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An explicit iterative method with self-adaptive step-sizes for solving the split feasibility problem
is presented. Strong convergence theorem is provided.

1. Introduction

Since its publication in 1994, the split feasibility problem has been studied by many authors.
For some related works, please consult [1-18]. Among them, a more popular algorithm that
solves the split feasibility problems is Byrne’s CQ method [2]:

Xn+l1 = PC (xn -TA* (I - PQ)Axn), (1.1)

where C and Q are two closed convex subsets of two real Hilbert spaces Hi and Hj,
respectively,and A : Hy — H; is abounded linear operator. The CQ algorithm only involves
the computations of the projections Pc and Py onto the sets C and Q, respectively, and is
therefore implementable in the case where Pc and Pg have closed-form expressions.

Note that CQ algorithm can be obtained from optimization. If we set

f(x) = %”Ax - PoAx|?, (12)

then the convex objective f is differentiable and has a Lipschitz gradient given by

Vf(x) = A*(I - Pp) A. (1.3)
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Thus, the CQ algorithm can be obtained by minimizing the following convex minimization
problem

minf (x). (1.4)

We can use a gradient projection algorithm below to solve the split feasibility problem:
X1 = Pe(xn = TaVf(x2)), (1.5)

where 7, the step size at iteration 7, is chosen in the interval (0,2/L), where L is the Lipschitz
constant of V f.

However, we observe that the determination of the step size 7, depends on the
operator (matrix) norm ||A|l (or the largest eigenvalue of A*A). This means that in order
to implement the CQ algorithm, one has first to compute (or, at least, estimate) the matrix
norm of A, which is in general not an easy work in practice. To overcome the above difficulty,
the so-called self-adaptive method which permits step size 7, being selected self-adaptively
was developed. See, for example, [10, 14, 15, 19-23].

Inspired by the above results and the self-adaptive method, in this paper, we present
an explicit iterative method with self-adaptive step sizes for solving the split feasibility
problem. Convergence analysis result is given.

2. Preliminaries

Let H; and H, be two real Hilbert spaces and C and Q two closed convex subsets of H; and
H,, respectively. Let A : Hy — H, be a bounded linear operator. The split feasibility problem
is to find a point x* such that

x*eC, Ax"eQ. (2.1)

Next, we use I' to denote the solution set of the split feasibility problem, thatis, I' = {x € C:
Ax € Q}.
We know that a point x* € C is a stationary point of problem (1.4) if it satisfies

(VFf(x*),x-x*)>0, VYxeC. (2.2)

Given x* € Hj. x* solves the split feasibility problem if and only if x* solves the fixed point
equation

x* = Po(x* —yA* (I - Pg) Ax™). (2.3)
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Next we adopt the following notation:

(i) x4 — x means that x, converges strongly to x;
(ii) x, — x means that x,, converges weakly to x;

(iii) we (xn) = {x : xp; — x} is the weak w-limit set of the sequence {x;}.

Recall that a function f : H — R is called convex if
fOx+1=-Dy) <Af(0) + 1 =Df(y), (2:4)

forall A € (0,1) and Vx, y € H. It is known that a differentiable function f is convex if and
only if there holds the relation:

f(z) > f(x) +(Vf(x),z—x), (2.5)
for all z € H. Recall that an element g € H is said to be a subgradient of f : H — R at x if
f(z)2 f(x)+(g,z~x), (2.6)

for all z € H. If the function f : H — R has at least one subgradient at x is said to be sub-
differentiable at x. The set of subgradients of f at the point x is called the subdifferential of f
at x, and is denoted by 0f (x). A function f is called sub-differentiable if it is subdifferentiable
atall x € H. If f is convex and differentiable, then its gradient and subgradient coincide. A
function f : H — R is said to be weakly lower semi continuous (w-Isc) at x if x, — x implies

fx) < hﬂg}ff(x")' (2.7)

f is said to be w-Isc on H if it is w-Isc at every point x € H.
A mapping T : C — C is called nonexpansive if

I Tx = Tyl| < [lx =l (2.8)

forall x,y € C.
Recall that the (nearest point or metric) projection from H onto C, denoted Pc, assigns,
to each x € H, the unique point Pc(x) € C with the property

[lx = Pc(x)|| = inf{||x - y|| : y € C}. (2.9)

It is well known that the metric projection Pc of H onto C has the following basic properties:
(@) [IPc(x) = Pe()l < llx ~yll for all x, y € H;
(b) (x =y, Pc(x) = Pe(y)) 2 IPc(x) = Pe(y)|? for every x,y € H;
(¢) (x = Pc(x),y—Pc(x)) <Oforallxe H,y € C.
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Lemma 2.1 (see [24]). Assume that {a,} is a sequence of nonnegative real numbers such that

an+1 < (1 - Yn)an + 6nr (210)

where {y,} is a sequence in (0,1) and {6, } is a sequence such that

(1) 351 Yn = o0
(2) limsup, ., (64/1) <0 0r 52, 1641 < 0.

Then lim,, _, wa, = 0.

Lemma 2.2 (see [25]). Let (s,) be a sequence of real numbers that does not decrease at infinity, in
the sense that there exists a subsequence (sp,) of (Sn) such that s,, < Sy for all i > 0. For every
n > ny, define an integer sequence (7(n)) as

T(n) = max{k <n: sy < Sp41}- (2.11)
Then T(n) — ooasn — oo and for all n > ny

max{Sr(m), Sn} < Sz(my+1- (2.12)

3. Main Results

In this section, we will introduce our algorithm and prove our main results.

Let C and Q be nonempty closed convex subsets of real Hilbert spaces H; and Hj,
respectively. Let A : H; — Hj be a bounded linear operator. In the sequel, we assume that
the split feasibility problem is consistent, that is I' # @.

Algorithm 3.1. For u € C and given xg € C, let the sequence {x,.1} defined by

Yn = Apl + (1 - ‘xn)xnr

f () V£ (yn) > 50 (3.1)

xn+1:PC<yn_Tn 2 2V,
V£ ()l

where {a,} € (0,1) and {7,} C (0,2).

Remark 3.2. In the sequel, we may assume that V f(y,) # 0 for all n. Note that this fact can be
guaranteed if the sequence {y,} is infinite; that is, Algorithm 3.1 does not terminate in a finite
number of iterations.

Theorem 3.3. Assume that the following conditions are satisfied:

(i) imy—, oty = 0and 377, ay = o0;

(ii) inf, Ty (2 = 7)) > 0.

Then {x,} defined by (3.1) converges strongly to Pr(u).
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Proof. Let v € I'. It follows that V f(v) = 0 for all v € I. From (2.5), we deduce that
fWn) = f(Yn) = ) <(VF(Yn), Yn — ). (3.2)

Thus, by (3.1) and (3.2), we have

2

s = vl = HPC (w - 7M> .

19f ()|

B COMJ (N

19f (va) |

2 f(yn) > f2(yn)
= lyn 2| - 200 ——=(Vf(Yn) Y V) + T ————
b =2 e g T TSR 69
< Ny -]~ 27 fm) o )
) IVFw P "IV )l

2 fz(l/n)
= n—V _Tn(Z_Tn)—zf
v =l 15 )

9n = ||” = llan (e = v) + (1 = @) (0 = 9)|I? < @ullte = v|* + (1 = @)1 = v[*

It follows that
2
01 = VII* < @l = v|* + (1 = an) |20 = v||* = 7a (2 - H)Lﬂ)z
V£ ()l
34
< agllu— v + (1 ) v — | G4
< max{ u = v lacn = I }.
By induction, we deduce
llxns1 = »|l < max{|ju -, ||xo — ||} (3.5)

Hence, {x,} is bounded.
At the same time, we note that

lyn - v||2 = [lan(u—v) + (1 — ) (xn —)|* < (1 = ay)|lxn —v|* + 20, (u—v,y, —v). (3.6)
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Therefore,
f*(yn)
%1 = ]I* < (1= )2y = VII* + 20 (1t = v, Y = ¥) = 70 (2 = 7)) ——T—
1 19 ) I’
= (1= an)l|xn = v|* + 200, (1 = v, @ (1 = ) + (1 = @) (% = )
f*(yn)
“Tn(2-Ty)———— (3.7)
IV £ (ya)|I”
= (1= aw)llxn = v[I* + 202 |t = v|I* + 20, (1 = ) (1 = v, X = V)
PSRN i N
IV £ ) lI®

It follows that

st = V|2 = [ln = V|2 + an<||xn — || = 2a]u = v|% + 20t (1t = v, X — v))

2 (3.8)
+71,(2 - 7',,)Ln)2 <2a,{u—-v,x, —v).
V£ )l
Next, we will prove that x, — v. Set w, = ||x, - v||2 for all n > 0. Since a, — 0 and

inf, 7,(2 — 7,) > 0, we may assume without loss of generality that 7,(2 — 7,) > o for some
o0 > 0. Thus, we can rewrite (3.8) as

o f?(yn)

Wn1 _wn+anun+ . <2an<u_vrxn_v>r (39)

1VFa)l” ™

where U, = ||x, — || = 2, || — v|* + 20,(Uu—v,x, — V).
Now, we consider two possible cases.

Case 1. Assume that {w,} is eventually decreasing; that is, there exists N > 0 such that {w,}
is decreasing for n > N. In this case, {w,} must be convergent and from (3.9) it follows that

o f?(yn)
(Y < wy — W1 — anUy, + 20, ||u — v||||x, — v||

< 2T o
IV £ () II” (3.10)

< Wy — Wps1 t Mlxn/

where M > 0 is a constant such that sup, {2[lu — v||[|x, — v|| + [[U,]|} £ M. Lettingn — oo in
(3.10), we get

lim f(y,) = 0. (3.11)

n—oo
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Since {y,} is bounded, there exists a subsequence {y,, } of {y,} converging weakly to X € C.
Since, x, — y, — 0, we also have {x,, } of {x,} converging weakly to X € C. From the weak
lower semicontinuity of f, we have

0< f(%) <liminf f(yn) = lim f(yx) = 0. (3.12)
Hence, f(X) = 0; thatis, Ax € Q. This indicates that
W (Yn) = Ww(x,) CT. (3.13)
Furthermore, by using the property of the projection (c), we deduce

limsup(u—v,x, —v) = _max (u—-Pr(u),Xx—-Pr(u)) <0. (3.14)

no oo XEWy (Xp
From (3.8), we obtain

w1 < (1 - ay)w, + ay <2an||u - v||2 +2(1—ay)(u—-v,x, - v)). (3.15)

This together with Lemma 2.1 imply that w, — 0.

Case 2. Assume that {w, } is not eventually decreasing. That is, there exists an integer 7y such
that wy, < wy,+1. Thus, we can define an integer sequence {7, } for all n > ng as follows:

T(n) = max{k e N | ng <k <n,wi < wis1}. (3.16)
Clearly, 7(n) is a nondecreasing sequence such that 7(n) — +o0asn — oo and
Wr(n) < Wrn)+1, (317)

for all n > ny. In this case, we derive from (3.10) that

o f*(Yrmy)

T I« Mty — 0. (3.18)
V£ (e |

It follows that

Jim f (yz(m) = 0. (3.19)
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This implies that every weak cluster point of {y(, } is in the solution set I'; that is, wy, (Yr(n)) C

I'. So, Wy (x7(m)) C I'. On the other hand, we note that

Y@y = Xz n || = @z ||t = X2y || — 0,

Trw) f (Yr)
| xXzme1 = e | < o 77 ——~r — O
IRV (e
From which we can deduce that
limsup(u — v, Xr(my —v) = max (u—DPr(u), X - Pr(u)) <0.
n—oo xeww(xr(n))

Since wr(ny < Wr(m)+1, we have from (3.9) that
wWrn) < (1= 20r(m) ) (U =V, Xr(n) — V) + 2000y || — |2
Combining (3.21) and (3.22) yields

lim sup wrm) <0,
n— oo

and hence
lim Wr(n) = 0.
From (3.15), we have

lim sup wrmy+1 < lim sup wq ().
n— oo n— oo

Thus,

lim Wr(n)+1 = 0.
n—oo

From Lemma 2.2, we have

0 < wy < max{wWr (), Wr(n+1}-

Therefore, w,, — 0. Thatis, x, — v. This completes the proof.
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