be a nonexpansive mapping. then, the mapping I — S is demiclosed. That is, if {x,} is a sequence in
C such that x,, — zand (I - S)x, — y, then (I - S)z=y.

Lemma 2.10 (see [35]). Assume that {a,} is a sequence of nonnegative real numbers such that
An+l < (1 - Gn)an + 6n/ (212)

where {0y} is a sequence in (0,1) and {6,} is a sequence in R such that

(i) ZZO:O Op = OO,

(ii) limsup,,_,  (64/04) <0o0r 3724 |64 < o0.

then, lim,, _, xa, = 0.
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Lemma 2.11. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let mappings
Y, 0 : C — H be p-inverse-strongly monotone and y-inverse-strongly monotone, respectively. Then,
we have

11 = e + D)) = (1 = p (¥ + D)y |* < [l =y ||* + 20 (= B) [ W - Wyl

, (2.13)
+2u(p = ¥)||®x - Dy ||,
where p > 0. In particular, if y € (0, min{ ﬁ,?}), then I — u(¥ + @) is nonexpansive.
Proof. From Lemma 2.4(i), for all x, y € C, we have
(T = ¥ + @) = (1= (¥ + @)y
=[x = y) ~ (¥ + D)x — (¥ + D)) |
1 1 :
=15 ((x=y) =2u(¥x = ¥y)) + 5 ((x - y) - 2u(Px - Dy))
1 2 1 2
<51 =y) =2u(¥x =¥y) |" + 511 ((x = y) - 2u(Px - Dy)) |
1
= 5 (llr = yII* - 4u(x - v, ¥x = Wy) + 4|2 - Wy |*) (2.14)

1
+5 (1 = yII” - 4p(x - y, Dx - Dy) + 4427 | @x - Dy ||
1 ~
< 5 (e =yl* + 4 (- B) || wx - wy||?)
1 ~
+5 (I =yl + 4 - 7) | 0x - @y )

= [l = yI1” + 20 (e = B) [ = Wy || + 2u (e - ) || 0x - Dy ||

It is clear that, if 0 < g < min{ ﬁ,?}, then I — u(¥ + @) is nonexpansive. This completes the
proof. O

Lemma 2.12. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let mappings
Y, ®; : C — H(i = 1,2,3) be pi-inverse-strongly monotone and y;-inverse-strongly monotone,
respectively. Let Q : C — C be the mapping defined by

Q= Tyl [T [T (3 = pa (s + D)) = pua (Wa + DTS (3 = pia (W3 + o))
- (1111 + (I)l)TIgMPZ) [T‘,S_SS'IPS) (x — U3 (IP3 + (I)3)x)
~po (W + DT (x = s (W3 + Da)x) ||, WxeC.
(2.15)

If ui € (0, min{ﬁ,-, Yi}) (i=1,2,3), then Q is nonexpansive.
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Proof. From Lemma 2.11, for all x, y € C, we have

|Qx - Qyl| =
”T[f V0 [ (E202) [0 (o _ 1y (W + ©3)x) = pia (W + D) T (0 = pia (W5 + q>3)x)]

- (P + <I)1)T,sz’(”2) [T,E?"pS) (x — p3(P5 + D3)x)
2 (W + DT (x = (W3 + D3)0)
=T [T [T (v = s (Wa + Da)y) = pa(Wa + OT™ (y = ia (¥ + D3)y) |
— (1 + OO T [T (y = pa(Wa + D3)y)
~pa2(¥2 + DT (y = s (Wa + o)) |||

< [T [T (o = s (W + ) x) = oo (W + )T (x = pis (W5 + D)) |

— (W + D) T [:r,ﬁ?"”” (x = pa (W3 + @3)x)

2 (W + D) Ty (3 = (W3 + D3)x)|
[T [T (y = (W + Da)y) = pa(Wa + DT (y = pa(Ws + Da)y)]
— 1 (F1 + DT [T (y - s (W5 + ©3)y)
(W2 + )T (y = s (W3 + 3)y) ]|

- | T (I = o (W + ©2)) Tt %) (1 = s (W5 + 3)) (I — i (W1 + Dy) ) x

ST (L= pa (W2 + @) T (1= (W + @) (1= (¥ + @)y |
< || (I = p2 (W5 + D)) TE ¥ (I = i (W + @3) ) (I — py (¥ + D7) ) x

~(I = pa(Wa + D) T (I = ia (¥ + 3)) (I = (%1 + 1))y |
< ||T;f3"”3>(1 — 13(s + D)) (I - iy (%7 + D)) x

—T,(l?'%) (I - p3(Ws + D3)) (I — p1 (¥1 + (Dl))y”
(T = p3(Ws + @3)) (I = pr (W1 + D1))x — (I — p3(Ws + D3)) (I — pa (W1 + D)) y||
< (T = pa (¥1 + @1))x = (I = pa (¥1 + @)y |
<lx-vy

7

(2.16)

which implies that Q : C — C is nonexpansive. This completes the proof. O
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Lemma 2.13. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let F; :
CxC — R (i =1,2,3) be a bifunction satisfying conditions (H1)-(H4) and let ¥;,®; : C —
H(i = 1,2,3) be a nonlinear mapping. Suppose that p; (i = 1,2,3) be a real positive number. Let
@i : C — R (i =1,2,3) bea lower semicontinuous and convex function. Assume that either condition
(A1) or (A2) holds. Then, for (x*,y*,z*) € C x C x C is a solution of the problem (1.12) if and only

if x* € Fix(Q), y* = T,Efz"”Z)(z* — (¥ + @y)z*) and z* = T}iSFB’(PS)(x* — u3 (W3 + @3)x*), where Q
is the mapping defined as in Lemma 2.12.

Proof. Let (x*,y*,z*) € C x C x C be a solution of the problem (1.12). Then, we have

prFr(x*, x) + (u (1 + D)y +x* = y*, x = x*) > i1 (x*) — pagpr (x), Vx e C,
by, y) + (P2 + @2)2" +y" =2y —y°) 2 pop2 (v°) — o2 (y), Yy €C,  (217)
psFs(z*, z) + (us(Ws + D3)x* + 2° — x*, 2 = 2*) > pagps(z*) — psps(z), VzeC,

=
x* = T(fl'(pl) (v - (¥ + D)y"),
Fz (PZ)(Z — 12 (5 + D)), (2.18)
z" = Tlﬁ?'%) (x" = p3 (W5 + D3)x7),
=

x* = T (L5 (L0 (67 - o (W + ©9)x) = pa(Wa + DT (x° = pa (W3 + D)) |
_ ‘ul (lpl + q)l)T’Eer‘PZ) [Tp(:3,(p3) (x* _ ‘u3 (11;3 + QS)x*)

—#z(qu + (I)z)T‘,E?'%) (.’X'* — ]lg,(‘Pg, + <I)3)x*)]] .
(2.19)

This completes the proof. O

Corollary 2.14 (see [20]). Let C be a nonempty closed and convex subset of a real Hilbert space H.
Let F; : CxC — R (i = 1,2) be a bifunction satisfying conditions (H1)—-(H4) and let ¥;, @; :
C — H(i = 1,2) be a nonlinear mapping. Suppose that u; (i = 1,2) be a real positive number. Let
@i : C — R (i =1,2) be a lower semicontinuous and convex function. Assume that either condition
(A1) or (A2) holds. Then, for (x*,y*) € C x C is a solution of the problem (1.14) if and only if

x* € Fix(Q), y* = T,EZFZ’W)(x* — o (¥ + @y)x*), where G is the mapping defined by

= T T (= (B2 + D2)x) = (%1 + OOT (x = (W2 + D2)x)], Ve €
(2.20)

Corollary 2.15 (see [21]). Let C be a nonempty closed and convex subset of a real Hilbert space H.
Let F; : Cx C — R (i = 1,2) be a bifunction satisfying conditions (H1)—(H4) and let ¥; : C —
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H (i = 1,2) be a nonlinear mapping. Suppose that p; (i = 1,2) is a real positive number. Assume that
either condition (A1) or (A2) holds. Then, for (x*,y*) € C x C is a solution of the problem (1.15) if
and only if x* € Fix(Q), y* = T#Fj (x* = poWox™*), where Q is the mapping defined by

Ox = T/fll T/fz2 (x = p¥ox) — ‘ul‘PlTﬂF; (x - yﬂﬁx)], Vx € C. (2.21)

Corollary 2.16 (see [23]). Let C be a nonempty closed and convex subset of a real Hilbert space H.
For given (x*,y*,z*) € C x C x C is a solution of the problem (1.17) if and only if x* € Fix(Q),
y* = Po(z* — poWrz*) and z* = Po(x* — pusWsx™), where Q is the mapping defined by

Qx = Pc[PC [pc (x - //1311’3.7(') - ‘u2‘P2PC(x - ‘u3‘Px)]

(2.22)
—p1 W1 Pc [Pe(x — psWsx) — poWrPe(x — ps¥sx)]], VxeC.

Corollary 2.17 (see [24]). Let C be a nonempty closed and convex subset of a real Hilbert space

H. For given (x*,y*) € C x C is a solution of the problem (1.18) if and only if x* € Fix(Q),
y* = Po(x* — uoWrx™), where Q is the mapping defined by

Qx =Pc [PC (x - ;12‘}’2x) - ‘ullplpc (.X' - /1211’2.7(')], Vx e C. (223)

3. Main Results
We are now in a position to prove the main result of this paper.

Theorem 3.1. Let C be a nonempty closed and convex subset of a real Hilbert space H such that
C+C cC. Letg,p;: C — R (i =1,2,3) be lower semicontinuous and convex functionals,
©: H xCxC — R bean equilibrium-like function, G : C — H be a mapping, and F; : C x C —
R (i = 1,2,3) be a bifunction satisfying conditions (H1)—(H4). Assume that either condition (A1)
or (A2) holds. Let B : C — H be p-inverse-strongly monotone, ¥;, ®; : C — H (i = 1,2,3) be
ﬁ,-—inverse—strongly monotone and y;-inverse-strongly monotone, respectively. Let {T,,};2; : C — C
be a family of k-strict pseudocontraction mappings. Define a mapping S,x := 6x + (1 — 6)T,x, for
allx € C, 6 € [k, 1) and n > 1. Assume that the condition (A) is satisfied and Q := (,—; Fix(T,,) N
Fix(Q) N GEP(C, G, ©, ¢) #0, where Q is defined as in Lemma 2.13. Let p > 0,y > 0, and r > 0
be three constants. Let f : C — C be a contraction mapping with a coefficient « € (0,1) and
let A be a strongly positive bounded linear operator on C with a coefficient y € (0,1] such that
0<y<((A+py)/a. Forxi € C, let the sequence {x,} defined by

O(Gxn, ttn, y) + P(y) — P(un) + %(y —Un, U — (X —7Bx,)) 20, Yy €C,
_ (F33) _
Zy = T‘u3 (xn ﬂS(IPS + ¢)3)xn)/
2,92 .1
Yo = T (2, - o (W + 1) z,), G

0 = T (y = 1 (%1 + D)),

X1 = O f (Xn) + Py + (1= ) I — an (I + pA)) [y1SnXn + Yoty + y304], Y 2>1,



Abstract and Applied Analysis 13

where Y1 Y2, V3 € [0,1] such that y1 + y2 + 13 = 1, p1 € (0, min{f1,11}), p2 € (0, min{p>,1»}),
us € (0,min{ps,y3}), v € (0,2P) and {ay}, (B} are two sequences in [0,1]. Suppose that {T,}
satisfies the PT-condition. Let T : C — C be the mapping defined by Tx = lim,,_, ,,T,x for all x € C
and suppose that Fix(T) = ;21 Fix(Ty,). Assume the following conditions are satisfied:

(C1) limy—, oty = 0and >,77 1 ay = oo,
(C2) 0 < liminf, ., f, < limsup, B, <1

Then the sequence {x,} defined by (3.1) converges strongly to X € Q, where X is the unique
solution of the variational inequality

((yf-(I+pA))x,v-x)<0, YoeQ, (3.2)

or equivalently, X = Po(yf — pA)X, where Pq is a metric projection mapping from C onto Q, and
(X,7,2) is a solution of the problem (1.12), where ij = Tflfz"”) (Z—po (P2 +D2)2) and z = Tﬁ?’%) (x-
Uz (Ws + d3)x).

Proof. Note that from the conditions (C1) and (C2), we may assume, without loss of
generality, that ar, < (1-,)(1+ ul|Al)™! for all n € N. Since A is a linear bounded self-adjoint
operator on C, by (2.2), we have

Al = sup{[(Aw, u)| : u € C, |lull = 1}. (3.3)

Observe that
(M=) —an(I+pA))u,u) =1- P, — ay — ayu{Au,u)
> 1= fn—ay —ayu||Al| (3.4)

>0.
This show that (1 - ,)I — a,(I + pA) is positive. It follows that
(L= B)T = an (T + )| = sup{ [{((1 = Bu) T~ ta (T4 uA) )] s € C, ] = 1)
=sup{l - —an — anpu(Au,u) :u € C,|jul| =1}

<1=Bn—an(1+py)
<1-Pu—an(l+p)7.

(3.5)

First, we show that {x,} is bounded. Taking x* € Q, it follows from Lemma 2.13 that
x* = TP(“F]'%) [T;SZ,‘PZ) T;SB:(PS) (x* - 13 (q;3 + (D3)x*) — 1o (qIZ + (I)Z)T‘IES&‘PS) (x* — 13 (IP'?’ + <I)3)x*)]
- (lp‘l + CI)l)T‘,gZ’(PZ) [T‘,Efslw) (x* — U3 (ng, + @3))(*)

—‘ug(q’z + @2)TP(:3,%) (x* - ‘1/13(1}’3 + (D3)x*)”.
(3.6)
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Putting y* = Tp(lfz’(”)(z* - U (W5 + @y)z*) and z* = T}g‘“’%)(x* - us3(¥5 + @3)x*), we obtain
x* = T,Sfl’w (y* — p1(¥1 + @1)y*). Notice that u,, = T (I - rB)x,. Since T"") is nonexpansive

and B is p-inverse-strongly monotone, we have

2
it — x*|I? = ||T<r>(1 —B)xy — T"(I - rB)x"

< ||(I - rB)x, — (I - rB)x*|*

= [|(xs = x*) = r(Bx, = Bx")||?

= |l — x*||* = 2r(xn — x*, Bx, — Bx*) + r?||Bx,, — Bx*||*
< locn = x*|* +7(r - 28)|Bx, - Bx"|

<l — x|,
and hence
llun = || < flocn — x|

We observe that

[on = x| = 1Qxn — Qx|

<l = 7.

(3.7)

(3.8)

(3.9)

Setting 0,, := y1S,Xy +Y2Uy + Y30, By Lemma 2.8, we have S, is a nonexpansive mapping such

that Fix(S,,) = Fix(T},) for all n > 1. Then, we have

16, = x*| = ||y1(Suxn — x*) + y2(un = X*) + y3(00 — x*) ||
<Y1l|Snxn — x*|| + Y2l — x*|| + y3llvn — x*||
< yillxen = x|+ yall2en — x| + ysll2n — x|

= [l2en = x7|.

It follows that

(3.10)

s = 3711 = law(y F ) = (I + HA)X") + Pl = %) + (1= Pu) T = ctu (1 + pA)) (B = x°)|

< aul|yf (xn) = et (I + pA)x"

+ Bullxn = x*|| + (1= B — aa (1 + ) ) 16, — x|

< any || f (o) = FON |+ anlly f () = (T4 pA)x" || + (1 = an (1 + py) ) 120 = 7|
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+ (1= an(1+py))llxn — x*
< (1= (U +p)Y —ya)an) |1xn — x| + an |y f(x*) = (I +pA)x*||
Iy ) - (1 gy

(1+p)y-ya
(3.11)

< anyallxn = x| + an|[yf(x7) = (T + pA)x"

= (1= (1 + )y —ya)an) lx, = x| + (1 + p)¥ - ya)an

By induction, we have

) = (L+ p)x”] } Vi > 1. (3.12)

llxn = x™|| < maX{ llx1 = x7|, -
(1+p)y -ya

Hence, {x,} is bounded, so are {u,}, {v,}, {yn}, and {z,}. From definition of S,, and for all
k,1 e N, it follows that

sup||Skw = Siw|| = yisup|| Txkw — Tiew||. (3.13)

weC weC
By our assumption, {T,} satisfies the PT-condition, we obtain that

liirgosup||5kw -Swl| =0, (3.14)

n weC

that is {S,,} satisfies the PT-condition.
Next, we show that lim,, _, o, ||x,,+1 — X, || = 0. Since u,, = T (I — rB)x,,, we have

[ttn1 — un|| = ||T(r) (Xns1 = 7Bxyy1) — T (xn — rBxy)

< (ne1 = 7Bxps1) = (30 — 7Bxy) ||
< a1 = xall, (3.15)
1Un+1 = Onll = [|Qxpe1 — Qx|

< xpe1 = Xl
It follows from (3.15) that

[10n41 = Onll = || (Y1Sne1Xne1 + Yoltne1 + ¥30na1) = (Y1SnXn + Y2tin + y300) ||
= ||y1(Sni1Xns1 = Suxn) + ¥ (Uns1 = tn) + Y3 (Vi1 — 0n) ||
<1lISni1Xns1 = SnXull + 2lltns1 — unll + y3llones — oall
<1lISni1Xns1 = Sna1Xall + 11llSns13n = Suxnll + y2lltn — tall + 3llvns1 — vl
<1illxner = Xull + y2llxne = Xall + V3llxne1 = 2|l + y1llSnv12n = Snxall

= ”xn+1 - xn” + Yl”sn+1xn - Snxn||~
(3.16)
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Let xp1 = (1 = Bu)ln + Pux, for all n > 1. Then, we have

Xn2 — ﬂn+1xn+1 Xn+l — ﬂnxn

Ly =1, = -
o 1- ﬁn+1 1- ﬁn
_ an+1Yf(xn+1) + ((1 - ﬁn+1)1 — On4l (I + ,uA))GnH
1- ﬁn+1
anyf () + (L= Pu) ] — an(I +pA))6,
1-p,
_ @n1 (1 - ﬂn+1>I — An4l (I + ﬂA)enH
= Xni1) +
1- ,Bn+ f( +1) 1- ,Bn+1
1-6)I-a,(I+uA)od,
Ff o) - LT = an(T+ )
ﬂn 1= Ppn
ay oy
= o (vf (n1) = (I + pA)Oi1) = = (y f () = (I + pA)By) + Ot = O,
1- ﬁn+1 1- ﬂn
(3.17)
Combining (3.16) and (3.17), we have
n an
1 = Ll = | xne1 — 20| < 1= gl ”Yf(xml) (I +ﬂA)9n+1” + 1 _ﬂ ”Yf(xn) - (I+ﬂA)9n”
+ Yl”sn+1xn - Snxn”-
(3.18)
Since {S,} satisfies the PT-condition, we can define a mapping S : C — C by
Sx = lim Syx = lim [6x+ (1 -6)T,x] =6x+ (1-6)Tx, VYxeC. (3.19)
We observe that
||Sn+1xn - Snxn” < ”Sn+1xn - an” + ”an - Snxn”
2
<supl|Spriw — Sw|| + sup||Sw — S,w||. (3:20)
weC weC
Be Lemma 2.6, we have
nli_llr;onsm-lxn = Spxn|| = 0. (3.21)
Consequently, it follows from the conditions (C1), (C2), and (3.18) that
tim sup(lluen = Lull = 0.1 — x4 ])) 0. (3.22)

n— oo
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Hence, by Lemma 2.3, we obtain that

lim |1, — x| = O.

Consequently, we have
nli_)l’l'OIOHan - xn” = nlgl;lo(l - ,Bn)Hln - xn“ =0.

On the other hand, we observe that

X1 — X = 0y (Y f(xn) = (I + pA)xn) + (1= )] = (I + pA)) (0n — xp).

It follows that

(1= Bn— an (1 + Y100 — xull < |xns1 = || + @ ||y f (x) = (I + pA) x|

From the conditions (C1), (C2), and (3.24), we obtain that

lim |6, — x| = O.

Next, we show that

lim sup(yf(x) - (I + pA)X,x, — x) <0.

n—oo

To show this, we take a subsequence {x,, } of {x,} such that

lim sup(yf(xX) - (I + pA)X,x, — x) = lim <yf(9?) - (I+pA)X, x,; - J?>
]ﬁm

n— oo

17

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

Since {xn].} is bounded, without loss of generality, we can assume that Xy, — v € C. So, we

get

lim sup(yf (%) - (I + pA)%, x, - X) = lim (yf (%) - (I + pA)X, %, - X )
j— oo

n—oo

=(rf®) - (I +pA)x,0-%)

<0.

(3.30)

Next, we show that v € Q = N7, Fix(T,) N Fix(Q) N GEP(C, G, ©, ¢). Define a mapping

K,:C — Cby

Kux = 11Sux + 12Qx + Y3T(r)(I -rB)x, VxeC.

(3.31)
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From (3.27), we have

nlijr;o”K"x" - Kx,|| =0. (3.32)
For all k,1 € N, it follows that
sup||Kixw — Kjw|| = y1sup||Skw — Siw|. (3.33)
weC weC

Since {S,} satisfies the PT-condition, we obtain that

lim sup||Kxw — Kjw|| =0, (3.34)

A= hee

thatis { K, } satisfies the PT-condition. Define a mapping K : C — C by

Kx = lim K,x = lim [y15,,x +120x + Y3T(’) (I - rB)x]

e (3.35)
=11Sx + 1Qx + TV (I - rB)x, VxeC.
By Lemma 2.6, we obtain that
lim sup||K,w — Kw|| = 0. (3.36)
=% heC
From Lemma 2.7, we see that K is nonexpansive and
Fix(K) = Fix(S) N Fix(Q) N Fix (TW (I- rB)>
= () Fix(S») NFix(Q) Fix(T“) (I - rB))
n=1
. (3.37)
= () Fix(T,) N Fix(Q) N GEP(C, G, ©, p)
n=1
= () Fix(Ky).
n=1
Notice that
1360 = Kxtu |l < [l = K[| + [[Kntn — Koty |
(3.38)

< ”xn - Knxn” + SUP”an - K(,U”
weC
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From (3.32) and (3.39), we obtain that
lim [|x, — Kou|| = 0. (3.39)

Thus, by Lemma 2.9, we obtain that v € Fix(K) = Q.
Finally, we show that x, — X asn — oo. From Lemma 2.4, we compute

ter = XI7 = [lan(y f Gen) = (T+ pA)Z) + Pulaen = %) + (1= Bu)T = an (I + pA)) (6, - D)||”
< (=BT~ an(I + pA)) (O = 2) + ulxu ~ D)
+ 20, (y f (xn) = (I + pA)X, Xpi1 — X)
< [(1= B - an(1+ 7)) 116 = 21| + fullxn - 2]
+ 2“"Y<f(xn) - f(%), xn41 - £> + 2[Xn<}’f(f) - (I + ‘uA)JAC, Xpsl — _‘)?>
< [(1= B = aw(1+ p)F) 130 = XN + Pullx = %] + 2anyal|xn — %[ X0t - X
+ 20, (Y f(X) = (I + HA)X, Xps1 — X)
< [(1 - ﬂn - ‘xn(l + I‘)?)”xn - X|| + ﬁn”xn - 55\”]2 + zanY‘x”xn = X\l = X||
+2a,(yf(X) = (I + pA)X, Xps1 — X)
< (1= (14 7)1 = 21 + anya(ln = 27 + s - %I7)
+2a,(yf(X) = (I + pA)X, Xps1 — X)
= <1 =20, (1+p)y +an[(1+ ‘u)?]Z + anya>||xn — X|* + apyal X, - x|
+ 20, (yf(X) — (I + pA)X, Xps1 — X).
(3.40)

It follows that

1-2a,(1+ )7 + a3 [(1+ w)Y]” + anya

12
|21 = X7 <

~12
e I, - %)
b2 £(R) - (T4 PA)Z, Xt - F)
1_anya Y I’l 7 An+l
1-2a,(1+ )y + anya 2+ 7] -
- 12l p) - LT e
-ayya 1-a,ya
20y - - _
b (Y F(R) ~ (I + pA)E, Xt - )

1-a,ya
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B PRS0 9L PO 1 (. 7l
- 1-apya = 1-a,ya
2t £(2) - (I + pA)R, Xt — 5)
1 a Y[X Yf l’l 7 An+l 7
(3.41)
where M = sup, ., {|xn - X|?}. Put o, = (2((1 + p)y — ya)a,) /(1 — ayya) and
a[(L+p)7]°
_ % % e % 342
On = apya + 1T " Y“ (yf(x) = (I+pA)X, xp1 — X). (3.42)
Then, the (3.41) reduces to the formula
11 = XU < (1= 0a)l|xn = X[* + 6. (3.43)

It is easily seen that X", 0, = oo and (using (3.30)), we get

6n .. 1
li L | 2[(1
g = s gy ey (LT M 64

+2(yf(X) = (I + pA)X, xp1 — X)] 0.

Hence, by Lemma 2.10, we conclude that x, — X asn — oo. This completes the proof. O

Remark 3.2. Theorem 3.1 improves and generalizes [1, Theorem 2.1] in the following ways.

(i) From a one nonexpansive mapping to a countable family of strict pseudocontrac-
tion mappings.

(ii) From a general system of variational inequalities to a general system of generalized
nonlinear mixed composite-type equilibria.

(iii) Theorem 3.1 for finding an element X € ;2 Fix(T,,) N Fix(Q) N GEP(C, G, 0, ®)
(Q is defined as in Lemma 2.13) is more general the one of finding elements of
Fix(S) N Fix(D) N GEP(C, G, 0, ®) (D is defined as in Lemma 2.17) in [1, Theorem
2.1].

Furthermore, our method of the proof is very different from that in [1, Theorem
2.1] because (3.1) involves the countable family of strict pseudocontraction mappings and
strongly positive bounded linear operator.
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4. Application to Minimization Problems

Let C be a nonempty closed and convex subset of a real Hilbert space H and A : H — H
be a strongly positive linear bounded operator with a constant y > 0. In this section, we will
utilize the results presented in Section 3 to study the following minimization problem:

. H 1.2
TJ§IE1£TZ1§<AXIX> + §||x|| h(x), (4.1)

where Q is a nonempty closed and convex subsets of C, p > 0 is some constant and h :
C — Ris a potential function for yf (i.e., h'(x) = yf(x) for all x € C), where f : C — C
is a contraction mapping with a constant & € (0,1). Note that this kind of minimization
problems has been studied extensively by many authors (e.g., see [18, 36-39]). We can apply
Theorem 3.1 to solve the above minimization problem in the framework of Hilbert spaces as
follows.

Theorem 4.1. Let C be a nonempty closed and convex subset of a real Hilbert space H such that
C+C cC.Let S: C — C bea nonexpansive mappings such that Fix(S)#0. Let p > 0 and
y > 0 be two constants. Let f : C — C be a contraction mapping with a coefficient & € (0,1)
and A be a strongly positive bounded linear operator on C with a coefficient y € (0,1) such that
0<y<(@+p)y)/a. Let {x,} be a sequence defined by x; € C and

X1 = Y f (Xn) + Puxn + (1= )] — (I + pA))Sx,, Vn>1, (4.2)

where {a,}, {Pn} are two sequences in [0, 1]. Assume the following conditions are satisfied:
(C1) limy—, oty = 0and >77 1 ay = oo,
(C2) 0 < liminf, ., f, < limsup, B, <1

Suppose that Fix(S) is a compact subset of C. Then the sequence {x,} defined by (4.2) converges
strongly to x € Fix(S) which solves the minimization problem (4.1).

Proof. Taking y1 = 1 and y» = y3 = 0 in Theorem 3.1. Hence, from Theorem 3.1, we know that
the sequence {x,} defined by (4.2) converges strongly to X € Fix(S), where x is the unique
solution of the variational inequality

((rf - (I+pA))x,0-%)<0, VoeFix(S). (4.3)

Since S is nonexpansive, then Fix(S) is convex. Again by the assumption that Fix(S) is
compact, then it is a compact and convex subset of C, and

§<Ax,x> N %||x||2—h(x) .C—R (4.4)

is a continuous mapping. By virtue of the well-known Weierstrass’s theorem, there exists a
point X € Fix(S) which is a minimal point of minimization problem (4.1). As is known to all,
(4.3) is the optimality necessary condition [18] for the minimization problem (4.1). Therefore
we also have

((yf - (I + pA))X,v-%) <0, Yo eFix(S). (4.5)

Since X is the unique solution of (4.3), we have X = X. This completes the proof. O
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5. A Numerical Example

In this section, we give a real example in which the conditions satisfy the ones of Theorem 3.1
and some numerical experiment results to explain the main result Theorem 3.1 as follows.

Example 51. Let H =R, C = [0,1], O(x,y,2) = ¢(x) = Bx =0,Yx,y,z€ C,r =1, Fi(x,y) =
Pi(x) =¥ix=0;x=0,Yx,yeC,u;=1(=123),A=1, f(x) = (1/2)x, and Vx € C, with
aconstanta = 1/2, &, = 1/n,p, = (n+1)/2n,Yn € N, y; = (1/3) (i = 1,2,3), y = 1, and
p=1ForallneN,letT,: C — C define by T,,x = nx*/(2n + 1), Vx € C, we see that, {T,}
is a family of 0-strictly pseudocontractive with (;—; Fix(T,) = {0}. Then, {x,} is the sequence

deﬁnedby
/5 2 1/n-5\,
x"“—(a @)x”a(le)xw (5.1)

and x, — 0asn — oo, where 0 is the unique solution of the minimization problem

3,
= . 5.2
g 2
Proof. Step 1. We show that
T"(x) = Pcx, VYx€H, (5.3)
where
X xeH\C
Pex =4 x| (5.4)
X, x e C.

Since O(x,y, z) = ¢(x) = Bx = 0, due to the definition of T (x), Vx € H in (2.7), we have

TW(x)={yeC:(y-zz-x)>0, Vz€ C}. (5.5)

Also by the equivalent property (2.5) of the nearest projection Pc from H to C, we obtain this
conclusion. When we take x € C, then T (x) = Pcx = x. By the condition (A)(c), we have
GEP(C,G, 0, ¢) = C. In a similar way, for all i = 1,2, 3, we can get

T\ (x) = Pex =x, Vx€C, (5.6)
and Fix(Q) = C. Hence

GEP(C,G,0©,$) NFix(Q) = C. (5.7)
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Figure 1: These figures show the iteration comparison chart of different initial values (a) x; = 1 and
(b) x1 = 0.5, respectively.

Step 2. We show that {T,,} is satisfies the PT-condition. Since T,x = (nx*/(2n + 1)),
Vx € C,and n € N. For all k,I € N, we have

i kx> Ix? lim su kw* o’
iow|2k+1 20+ 1|~ kimeonb |2k +1  20+1
. k I (5.8)
= lim |—/— - % 2
k,zlinm‘zk T120+1 i};{f{“’ }
= 0/
that is {T},} satisfies the PT-condition. O
Step 3. We show that
5 2 1/ n-5\ ,
Xn+1 = (5_§>xn+€<2n+1>x’” x, — 0, asn— oo, (5.9)
where 0 is the unique solution of the minimization problem:
min§x2 + (5.10)
xeC 4 T '

Due to (5.3) and (5.4), we can obtain a special sequence {x,} of (3.1) in Theorem 3.1 as

follows:
(5 2 1/ n-5\ ,
Xn+l = (6 3n)xn+ 6<2n+l)x"‘ (511)
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Table 1: This table shows the value of sequence {x,} on each iteration step (initial value x; = 1).

Xn
1.000000000000000
0.400000000000000
0.236825396825397
0.156844963280237
0.109791474296166
0.079448383160412
0.058780740964773
0.044187178532649
0.033618033450111
0.000000000000000

O 00 NI O Ul = W N~ 3

=
o

Table 2: This table shows the value of sequence {x,} on each iteration step (initial value x; = 0.5).

xn
0.500000000000000
0.225000000000000
0.135089285714286
0.089721577233324
0.062805104063327
0.045409812093980
0.033562589425687
0.025205072875411
0.019159476038106
0.000000000000000

O N O U W N~ |3

—_
o

Since N, Fix(T,,) = {0}, combining with (5.7), we have

Q := GEP(C,G,©,$) NFix(Q) N ﬁ Fix(T,,) = {0}. (5.12)

n=1

By Lemma 2.10, we obtain that x,, — 0, where 0 is the unique solution of the minimization
problem min,cc(3/4)x? + g, where q is a constant number.

5.1. Numerical Experiment Results

Next, we show the numerical experiment results using software MATLAB 7.0 and we obtain
the results shown in Tables 1 and 2 and Figure 1, which show that the iteration process of the
sequence {x,} as initial points x; = 1 and x; = 0.5, respectively.
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