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We prove the existence of one-signed periodic solutions of second-order nonlinear difference

equation on a finite discrete segment with periodic boundary conditions by combining some
properties of Green’s function with the fixed-point theorem in cones.

1. Introduction

Let R be the set of real numbers, Z be the integers set, T,a,b € Z with T > 2, a > b, and
[a,b]l, ={a,a+1,...,b}.

In recent years, the existence and multiplicity of positive solutions of periodic
boundary value problems for difference equations have been studied extensively, see [1-5]
and the references therein. In 2003, Atici and Cabada [2] studied the existence of solutions of
second-order difference equation boundary value problem

Azy(n - +a(n)yn)+ f(n,y(n)) =0, nell,T],
y(0)=y(T),  Ay(0) =Ay(T),

(1.1)

where a, f satisfy

(H1) a:[1,T]; — (-o0,0] and a(-) #0;

(H2) f : [1,T];, xR — Ris continuous with respect to y € R.

The authors obtained the existence results of solutions of (1.1) under conditions (H1), (H2),
and the used tool is upper and lower solutions techniques.

Naturally, whether there exists the Green function G(¢, s) of the homogeneous linear
boundary value problem corresponding to (1.1) if a(n) > 0? Moreover, if the answer is
positive, whether G(t, s) keeps its sign? To the knowledge of the authors, there are very few
works on the case a(n) > 0.
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Recently, in 2003, Torres [6] investigated the existence of one-signed periodic solutions
for second-order differential equation boundary value problem

x"(t) = f(t,x(t), te[LT]

(1.2)
x(0) =x(T),  x'(0) =x'(T),
by applying the fixed-point theorem in cones, and constructed Green’s function of
x"(t)+alt)x(t) =0, tel[l,T],
(1.3)

x(0) =x(T),  x'(0)=x(T),

where a € L7 (0, T) satisfies either

(H3) a<0,a(-)200on [0,T];

(H4) a>0,a(-)#0on [0,T] and ||al|, < K(2p*) for some 1 < p < +oo.

Motivated by Torres [6], in Section 2, the paper gives the new expression of Green's
function of the linear boundary value problem

A*y(t-1)+a(t)y(t) =0, te[1,T], (1.4)

y(©0) =y(),  Ay(0)=Aay(T), (1.5)

where a € ATUA™ and

A= {El | a: [1/T]Z - (—O0,0], a()géO},

A* = [T : in2.
{a |a:[1,T]; — [0,00), a(-)#0, terﬂ%(zm(tﬂ <4sin ZT}'

(1.6)

and obtains the sign properties of Green’s function of (1.4), (1.5).
In Section 3, we obtain the existence of one-signed periodic solutions of the discrete
second-order nonlinear periodic boundary value problem

Ay(t-1) = f(ty(t), te[l,Tly
y(0)=y(T),  Ay(0)=Ay(D),

(1.7)

where f : [1,T], x R — R is continuous. For related results on the associated differential
equations, see Torres [6].

2. Preliminaries

Let
E={yl|ly:[0,T+1], —R, y(0) =y(T), y(1) = y(T +1)} (2.1)

be a Banach space endowed with the norm ||y|| = maxe(o,r+11, |y (t)]-
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We say that the linear boundary value problem (1.4), (1.5) is nonresonant when its
unique solution is the trivial one. If (1.4), (1.5) is nonresonant, and let h : [1,T], — R, by
the virtue of the Fredholm’s alternative theorem, we can get that the discrete second-order
periodic boundary value problem

A*y(t—1)+a(t)y(t) = h(t), te€[1,T], (2.2)
y(0) =y(M),  Ay(0) =Ay(T) (2.3)

has a unique solution ,
y(t) = ilc(t, s)h(s), te[0,T+1]y (2.4)

where G(t, s) is Green’s function related to (1.4), (1.5).

Definition 2.1 (see [7]). We say that a solution y of (1.4) has a generalized zero at t; provided
that y(tg) = 0if tp = 0 and if ty > 0 either y(tp) = 0 or y(to — 1)y (tp) <O.

Theorem 2.2. Assume that the distance between two consecutive generalized zeros of a nontrivial
solution of (1.4) is greater than T. Then Green’s function G(t, s) has constant sign.

Proof. Obviously, G is well defined on [0,T + 1], x [1,T];. We only need to prove that G
has no generalized zero in any point. Suppose on the contrary that there exists (o, sp) €
[0,T + 1], x [1,T]; such that (t, so) is a generalized zero of G(t, s). It is well known that for
a given sy € [1,T],, G(t,so) as a function of ¢ is a solution of (1.4) in the intervals [0, so — 1],
and [so + 1, T + 1], such that

G(0,s0) = G(T,s0),  G(L,50) = G(T +1, 50). (2.5)

Case 1 (G(tg,s0) =0, (to,S0) € [0, T+ 1], x[1,T],). Iftyg € [s9+1,T +1],, we can construct

G(t,SO), te [SO/T+1]Z/

y® = { G(t-T,s0), t€[T+1,50+Tls. (2.6)

Consequently, y is a solution of (1.4) in the whole interval [sg, so + T];. Since y(ty) = 0, we
have A%y (ty — 1) = —a(t)y(ty) = 0, thatis, y(to—1)y(to + 1) < 0. Moreover, y(so) = y(so + T),
so there at least exists another generalized zero t; € [so+1, s9o+T]; of y. Note that the distance
between t; and t; is smaller than T, which is a contradiction.

Analogously, if ty € [0, 5o — 1], we get a contradiction by the same reasoning with

G(t + TI SO)/ te [SO - T/ O]Z/

y(#) = { G(t, s0), te [0, 50],. (2.7)

If tg = 59, we can apply y as defined (2.7). Since y(ty) = y(so) = 0and y(so—T) = y(so),
which contradicts with the hypothesis.
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Case 2 (G(to —1,50)G(to, s0) <0, (to,s0) € [1, T +1], x[1,T],). Ifto € [so+1,T +1],, we can
construct y defined as (2.6). It is not difficult to verify that y is a solution of (1.4) in the whole
interval [sg, so + T],. Also, we have that y(fo — 1)y (fy) <0, thatis, f; is a generalized zero of y.
Moreover, y(so) = y(so+T), so there at least exists another generalized zero t; € [sg+1,50+T]
of y. Note that the distance between t; and t; is smaller than T, which is a contradiction.

Similarly, if ty € [1,s0 — 1], we can get a contradiction by the same reasoning as y
defined (2.7).

If ty = sp, we can construct y defined by (2.7). Since y(to — 1)y (to) = y(so — 1)y(so) <0
and y(so—T) = y(so), itis clear that there exists another generalized zero t; € [sy—T, so], of y.
Note that the distance between ty and t; is smaller than T, this contradicts with the hypothesié.]

To apply the above result, we are going to study the two following cases.

Corollary 2.3. If a € A™, then G(t,5) <0 forall (t,s) € [0,T +1], x [1,T];.

Proof. If a € A, by [7, Corollary 6.7], it is easy to verify that (1.4) is disconjugate on [0, T +1],,
and any nontrivial solution of (1.4) has at most one generalized zero on [0, T +1],. Hence, by
Theorem 2.2, Green’s function G(t, s) has constant sign. We claim that the sign is negative. In
fact, y(t) = 37_, G(t,s) is the unique T-periodic solution of the equation

Ay(t-1)+a()y(t) =1, (2.8)

and summing both sides of (2.8) from ¢t =1tot =T, we can get

ia(t)y(t) =T>0. (2.9)

t=1

Since a(t) <0, y(t) < 0 for some t € [1,T],, and as a consequence G(t,s) < 0 for all (t,s) €
[0,T+1], x[1,T],. O

Remark 2.4. 1f a(-) = ay (ap is a negative constant), then by computing we can obtain
~ )Lii—s + A{_HS
(L =A7) (A -1)

)Li_t+)q_s+t 0<ti<s<T
- 7 stsss i,
M =AH(Ar -1
1 1

1<s<t<T+1,

G(t,s) = (2.10)

where Ay = (2 —ag + \/ag —4ay)/2 > 1. Obviously, G(t,s) <0, (t,s) € [0,T +1], x [1,T];.

If a > 0, then the solutions of (1.4) are oscillating, that is, there are infinite zeros, and
to get the required distance between generalized zeros, a should satisfy A*.

Corollary 2.5. If a € A*, then G(t,s) >0 forall (t,s) € [0,T + 1], x [1,T],.

Proof. We claim that the distance between two consecutive generalized zeros of a nontrivial
solution y of (1.4) is strictly greater than T. In fact, it is not hard to verify that
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A?y(t—1) + |lally(t) = 0 is disconjugate on [0, T + 1], under assumption ||a|| < 4 sin?(or/2T).
Since a(t) < |lall, t € [1,T]; by Sturm comparison theorem [7, Theorem 6.19], (1.4) is
disconjugate on [0, T +1],, that is, any nontrivial solution of (1.4) has at most one generalized
zeroon [0, T +1].

Hence, by Theorem 2.2, G(t, s) has constant sign on [0, T+1],x[1, T],, and the positive
sign of G is determined as the proof process of Corollary 2.3. O

Remark 2.6. If a(-) = a (ais apositive constant), and 0 < a@ < 4sin®(or/2T), then by
computing we can obtain

sin[0(t — s)] +sin[6(T -t + s)]
2sin6(1 — cos(0T)) !

sin[O(s —t)] +sin[6(T — s +t)]
2sin (1 - cos(6T)) ’

1<s<t<T+1,

G(t,s) = (211)

0<t<s<T,

where 6 = arccos((2—-1a)/2) and 0 < 0 <o /T. Clearly, G(t,s) >0, (t,s) € [0,T +1], x [1,T],.
If a(-) =@ and @ = 4sin®(7r/2T), then 8 = or /T, and by computing we get

1 a
——sin[Z(t-s5)|, 1<s<t<T+1,
2sin(r/T) Sm[T( )] ssstslhy

G(t,s) = (2.12)

N
— —(s— <t<s<T.
sin(z/T) sm[T(s t)], 0<t<s<T

Obviously, Green’s function G(t,s) = 0 for t = s and G(t,s) > 0 for t #s.
If a(-) =a and @ = 4sin®(or/T), then 8 = 2or /T, and it is not difficult to verify that

p(t) = sin(z%t>, p(t) = cos(z%t) te[0,T+1], (2.13)

are nontrivial solutions of (1.4), (1.5). That is, the problem (1.4), (1.5) has no Green’s function.

If a(-) = @ and 4sin*(r/2T) < @ < 4sin®(or/T), then Green’s function may change
its sign. For example, let T = 6, @ = 4sin*(r/8) = 2 — /2, it is easy to verify that 2 — /3 =
4sin®(or/12) < @ < 4sin*(or/6) = 1 and 6 = /4, thus

sin[%(t—s—l)], 1<s<t<T+1,
G(t,s) = - (2.14)
sin[z(s—t—l)], 0<t<s<T.

Clearly, G(t,s) = —sin(or/4) < O0fort =5, G(t,s) = 0 for |t — s| = 1, and G(t,s) = sin(or/4) >0
for |t —s| = 2.
Consequently, a € A* is the optimal condition of G(t,s) >0, (t,5) € [0,T+1],x[1,T],.

Next, we provide a way to get the expression of G(t, s). Let u be the unique solution of
the initial value problem

A2u(t-1)+a®u(t) =0, te[1,T], u0)=0, Au(0)=1, (2.15)
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and v be the unique solution of the initial value problem
A*o(t-1)+a(t)o(t) =0, te[1,T], o(T)=0, Av(T)=-1. (2.16)
Lemma 2.7. Let a € A~ UA*. Then Green’s function G(t, s) of (1.4), (1.5) is explicitly given by

G(t,s) = (2.17)

[u(s) +o(s)[[u(t) +o()] 1 {u(t)v(S), 0<t<s<T,
v(0)[2+0(1) -uw(T+1)] ©0(0) |u(s)v(t), 1<s<t<T+1.

Proof. Suppose that Green’s function of (1.4), (1.5) is of the form

1 {u(t)v(s), 0<t<s<T, (2.18)

G(t,S) = [a(s)u(t) +ﬂ(5)’0(t)] - w M(S)’U(t), 1 <s<t< T+ 1,

where a(s), f(s) can be determined by imposing the boundary conditions.
From the basis theory of Green’s function, we know that

G(0,5) =G(T,s), G(,8)=G(T+1,s), Vse[l,T], v(0) =u(T). (2.19)

Hence, f(s)v(0) = G(0,s) = G(T,s) = a(s)u(T), s € [1,T],, combining with v(0) = u(T), we
can get

a(s) =p(s), se[l1,T],. (2.20)

Moreover, since G(1,s) = G(T + 1, s), it follows that

u(s) + v(s)
v(0)[2+0(1) —u(T+1)]

(2.21)
O

a(s) =

Note that a(:) has the same sign with a(-). In fact, by the comparison theorem [7,
Theorem 6.6], it is easy to prove that u,v > 0 on [0,T];. If a(t) > 0, then

Au(t-1) = —a(t)u(t) <0, Au(t) < Au(t-1), te[1,T],. (2.22)

Thus Au(T) < Au(0) = 1. Similarly, we can get that Av(0) > Av(T) = -1. Since v(0) = u(T),
we have

2+0(1) —u(T+1) =2+ Av(0) — Au(T) > 0. (2.23)

Thatis a(t) = (u(t) +v(t))/(v(0)[2 +v(1) —u(T +1)]) > 0.
If a(-) <0, by the similar method, we can prove a(-) < 0.
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Lemma 2.8. Let a € A~ UA*. Then the periodic boundary value problem (2.2), (2.3) has the unique

solution
T
y(t) = D.G(t,s)h(s), te[0,T+1]y,
s=1

where G(t, s) is defined by (2.17).

Proof. We check that y satisfies (2.2). In fact,

(2.24)

T 1 t-1 1 T
y(t) = é(u(t) +o(t))a(s)h(s) - wgu(t)v(s)h(s) - mgu(s)v(t)h(s)
= ) + 00) Sa@hs) - “D S o6ms) - 2 Sy
= (u(t) + o( ));‘a(s) (s)—m);v(s) (s)—@éu(s) (s),
T
y(t+1) = (u(t+1) +o(t + 1)) > a(s)h(s)
s=1
u(t+1) & v(t+1) &
= 20 ;v(s)h(s)— 2(0) s;u(s)h(s),
T
y(t-1) = (u(t-1) +v(t—1)) D a(s)h(s)
s=1
1) 2 _ T
G 2ot - 2 S uoh(s)
s=1 s=t-1

A’y(t-1) +a(t)yy(t) =y(t+1) - 2-alt)y(t) + y(t-1)

= [A2u(t -1 +a®u®) + A% o(t-1) + a(t)v(t)]itx(s)h(s)
s=1

A%u(t—1) + a(t)u(t)
- v(0)

-2
Dio(s)h(s)
s=1

Av(t-1 Ho(t) &
_ A%( U)((;r)a()v )Zu(S)h(S)

s=t+1

u(t—1)h(t-1)
- (0)

u(t)h(t)
~ (0)

w(t)o(t — Dh(t) - u(t - Do)kt
’ 0(0)

A’v(t-1)+a)v(t)
| ]

A%o(t-1) + a(t)ov(t)
| ]
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k| uw®)  o®) | ) (v(1) o) ne)
v(0) fu(t-1) v(t-1)| 2(0)|u(0) v(0) '
(2.25)
On the other hand, it is easy to verify that y(0) = y(T), y(1) = y(T +1). O
Denote that
m= t,slg[lll,?]zc(t’ s), M = t,SIgE%%(]ZG(t, s). (2.26)

As a direct application, we can compute the maximum and the minimum of the Green’s
function when a(-) = ay, it follows that

/
O>m>- 2_);{2T , M=- )L_1T1+1T , (2.27)
<)‘1 _)‘1 )()‘1 _1) ()‘1 _)‘1 )()‘1 _1)

where \; is defined in Remark 2.4. Similarly, when 0 < a(-) =a < 4 sin?(or/2T), we can get

1 oT 1
— _— <
" 251n9C°t< 2 ) >0 M < gsn@T/2) (2:28)

where 0 is defined in Remark 2.6.

3. Main Results

In this section, we consider the existence of one-signed solutions of (1.7). The following well-
known fixed-point theorem in cones is crucial to our arguments.

Theorem 3.1 (see [8]). Let E be a Banach space and K C E be a cone. Suppose L1 and €, are
bounded open subsets of E with 6 € Qi, Qi C ,. Assume that A : KN ( \ Q) — Kisa
completely continuous operator such that either

(1) [JAul| < |lu|l, v € KNoQy and || Aul|| > ||u||, u € KN oL, or
(ii) |Aul| > |lu|l, u € KNoQy and | Aul|| < ||u||, u € K NoLy,.

Then A has a fixed point in K N (Q,\ ).

Theorem 3.2. Assume that there exist a € A* and 0 < r < R such that
m M
f(t,y)+a)y>0, Vye [MT’ ZR], te[1,T],. (3.1)

If one of the following conditions holds:
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(i)
fty) +a(by > T%zy, vy € [%nr], te[1,Tly
f(ty) +a(t)y < ﬁy, Vy € [R,%R], te[1,Tly, >
(ii)
f(ty) +aly < ﬁy, vy e [5orr] te LT, .
3.3

M M
fby)+aly> =y, Vye [R, ZR], te[1,T],

then problem (1.7) has a positive solution.

Proof. From Corollary 2.5, we get that M > m > 0. It is easy to see that the equation A%y (t-1) =
f(t,y(t)) is equivalent to

Ary(t-1) +at)y®) = f(ty®) +abt)y(t). (34)
Define the open sets
M
Qi ={yeE: |yl <r}, sz{yEE: Iy <ZR}, (3.5)
and the cone Pin E,
P—{ €E: min y(t) > —| ||} 3.6
I G i T M7y (36)

Clearly, ify € PN (Q\ @), then (m/M)r < y(t) < (M/m)R, forall t € [0,T +1],.
From Lemma 2.8, we define the operator A: E — E by

T
(Ay) (1) = DGt 9) [f(s5,y(s)) + als)y(s)], te[0,T+1];. (3.7)
s=1
From (3.1),if y € PN (Q, \ Q1), then

T
Ay() 2 ToMY[f (5, 9(9) + a(s)y(5)]
s=1

(3.8)
T
> e, 2609 [ (50(9) + (o) = Frl vl

Z g
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Thus A(P N (Q, \ Q1)) C P. Moreover, E is a finite space, it is easy to prove that A : PN Q) \
Q) — Pis a completely continuous operator. Clearly, y is the solution of problem (1.7) if
and only if y is the fixed point of the operator A.

We only prove (i). (ii) can be obtained by the similar method. If y € 0Q; N P, then
lyll = r and (m/M)r < y(t) <rforallt € [0, T +1],. Therefore, from (i),

T T
Ay®) 2 m3[f(5,y(5) +als)y(9)] 2 ok Sy(s) 27 = [y, 69)
s=1 s=1

If y € 0Q, NP, then [ly|| = (M/m)Rand R < y(t) < (M/m)R forallt € [0,T +1],. As a
consequence,

T T
Ay(t) S MY [f (5, () + als)y(9)] < 1 3y(5) < Iyl (3.10)
s=1

s=1
From Theorem 3.1, A has a fixed point y € PN (Q, \ Q1) and satisfies
m M
—r< < —R. 3.11
Mr <y(t) < p” R ( )
Therefore, y is a positive solution of (1.7). O

Similar to the proof of Theorem 3.2, we can prove the following.

Corollary 3.3. Assume that there exist a € A* and 0 < r < R such that
M
f(ty)+a()y<0, Vye [—ER,—%r] , te[1,T],. (3.12)

If one of the following conditions holds
(i)

M m
fby)+ay <=y, Vye|r-Tr| tenTl,
Tm M (3.13)

1 M
flt,y)+at)y > ™Y WE [_ZR’ —R], te[1,T],,
(ii)
1 m
f(t/]/) + a(t)y > my/ vy € I:—T,—MT:I, te [1/T]Z/

M

(3.14)
M
f(ty)+alt)y < Y VE [—ZR,—R], te[1,T],,

then (1.7) has a negative solution.
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Applying the sign properties of G(t, s) when a € A~ and the similar argument to prove
Theorem 3.2 with obvious changes, we can prove the following.

Theorem 3.4. Assume that there exist a € A~ and 0 < r < R such that
M m
f(ty)+a(t)y<0, Vye [Zr, ﬁR]’ te[1,T],. (3.15)

If one of the following conditions holds
(i)

m M
Ftw) +ay s pr, Wy e |, te L,

(3.16)
1 m
fty)+a(t)y> Y Yy € [R, MR], te[1,T],
(ii)
f(ty) +al)y > %y, Vy € [%r r], te[1,T],
(3.17)
m m
f(t,y) + a(t)y < my, Vy € [R, MR], te [1, T]Z’
then (1.7) has a positive solution.
Proof. Since m < M < 0, define the open sets
m
Q={yeE:|lyll<r),  Q={yeE:|yl <R} (3.18)
and define the cone P in E,
. M
p={yee: min v > Tlvl} (319)
IfxePn (ﬁz \ Q1), then
M m
—r<y() S R, VEE[0,T+1];. (3.20)

Define the operator A as (3.7), and the proof is analogous to that of Theorem 3.2 and is
omitted. ]

Corollary 3.5. Assume that there exist a € A~ and 0 < r < R such that

flt,y) +atyy >0, Vye [—%R,—%r], te[1,T], (3.21)
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If one of the following conditions holds

(i)

m M
f(t/]/) +a(t)y > T—W]/, Yy € [—r,—mr], te[l1,T],,

(3.22)
1 m
f(ty)+ay <y, Vye|-T:R-R|, te[LT],
(ii)
flty)+a(t)y < %y, Yy € [—r,—%r] , te[1,T],
(3.23)
f(ty) +aly Tsz, Vye[ ZR-R|, te[1,T],
then (1.7) has a negative solution.
Example 3.6. Let us consider the periodic boundary value problem
A*y(n-1)= f(n,y(n)), nell,T],
(3.24)
y(0) =y(T),  Ay(0)=Ay(T),
where
2n? + 3y, yE [gr,r], ne€[1,T],,
fny) = (2n? +3y)— 025y1ye , ye[rR], ne[1,T], (3.25)
~0.25y, y€|RV2R|, ne1,Tl,.
Consider the auxiliary problem
A’y(n-1)+a(m)y(n) = f(n,y(n)) +a(n)y(n), ne[l,T], (326

y(0) = y(T), Ay(0) = Ay(T),

take 7 = 2v2, R = 8V2, T = 3,a(n) = a = 2 -+/3 < 4sin®(xr/2T),0 = x/6,cos0 =
(2-3)/2=+/3/2,sin0 =1/2, m = (1/2sinO)cot(0T/2) =1, M =1/(2sinOsin(0T/2)) = V2.
By computing, f(n,y) + a(n)y > 0, y € [(v2/2)r,v2R], n € [1,Tl;f(ny) + a(n)y >
(V2/3)y, y € [(V2/2)r,r],n € [1,T],; f(n,y)+a(n)y < (1/3v2)y,y € [R,v2R], n e [1,T],.

Consequently, from Theorem 3.2, the problem (3.24) has a positive solution.
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