Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2012, Article ID 436094, 6 pages
doi:10.1155/2012 /436094

Research Article

Power Increasing Sequences and Their Some
New Applications

Hiiseyin Bor

P.O. Box 121, Bahgelievler, 06502 Ankara, Turkey

Correspondence should be addressed to Hiiseyin Bor, hbor33@gmail.com
Received 10 August 2012; Revised 29 August 2012; Accepted 12 September 2012
Academic Editor: Toka Diagana

Copyright © 2012 Hiiseyin Bor. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

In the work of Bor (2008), we have proved a result dealing with [N, p,, 6,|, summability factors
by using a quasi-p-power increasing sequence. In this paper, we prove that result under less and
more weaker conditions. Some new results have also been obtained.

1. Introduction

A positive sequence (b,) is said to be almost increasing if there exists a positive increasing
sequence (c,) and two positive constants A and B such that Ac, < b, < Bc, (see [1]). We write
BUp = BUNCp, where Cp = {x = (xx) € Q : limg|xi| =0}, BU={x = (x) € Q: >p |xk—Xp41| <
oo} and Q being the space of all real or complex-valued sequences. A positive sequence X =
(X») is said to be a quasi-f-power increasing sequence if there exists a constant K = K(f, X) >
1 such that KnfX,, > mPX,, holds for all n > m > 1. It should be noted that every almost
increasing sequence is a quasi--power increasing sequence for any nonnegative f, but the
converse is not true for § > 0. Moreover, for any positive f there exists a quasi-f-power
increasing sequence tending to infinity, but it is not almost increasing (see [2]). Let X" a, be a
given infinite series with partial sums (s,). Let (p,) be a sequence of positive numbers such
that ;

Pn=va—>oo asn—oo, (Pi=pi=0i>1). (1.1)

v=0

Let (6,,) be any sequence of positive real constants. The series > a, is said to be summable
IN, pnlk, k> 1, if (see [3])

© P k-1
Z(-") [V, = Vi |F < oo, (1.2)

n=1 n



2 Abstract and Applied Analysis

and it is said to be summable |N, Pn,Onli, k > 1, if (see [4])

Zes_1|Vn - Vn—llk < o, (1.3)
n=1
where
1 n
V, = P—vasv. (1.4)
=0

If we take 8, = P,,/p,, then |N, P, Ol summability reduces to |N, Pnli summability. Also
if we take 6, = n and p, = 1 for all values of n, then we get |C, 1|x summability (see [5]).
Furthermore, if we take 6,, = n, then |N, Pn, Onlk summability reduces to |R, p,|x summability

(see [6]).

2. Known Result

In [7], we have proved the following theorem dealing with |N, Pn, Onlk summability factors
of infinite series.

Theorem 2.1. Let (A,,) € BUo, (X,) be a quasi-p-power increasing sequence for some p (0 < p < 1),
and let (0,p,/Py) be a nonincreasing sequence. Suppose also there exists sequences (A,) and (py)
such that

[An| X = O(1) as m — oo,

ann AZ.)Ln = O(l)/
n=1 (21)
Z& =0(P,) asm — oo.
n=1 n
If
m |tn|k
Z =0(Xy,) asm— oo, (2.2)
n=1 n
m k
Ze’;-l@—") Il = O(X,) a5 m —> oo, (2.3)
=1 n

are satisfied, then the series >, a,\, is summable |N, Pn, Onlk, k > 1, where (t,) is the nth (C, 1) mean
of the sequence (nay).

Remark 2.2. 1t should be noticed that, if we take (X,,) as an almost increasing sequence and
0, = P,/pn, then we obtain a theorem of Mazhar (see [8]), in this case the condition “(\,) €
BU»” is not needed.

3. The Main Result

The aim of this paper is to prove Theorem 2.1 under less and more weaker conditions. Now,
we prove the following theorem.
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Theorem 3.1. Let (X,,) be a quasi-p-power increasing sequence for some p (0 < p < 1), and let
(0npn/ Py) be a nonincreasing sequence. Suppose also there exists sequences (A,) and (p,) such that
conditions (2.1) of Theorem 2.1 are satisfied. If

E;JX“_O(XW,) as m — oo, (3.1)
Zekl pr\" Il O(X,,) asm—s (3.2
D Xkl_ o0 .2)

n=1 n

are satisfied, then the series >, a, A, is summable |ﬁ, P, Onli, k> 1.

Remark 3.2. 1t should be noted that conditions (3.1) and (3.2) are the same as conditions (2.2)
and (2.3), respectively, when k = 1. When k > 1, conditions (3.1) and (3.2) are weaker
than conditions (2.2) and (2.3), respectively. But the converses are not true. In fact, if (2.2)
is satisfied, then we get that

> |;(;|< 1= <X’< 1> = O(Xm). (3.3)

n=11 =1

If (3.1) is satisfied, then for k > 1, we obtain that

3

= o(x,’;,) £0(Xm). (3.4)

The similar argument is also valid for the conditions (2.3) and (3.2). Also it should be noted
that condition “(A,) € BUp” has been removed.
We need following lemma for the proof of our theorem.

Lemma 3.3 (see [9]). Under the conditions on the sequences (X,) and (\,) as expressed in the
statement of the theorem, one has the following:

nX,| AL, = O(1),
% (3.5)
D XulAdy| < oo.

n=1

4. Proof of the Theorem

Let (T,) denote the (N, pn) mean of the series Y} a,A,. Then, for n > 1, we have

Ay
Tn_Tnfl = P P 1ZP‘U 1av v Pr;)n IZ v; vay. (41)
n— n—
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By Abel’s transformation, we have

n+1 Pn v+1 Pn v+1
Ty —Th1 = Ppnn)tn_PPnlzpvv vT"‘PPanPA)Lt—
(4.2)

1
Pn];;;—l ;Pvtvlvﬂ ; =luy1t+ Tn,Z + Tn,S + Tn,4-

+

To complete the proof of the theorem, by Minkowski’s inequality, it is enough to show that

[ee]
SOk, [ <o, forr=1,2,3,4. (4.3)

n=1

Firstly, we have that
m m p k
SO T = Ze,’:*lma"-lma(—") "
n=1 n=1 P"
m 5 1 pn
_ k-1
= O e} () ()

Po |t I k-1 Pn | n|k (4.4)
-0 S AL 6’”( ) 26
,; Z P, Xv ,; P, X,Ii_l
m-1
= O(l)Z|A/\n|X‘n + O(1) |4 | Xom
n=1

=0(1) asm— oo,

by virtue of the hypotheses of the theorem and lemma. Now, when k > 1 applying Holder’s
inequality with indices k and k', where (1/k) + (1/k’) =1, as in T, 1, we have that

{vau e } {Pn_

1 n-1 k-1
2P0
1o=1

m m+1 Qp k-1 p
= O(1) X poldol Aot <> .
OXpol llelt 3% () Bl

n=v+1

m+1 m+1 p
S OT, o = (1)29’”< )

n=2

Do 1 k-1 m+1 "
-om3(° BN () S )

n=ov+1 1
m k k-1
1/ Po 1 k
- 0(1) 951<_> w(—) o]
207 (5,) Mz

m k k
- O<1>Z|)Lv|ei§-1(’;—”) Ief —om) asm—en
v=1 v v
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Again we have that
m+1 1 m+1 1 pn 1 n-1 PU k B « n P k-1
nzze |Tn3| = O(l)ze <Pn> m{;?lA)‘vl o |tv| }X{ Zl;}

m+1 6 P P
_ 01 b ok AL [ET ( n n) n
= O )Z oAk 3 () Bl
bPo YT k
-om 3 (% ) (wc,,) Aot
6:p1 k-1 m k
-om(2) > ol AL, | L 1,5
m k (4.6)
+O(1)ym|AA
=10

m=1 X
= O<1)ZA(v|AAv|>Z. lk_l
v=1 i=1 le

m-1
= 0(1) D A (0] AL Xy + O(1)m| AL, |X

v=1

~ [AL Xy + O(1)m| ALy | X,y

m-1
= O(l)Zv|A2Av
v=1
+O0(1)m|AML,| X =0O(1) asm— oo

by virtue of the hypotheses of the theorem and lemma. Finally, we have that
k-1

1 =p,
lrnss)

—to=1

k 1 n-1
ZP Mo |¥|to | = x
kl m+1 <6npn>k—1 pn

m+1 1 ) m+1 1 P
St < 300 (5) 5

n=2
- 0(1) ;P ol o1 [ Aol [t 5%1 ) DB
_ o(1>§P,,(Xi>k Mol |"§"§1(6p—’9)“%1
k
—O<1>Z|Au+1l( ”p”) ';l_l (4.7)
_ O(l)<91}191>k 1§:|Av+1| U,'(
= O(l)rgA')‘v*l';rL&-l +O(1)A i

m-1

= O(l)Z|A)‘v+l|Xv+l + O yq | X
v=1
=0(1) asm— oo,
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by virtue of the hypotheses of the theorem and lemma. This completes the proof of the
theorem. If we take p,, = 1 for all values of n and 0,, = n, then we get a result dealing with
|C, 1|x summability factors. Also, if we take p, = 1 for all values of n, then we have a new
result for |C, 1,0, x summability. Finally, if we take 6, = n, then we have another new result
for |R, pu|x summability factors.
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