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By using a specific way of choosing the indexes, we propose an iteration algorithm generated
by the monotone CQ method for approximating common fixed points of an infinite family of
relatively quasinonexpansive mappings. A strong convergence theorem without the stronger
assumptions of the AKTT condition and the *AKTT condition imposed on the involved mappings
is established in the framework of Banach space. As application, an iterative solution to a system
of equilibrium problems is studied. The result is more applicable than those of other authors with
related interest.

1. Introduction

Let C be a nonempty and closed convex subset of a real Banach space E. A mapping T : C —
E is said to be nonexpansive if

ITx =Tyl < [lx-v

, VYx,yeC. (1.1)

A mapping T is said to be quasi-nonexpansive if F(T) := {x € C: x = Tx} #0 and

ITx-p|l < |lx-p|l, YxeC peFT). (1.2)
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It is easy to see that if T is nonexpansive with F(T) #0, then it is quasi-nonexpansive. There
are many methods for approximating fixed points of quasi-nonexpansive mappings. In 1953,
Mann [1] introduced the iteration as follows: a sequence {x,} is defined by

X1 = AnXp + (1= a)Txy, (1.3)

where the initial element xo € C is arbitrary and {a,} is a sequence of real numbers in
[0,1]. Approximation of fixed points of nonexpansive mappings via Mann's algorithm has
extensively been investigated. One of the fundamental convergence results was proved
by Reich [2]. In infinite-dimensional Hilbert spaces, Mann iteration can yield only weak
convergence (see [3, 4]).

Attempts to modify the Mann iteration method (1.3) for strong convergence have
recently been made. Nakajo and Takahashi [5] proposed the following modification of Mann
iteration method (1.3) for a nonexpansive mapping T from C into itself in a Hilbert space:
from an arbitrary xo € C,

Yn = XXy + (1 - an)Txn/
Co={z€C:|lyn—z| < llxn -2z},
(1.4)
Qn={zeC:(xp—z,x0—x,) >0},

Xni1 = Pc,ng,x0, ¥n2>0,

where Px denotes the metric projection from a Hilbert space H onto a closed convex subset
K of H. They proved that the sequence {x,} converges strongly to Pr)xo.

Recently, Su and Qin [6] introduced a monotone CQ method for nonexpansive
mapping, defined as follows: from an arbitrary xo € C,

Yn = AnXp + (1 —a,)Txy,
Co={zeC:|lyo-z[[<lxo-2zl}, Q=C
Cn={z€Co1NQur: [lyn—z| < llxu - zll}, (1.5)
Qn={z€Cn1NQp1:{xn—2zx —x,) >0},

Xn1 = Pc,ng,x0, Vn 20,

and it proved that the sequence {x,} converges strongly to Pr(r)xo.

We now recall some definitions concerning relatively quasi-nonexpansive mappings.
Let E be a real smooth Banach space with norm ||-|| and let E* be the dual of E. The normalized
duality mapping ] from E to E* is defined by

Jx={feE :(xf)=IxP=|fI’}, vxeE, (1.6)
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where (-,-) denotes the pairing between E and E*. Readers are directed to [7] (and its review
[8]), where the properties of the duality mapping and several related topics are presented.
The function ¢ : E x E — R is defined by

¢(x,y) = lIxI* - 2(x, Jy) + |y||>, Vx,y €E. (1.7)

Let T be a mapping from C into E. A point p in C is said to be an asymptotic fixed point
[9] of T if C contains a sequence {x, } which converges weakly to p and lim,, _, o, (x,—-Tx,) = 0.
The set of asymptotic fixed points of T is denoted by F(T).

We say that the mapping T is relatively nonexpansive (see [10]) if the following
conditions are satisfied:

(R1) F(T)+#0;

(R2) ¢(p, Tx) < (p,x),Vp € F(T);

(R3) F(T) = E(T).

If T satisfies (R1) and (R2), then T is called relatively quasi-nonexpansive.

Several articles have provided methods for approximating fixed points of relatively
quasi-nonexpansive mappings [11-16]. Employing the ideas of Su and Qin [6], and of
Aoyama et al. [17],in 2008, Nilsrakoo and Saejung [18] used the following iterations to obtain
strong convergence theorems for common fixed points of a countable family of relatively
quasi-nonexpansive mappings in a Banach space

xeC, C1=041=C;
Yn = J @] X0 + (1= a) JTux),
Crn=1{2€Cr1NQu1:9(z,yn) <P(z,x0)}, (1.8)
Qn=1{z€Co1NQn1:(xn—2Jx0 - Jxn) 20},

Xne1 =1yxo, VY >0.

However, the results were obtained under two stronger assumption conditions, namely, the
AKTT-condition and the *AKTT-condition imposed on the involved mappings.

Inspired and motivated by those studies mentioned above, in this paper, we use a
modified type of the iteration scheme (1.8) for approximating common fixed points of an
infinite family of relatively quasi-nonexpansive mappings; without stronger assumptions
imposed on the involved mappings, a strong convergence theorem in Banach spaces is
obtained for solving a system of equilibrium problems. The results improve those of other
authors with related interest.
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2. Preliminaries

Throughout the paper, let E be a real Banach space. We say that E is strictly convex if the
following implication holds for x, y € E:

X+
=l =1, xry—= |5 <1 1)
It is also said to be uniformly convex if for any e > 0, there exists a 6 > 0 such that

<1-6. (2.2)

X +
Il =llyll=1  Jx-y|ze= ||Ty

It is known that if E is uniformly convex Banach space, then E is reflexive and strictly convex.
A Banach space E is said to be smooth if

hmw (2.3)
t—0 t

exists for each x,y € S(E) := {x € E : ||x|| = 1}. In this case, the norm of E is said to be
Gateaux differentiable. The space E is said to have uniformly Gateaux differentiable norm if for
each y € S(E); the limit (2.3) is attained uniformly for x € S(E). The norm of E is said to be
Fréchet differentiable if for each x € S(E); the limit (2.3) is attained uniformly for y € S(E). The
norm of E is said to be uniformly Fréchet differentiable (and E is said to be uniformly smooth) if
the limit (2.3) is attained uniformly for x,y € S(E).

We also know the following properties (see, e.g., [19] for details).

(1) E (E*, resp.) is uniformly convex & E* (E, resp.) is uniformly smooth.
(2) Jx#0 for each x € E.

(3) If E is reflexive, then ] is a mapping from E onto E*.

(5) If E is smooth, then ] is single-valued.

)

)

)
(4) If E is strictly convex, then Jx N Jy =@ as x #y.

)
(6) If E has a Fréchet differentiable norm, then | is norm-to-norm continuous.
)

(7) If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E.

(8) If E is a Hilbert space, then J is the identity operator.
Let E be a smooth Banach space. The function ¢ : E x E — R" is defined by

¢ (x,y) = |Ix|I* = 2(x, Jy) + [|ly|*- (2.4)

It is obvious from the definition of the function ¢ that

(lxll = [ly])* < ¢ y) < (lxll + [y 1) (2.5)

Moreover, we know the following results.
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Lemma 2.1 (see [13]). Let E be a strictly convex and smooth Banach space, then ¢(x,y) = 0 if and
only ifx = y.

Lemma 2.2 (see [11]). Let E be a uniformly convex and smooth Banach space and let v > 0. Then
there exists a continuous, strictly increasing, and convex function g : [0,2r] — [0, o0) such that
g(0) =0and

gl =1yl < ¢(xy) (2.6)

forallx,y € B, :={z€ E:PzP <r}.

Let C be a nonempty and closed convex subset of E. Suppose that E is reflexive, strictly
convex, and smooth. It is known in [20] that for any x € E, there exists a unique point x* € C
such that

(", x) = ming (y, x). 2.7)

Following Alber [21], we denote such an x* by Ilcx. The mapping Ilc is called the
generalized projection from E onto C. It is easy to see that in a Hilbert space, the mapping I'lc
coincides with the metric projection Pc. What follows are the well-known facts concerning
the generalized projection.

Lemma 2.3 (see [20]). Let C be a nonempty closed convex subset of a smooth Banach space E and
let x € E. Then

x*=Iex = (x" -y, Jx-Jx*) >0, VYyeC. (2.8)

Lemma 2.4 (see [20]). Let E be a reflexive, strictly convex, and smooth Banach space, let C be a
nonempty closed convex subset of E, and let x € E. Then

d(y, Tex) + ¢(Ilex, x) < p(y,x), VYyeC. (2.9)
Dealing with the generalized projection from E onto the fixed point set of a relatively
quasi-nonexpansive mapping, we have the following result.

Lemma 2.5 (see [18]). Let E be a strictly convex and smooth Banach space, let C be a nonempty and
closed convex subset of E, and let T be a relatively quasi-nonexpansive mapping from C into E. Then
F(T) is closed and convex.

Let C be a subset of a Banach space E and let {T},} be a family of mappings from C into
E. For a subset B of C, we say that

(i) ({T,}, B) satisfies AKTT-condition if

> sup{||Tyz - Tozl| : z € B} < oo; (2.10)

n=1
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(ii) ({T,}, B) satisfies *AKTT-condition if

i sup{||JTp1z = JTyz|| : z € B} < o0. (2.11)

n=1

3. Main Results

Recall that an operator T in a Banach space is closed if x, — x and Tx,, — yasn — oo, then
Tx=y.

Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach space, C a nonempty
and closed convex subset of E. Let {T;}io; : C — E be a sequence of closed and relatively quasi-
nonexpansive mappings with F = (2 F(T;) #0. Starting from an arbitrary x, € C, the sequence
{x} is define by
x1e€C,  Co=Q=C
Yn = ]_1 (lxn]xn + (1 - an)]Tinxn)r
Ch={z€CpraiNQua:9(z,yn) <P(z,xn)}, (3.1)
Qn = {Z € Cp nanl : (xn -z, Jx1 - ]xn> 2 0}/

Xnp1 =1Lx1, Yn2>1,

where I, :=Ilc,ng, and {ay} is a sequence in [0,1) with limsup, , _a, < 1; i, is the solution to
the positive integer equation: n =i+ (m—1)m/2 (m>i,n=1,2,...), thatis, for each n > 1, there
exists a unique i, such that

=1 =1 i3=2,  ig=1,  i5=2, =3, iy=1 ig=2,
(3.2)
igy=3, ip=4, in=1,....

Then {x,} converges strongly to ITpx;.

Proof. We first claim that both C,, and Q, are closed and convex. This follows from the fact
that ¢(z, y,) < §(z, x,,) is equivalent to the following;:

2(z, Jxu = Jyn) < loul® = |yl (3.3)
Itis clear that F ¢ C = Cy N Qy. Next, we show that

FcCinQ, VYn>1. (3.4)
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Suppose that F C Cx_1 N Qi1 for some k > 2. Letting p € F, we then have

(P yi) = d(p, T (@ xe + (1 - @) Ty, — xk)>
= |IplI” - 2¢p, xS xk + (1 - ai) JTio k) + Nl 2 + (1 — i) J T x|
IpII” - 20k 4p, Tee) = 201 = ), T Tk + agllcelP + (1= i) [Ty i
= ac(|lpll* = 2(p, T + ) + (1 = @) (llpl - 24p, T i) + I Tel?) - G
= ard(p, xx) + (1 - ax)P(p, Ty, xx)
< axd(p, xi) + (1 - ax)p(p, xx)
= ¢(p, xk)-

IN

This implies that F C Cg. It follows from xj = Ilx_1x; and Lemma 2.3 that
(xk =2z, Jx1 = Jxk) 20, Vz € CrgNQg1. (3.6)
Particularly,
(xk =z, Jx1 - Jxk) 20, VpeF (3.7)
and hence F C Qy, which yields that
F c Cx N Q. (3.8)

By induction, (3.4) holds. This implies that {x,} is well defined. It follows from the definition
of Q, and Lemma 2.3 that x,, = Ilg,x;. Since x,,.1 = I1,x1 € Q,, we have

P(xn, x1) < P(xps1,x1), Yn>1. (3.9)
Therefore, {¢(x,, x1)} is nondecreasing. Using x,, = I, x; and Lemma 2.4, we have
¢, x1) = p(TTg,x1,x1) < P(p, x1) = P(p, xn) < P(p, x1) (3.10)
forall p € F and for all n > 1, that is, {¢(x,, x1)} is bounded. Then

lim ¢(x,, x1) exists. (3.11)



8 Abstract and Applied Analysis

In particular, by (2.5), the sequence {(||x,|| — lx1])?}) is bounded. This implies that {x,} is
bounded. Note again that x,, = I'lp, x; and for any positive integer k, x,.x € Qnik-1 C Qn. By
Lemma 2.4,

G (Xnsk, Xn) = ¢<xn+k1 HQ,,xl)
< P(xnik, x1) — P(Tg, x1, x1) (3.12)
= ¢(Xnsk, X1) = P(xn, X1).

By Lemma 2.2, we have, for any positive integers m, n with m > n,
SUlxm = xnll) < P(xm, xu) < P(xm, x1) — P(x0, x1), (3.13)

where g : [0,00) — [0,00) is a continuous, strictly increasing, and convex function with
g(0) = 0. Then the properties of the function g yield that {x,} is a Cauchy sequence in C, so
there exists an x* € C such that

X, — x°  (n— o0). (3.14)
In view of x,.1 = I'l,x; € C,, and the definition of C,,, we also have
P (xns1, Yn) < P(Xps1,xn), Yn>1. (3.15)
This implies that
Jim ¢ (xni1, yn) = Him p(xnar, Xn) = 0. (3.16)
It follows from Lemma 2.2 that
1 [[x01 = ] = Tim [0t = 2] = 0. (3.17)
Since J is uniformly norm-to-norm continuous on bounded sets, we have
Timn | Jotwet = Jyall = i [[Jtnen = Jal] = 0. (3.18)

On the other hand, we have, for each n > 1,

||]xn+1 - ]]/n” = Jxne1 = (@nJxn + (1 = a) J T3, %) ||
= |1 = an) Jxnse1 = JTi,Xn) — an(Jxn = JXni1) | (3.19)
> (1= an)||Jxne1 — ]Ti,,xn” = anl|Jxn = JXnsll,
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and hence

1
1-

a
||]xn+l - ]Tinxn” < ||]xn+1 - ]yn” + “ ”]xn - ]xn+1||- (320)
ay 1- Xn

From (3.18) and limsup,, _, _a, < 1, we obtain that

im0 = T, %] = 0. (321)

Since /™! is uniformly norm-to-norm continuous on bounded sets, we have

B (31 = Ty, = Tim (|77 ) = J7 U0 | = 0 (3.22)
It follows from (3.17) that, as n — oo,
126 = T, xull < |20 = Xnaa || + (X041 = Ti, 2xn || — 0. (3.23)

Now,set X; ={k>1:k=i+(m—-1)m/2,m >i,m € Z"} for each i > 1. Note that T;, = T;
whenever k € X;. For example, by the definition of X, we have X = {1,2,4,7,11,16,...}
and i; =i =iy = iy = i11 = i16 = - - - = 1. Then it follows from (3.23) that

lim ||Tixg - x| =0, Vi>1.
x,.ainlw” iXk — Xc|| iz (3.24)

Since {xk}icx, is a subsequence of {x,}, (3.14) implies that x; — x"as X; > k — oo. It
immediately follows from (3.24) and the closedness of T; that x* € F(T;) for each i > 1, and
hence x* € F. Furthermore, by (3.10),

P(xe, x1) = lim ¢ (xn, 1) < ¢(p,x1), VpeF (3.25)
This implies that x* = ITrx;. The proof is completed. O

Remark 3.2. Note that the algorithm (3.1) is based on the projection onto an intersection of
two closed and convex sets. An example [22] of how to compute such a projection is given as
follows.
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Dykstra’s Algorithm

Let 1,9,...,L, be closed and convex subsets of R". Forany i =1,2,...,p and xY € R", the
sequences {x¥} are defined by the following recursive formulae:

i

xlg = x’}j‘l,
xf = Po(xf -f "), i=12.p, (3.26)

for k = 1,2, ... with initial values xf, =x%and y? =0fori=1,2,...,p. f Q= Qi #0, then
k

{x;} converges to x* = Py (xY), where Pgo(x) := arg infyeqlly - x|, for all x € R™.

4. Applications

The so-called convex feasibility problem for a family of mappings {T;};2; is to find a point in the
nonempty intersection (\;2; F(T;), which exactly illustrates the importance of finding fixed
points of infinite families. The following example also clarifies the same thing.

Example4.1. Let E be a smooth, strictly convex, and reflexive Banach space, C a nonempty and
closed convex subset of E, and {f;};2; : C — C a countable family of bifunctions satisfying
the conditions: for eachi > 1,

(A1) fi(x,x) =0;
(Ay) fiis monotone, thatis, fi(x,y) + fi(y,x) <0;
(A3) limsuptiofi(x + t(Z - x)/ y) < fi(x/y);

(A4) the mapping v — f;(x,y) is convex and lower semicontinuous.

A system of equilibrium problems for { f;}; is to find an x* € C such that
fi(x*,y) >0, VyeC i>1, 4.1)

whose set of common solutions is denoted by EP := (2, EP(f;), where EP(f;) denotes the set
of solutions to the equilibrium problem for f; (i = 1,2,...). It will be shown in Theorem 4.3
that such a system of problems can be reduced to approximation of some fixed points of a
countable family of nonexpansive mappings.

Example 4.2 (see [23]). Let r > 0. Define a countable family of mappings {T;}2; : E — C as
follows:

Tyi(x) = {z €C: fi(z,y) + %(y—z,]z—]x} >0,Vy e C}, Vi> 1. (4.2)
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Then we have that

(1) {T;;}Z is a sequence of single-valued mappings;
(2) {T+i}2, is a sequence of closed relatively quasi-nonexpansive mappings;

(3) F =N, F(Ty;) = EP.
Now, we have the following result.

Theorem 4.3. Let C,E, and {a,} be the same as those in Theorem 3.1. Let {fi}ioy : C — C be
a countable family of bifunctions satisfying the conditions (A1)—(A4). Let {T,;}i2; : E — Cbea
countable family of mappings defined by (4.2). Let {x,} be the sequence generated by

x1€C, COZQOZC;
fi,,(un/]/) + %<y_un/]un _]xn> Z0/ V]/ € C/
Yn = J! (anJxn + (1 —ay)Jun), (4.3)
C,= {Z €Cpn anl : ¢(Z,yn) < (,b(z/xn)}/

Qn = {Zecn—lan—l : (xn—z,]xl _]xn> 20}/

Xnp1 =1Lx1, Yn2>1,

where i, satisfies the positive integer equation: n = i+ (m —1)m/2 (m > i,n =1,2,...). If F :=
Nicy F(T};) #0, then {x,} strongly converges to I1pxy which is a common solution of the system of
equilibrium problems for { fi}i2;.

Proof. Since each T,; is single-valued, u, = T,;x, for all n > 1. In addition, we have
pointed out in Example 4.2 that F = EP and {T,,};2, is a sequence of closed relatively quasi-
nonexpansive mappings. Hence, (4.3) can be rewritten as follows:

x1€C, Coy=Qo=C;
Yn =] @] xn + (1= an) Ty, %0),
Co={2€Ch1NQu1:¢(z,yn) <P(z,x,)}, (44)
Qn={z2€Cp1NQn1:(xn -2 Jx1 - Jxn) 20},

Xnp1 =1lx1, VYn2>1.

Therefore, this conclusion can be obtained immediately from Theorem 3.1. O
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