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We study the multiplicity of solutions for the following fractional boundary value problem:
(d/dt)((l/Z)oD;p(u'(t)) +(1/2) OD;ﬂ(u’(t))) + AVFE(t,u(t)) =0, ae. t € [0,T], u(0) = u(T) =0,
where (D, P and OD;ﬂ are the left and right Riemann-Liouville fractional integrals of order
0 < B < 1, respectively, L > 0 is a real number, F : [0,T] x RN — R is a given function, and
VF(t, x) is the gradient of F at x. The approach used in this paper is the variational method. More

precisely, the Weierstrass theorem and mountain pass theorem are used to prove the existence of
at least two nontrivial solutions.

1. Introduction

In this paper, we consider the fractional boundary value problem of the following form:

d

1 5, 1 5,
—( zoD," (¥ (t)) + 0Dy (W'(t)) ) + AVF(t,u(t)) =0, aa.te[0,T],
dt <2 27T ) (P)

u(0) =u(T) =0,

where (D, # and oD;ﬂ are the left and right Riemann-Liouville fractional integrals of order
0 < p <1, respectively, A > 0 is a real number, F : [0,T] x RN = Risa given function, and
VF(t,x) is the gradient of F at x.
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In particular, if A = 1, the problem (P;) reduces to the standard second-order boundary
value problem of the following form:
d/l _4,, 1 5, _
E(EODt (') + EODT (u (t))> +VF(t,u(t)) =0, aa.te[0,T], ")
u(0) = u(T) = 0.

Fractional calculus and fractional differential equations can find many applications
in various fields of physical science such as viscoelasticity, diffusion, control, relaxation
processes, and modeling phenomena in engineering, see [1-12]. Recently, many results were
obtained dealing with the existence and multiplicity of solutions of nonlinear fractional
differential equations by use of techniques of nonlinear analysis, such as fixed-point theory
(including Leray-Schauder nonlinear alternative) (see [13, 14]), topological degree theory
(including coincidence degree theory) (see [15, 16]), and comparison method (including
upper and lower solutions methods and monotone iterative method) (see [17, 18]). However,
it seems that the popular methods mentioned above are not appropriate for discussing (P)
and (P;), as the equivalent integral equation is not easy to be obtained.

In the past, there were investigations of the eigenvalue problems for fractional
differential equations. For more detailed information on this topic, we refer to Zhang et al.
[19-21], Wang et al. [22, 23], and Jiang et al. [24].

Recently, there are many papers dealing with the existence of solutions for problem
(P1). In [25], Jiao and Zhou obtained the existence of solutions for (P;) by mountain
pass theorem under the Ambrosetti-Rabinowitz condition. Chen and Tang [26] studied the
existence and multiplicity of solutions for the system (P;) when the nonlinearity F(t,) is
superquadratic, asymptotically quadratic, and subquadratic, respectively.

But so far, few papers discuss the two solutions of the system (P) via critical point
theory. The aim of the present paper is to study the existence of at least two solutions for the
system (P) as the parameter A > 1y for some constant \o.

The paper is organized as follows. We first introduce some basic preliminary results
and a well-known lemma in Section 2, including the fractional derivative space E%, where
a € (1/2,1]. In Section 3, we give the main result and its proof. In Section 4, we give the
summary of this paper.

2. Preliminary

In this section, we recall some related preliminaries and display the variational setting which
has been established for our problem.

Definition 2.1 (see [8]). Let f(t) be a function defined on [a,b] and 7 > 0. The left and right
Riemann-Liouville fractional integrals of order 7 for function f(t) denoted by ,D;” f(t) and
tD}" f (t), respectively, are defined by

1 _
aDZTf(t)=mL (t—s)""f(s)ds, te€]a,b], -

-T 1 b -1
DIFO = i [ €= s, telad)

provided the right-hand sides are pointwise defined on [a, b], where I' is the gamma function.
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Definition 2.2 (see [8]). Let f(t) be a function defined on [a, b]. The left and right Riemann-
Liouville fractional derivatives of order 7 for function f(t) denoted by ,Dj f(t) and ;D} f (t),
respectively, are defined by

1 d" TN - 1 da" : n-r-1
oDIf(£) = Z2aD} " f () = F(n_T)ﬁqa(t—s) f(s)ds>,

(2.2)
DIf ) = (1" Dy = bt O (t=5)""" f(s)ds>

wheret € [a,b],n—-1<7T<n,andn € N.

The left and right Caputo fractional derivatives are defined via the above Riemann-
Liouville fractional derivatives. In particular, they are defined for the function belong-
ing to the space of absolutely continuous functions, which we denote by AC([a,b], RY).
ACK([a,b],RN) (k = 1,2,...) is the space of functions f such that f € C*([a,b],RN). In
particular, AC([a,b],RN) = AC!([a,b],RY).

Definition 2.3 (see [8]). Let7 > 0and n € N.If 7 € [n—1,n) and f(t) € AC"([a,b],RN),
then the left and right Caputo fractional derivatives of order 7 for function f(t) denoted
by ¢Djf(t) and {Dj f(t), respectively, which exist a.e. on [a,b]. (Djf(t) and ;Dj f(t) are
represented by

DIF(®) = DI ) = s ( [ a- s)"‘f‘lﬂ")(s)ds),

a

1 b n-1t-1 (n
- <j (t- 5T ><s>ds>,

(2.3)
Dy f() = (-1) 7Dy " f () =

respectively, where t € [a, b].

Definition 2.4 (see [25]). Define 0 < @ <1 and 1 < p < co. The fractional derivative space Eg’p
is defined by the closure of CZ ([0, T], RYN) with respect to the norm

T T 1/p
N[l = <J0 lu(t)|Pdt + fo |5Dfu(t)|”dt> , VYuekE?, (2.4)

where CZ([0,T],RN) denotes the set of all functions u € C=([0,T],RN) with u(0) =
u(T) = 0. It is obvious that the fractional derivative space E,” is the space of functions
u € LP([0,T],RN) having an a-order Caputo fractional derivative oDju € LP(]0, T],RN)
and u(0) = u(T) =

Proposition 2.5 (see [25]). Let 0 < a < 1and 1 < p < oo. The fractional derivative space Eg’p isa
reflexive and separable space.
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Proposition 2.6 (see [25]). Let 0 <a < land 1 < p < oo. Forall u € E,", one has
T o
llullr < m” oDrul| - (2.5)

Moreover, ifa > 1/pand 1/p+1/q =1, then
T(@-1)/p
T(a)((@-1)g+1)""

ull, < Il 6Dfull - (2.6)

According to (2.6), one can consider E; with respect to the norm
T 1/p
lulla, = | D71l = (fo |5Df‘u|”dt> . (2.7)

Proposition 2.7 (see [25]). Define 0 < a« < 1and 1 < p < oo. Assume that a > 1/p, and the
sequernce uy converges weakly to u € Eg’p, that is, ux — u. Then ux — wuin C([0,T],RN), that is,
lluk — u|l.c — 0, a5 k — oo.

Making use of Definition 2.3, for any u € AC([0,T],RN), problem (P) is equivalent to
the following problem:

%(% oDF N (§Du(t)) - %tD?l(fDﬁt(t))) +AVF(tu(t)) =0, ae. te[0,T],
(P)

u(0) =u(T) =0,

wherea =1-4/2€(1/2,1].

In the following, we will treat problem (P) in the Hilbert space E* = Eg’z with the
corresponding norm ||ul|y = ||ul/a2. It follows from [25, Theorem 4.1] that the functional ¢
given by

T 1 T
p(u) = JO [—E(SDf‘u(t), fD%u(t))] dt - /\JO F(t,u(t))dt (2.8)

is continuously differentiable on E*. Moreover, for u, v € E*, we have
T
(¢/0,0) = = [ F[(GDue), Do) + (Dju(t, §Dfo ()]
(2.9)

T
- /\J (VE(t, u(t)), v(t)]dt.
0

Definition 2.8 (see [25]). A function u € AC([0,T],RN) is called a solution of (P;) if
(i) D*(u(t)) is derivative for a.e. t € [0,T],
(ii) u satisfies (P,), where D*(u(t)) := (1/2) oDf ' (§D*u(t)) - (1/2) DI (EDu(t)).
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Proposition 2.9 (see [25]). If1/2 < a < 1, then for any u € E¥, one has

T
|cos (ora)|||u]? < —J; (§Dfu(t), {Dfu(t))dt < [l (2.10)

S(.71'0()|

Proposition 2.10 (see [25]). Let 1/2 < a < 1 be satisfied. If u € E*, then the functional J : E* — R
denoted by

1 T
J(u) =—5 fo (§Dfu(t), DTu(t))dt (2.11)

is convex and continuous on E*.

In order to prove the existence of two solutions for problem (P), firstly, we recall some
well-known results. Their proofs can be found in many books. Please refer to the references
and its references therein.

Lemma 2.11 (see [27]). If X is a Banach space, ¢ € C'(X,R), e € X, and r > 0, such that |le|| > r
and

b:= lenlf p(u) > ¢(0) > ¢(e), (2.12)

and if ¢ satisfies the PS condition, with

c:=infmax(y(), I':={yeC(01],X):y(0)=0,y(1)=e}, (2.13)
yer te[0,1]

then c is a critical value of ¢.

3. The Main Result and Proof of the Theorem

In this part, we will prove that for (P) there also exist two solutions for the general case.
Our hypotheses on nonsmooth potential F(t, x) are as follows.
H(F);: F: [0,T] xRN — Ris a function such that F(t,0) = 0 a.e. on [0, T] and satisfies
the following facts:
(i) for all x € RN, t — F(t, x) is measurable,

(ii) for a.a. t € [0,T], x — F(t, x) is continuously differentiable,

(iii) there exist ¢ € C([0,T],R) and 0 < ag < 2, such that

IVE(t,x)|,|F(t,x)| < c(t)(1+|x|™), foraa.te[0,T], all x e RN, (3.1)

(iv) there exist y > 2 and u € L* ([0, T]), such that

lim supw < u(t), uniformly fora.a.t € [0,T], (3.2)
x

[x[—0
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(v) there exist & € RN, ty € (0,T), and rp > 0, such that

F(t,&)>60>0, ae. teB,l(t), (3.3)

where B, (tg) := {t € [0, T] : [t —to| <10} C [0,T].

Remark 3.1. 1t is easy to verify that F : [0, T] x RN — R satisfies the whole assumption in [25,
Theorem 4.1]. So, u € E“ is a solution of the corresponding Euler equation ¢'(u) = 0, then u is
a solution of problem (P,) which, of course, corresponds to the solution of problem (P). For
great details, please see [25, Theorem 4.2].

Theorem 3.2. Suppose that H(F), holds. Then there exists Ao > 0 such that for each A > Xy, the pro-
blem (P») has at least two nontrivial solutions, which correspond to the two solutions of problem (P).

Proof. The proof is divided into four steps as follows.
Step 1. We will show that ¢ is coercive in this step.
Firstly, by H(F), (iii), (2.6), and (2.10), we have

T T
p(u) = IO [—%(SDf‘u(t), fD;fu(t))]dt—)Lfo F(t,u(t))dt

|cos(ora)|
- 2

T@n/2
> leostra)ly 2 —coAT—coM"( @

T
lull2 - codT - coAj ()| dt
0 (3.4)

- 2 V2a — 1T ()

— oo, as |lull, — oo,

where ¢y = maxe[o,r1]c(t)].
Step 2. We will show that the ¢ is weakly lower semicontinuous.
Let u, — u weakly in E*, and by Proposition 2.7, we obtain the following results:

E* < C([O,T],RN>,
u,(t) — u(t) forae.te€[0,T], (3.5)

F(t,u,(t)) — F(t,u(t)) fora.e.te[0,T].

By Fatou’s lemma,

T T
lim sup | F(t, u,(t))dt < I F(t,u(t))dt. (3.6)
0

n— o 0

On the other hand, by Proposition 2.10, we have lim,,_, . J (1,) = J(u), that is,

T T
lim jo [—%(ng’un(t), fD;Eun(t))]dt = fo [—%(SD?u(t), ¢Dfu(t))|dt. (3.7)

n— oo
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Thus,
T 1 T
liﬂglf(p(un) = hrIlrLngJ‘ [—E(SD;"un(t), fD?un(t))] dt —lim sup)tj F(t,u,(t))dt
e 0 . nme 0 (3.8)
> fo [—E(SDf’u(t), fD;u(t))] dt - AL F(t,u(t)dt = p(u).

Hence, by the Weierstrass theorem, we deduce that there exists a global minimizer
uy € E* such that

¢(uo) = min o (u). (3.9)
Step 3. We will show that there exists 1y > 0 such that for each A > A, ¢(ug) < 0.

By the condition by H(F); (v), there exists & € RN such that F(t,¢) > 6 > 0, a.e.
t € By, (tp). It is clear that

0 < M; := max{co + co|x|™} < +co. (3.10)
[x]<[éol ’
Now we denote
Ko = M
0= 6() + M,y !
3.11
T .

Ao =

max > 5 5 ,
relr 2] 212 (1 = a)ry (1 = x) (1 = a)* (3 — 2a) (Sox — My + kM) |cos(rrax)|

where xp < k1 < k2 < 1, and 6y is given in the condition H(F), (v). A simple calculation shows
that the function x — &px — M1 + kM is positive whenever k > kg and 6gxo — M1 +xoM; = 0.
Thus, Ag is well defined and Ay > 0.

We will show that for each A > 1o, the problem (P,) has two nontrivial solutions. In
order to do this, for t € [t1,1], let us define

0 if t € [0,T]/ By, (to),
e(t) = & if t € By, (to), (3.12)
ro(]—o_K)(rO — It - t0|) ifte Bro (to)/BKrg (tO)-

Then |1, (£)] < |%]/70(1 - x) and

<D L (sl 1 gyl e
[oDi e (B)] < mfo (=)l < s T o T 1Y

Hence,

|0 T52
I2(1 - a)r2(1-x)*(1 - a)*(3 - 2a)

T
Iz = [ 15pEmeofar < 619
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By H(F), (iii) and (v), we have

T
f F(t,n,c(t))dt = f F(t,qx(t))dt+I F(t,n,c(t))dt
0 B"’O t(]) BYQ(tU)\BKYQ(tU)
(3.15)
> 2KT060 - M1 (21’0 - 21(?7'0)
= 27‘0(601( - M+ KMl).
For x € [k, k2], by Proposition 2.9, we have
Trq T
o1 = | [0, i)t =2 [P o)
0
1 2
< - — —
S Tcos@ra)] 172 || = 2Ar0 (80 — My + M) (3.16)
1 |§0|2T3_2“

s = 2Aro(60x — M1 + kMy),
|COS('7Ta)|FZ(I_“)Tg(l—K)Z(l—a)z(S—za) 0(0 1 1)

so that ¢(77;) < 0 whenever A > \,.
Step 4. We will check the PS condition in the following.

Suppose that {u,},,; C E* such that ¢(u,) — cand ||¢'(u,)[l« — 0.

Since ¢ is coercive and {u,},>, is bounded in E* and passed to a subsequence, which
still denote {u,},5;, we may assume that there exists u € E¥, such that u, — u weakly in E¥;
thus, we have

<(p,(un) - (P,(u)/ un a u> - <(P,(un)/un - u> - <()0,(u)/ un - u> (3 17)
< |9 ) | ttnll = (' (), 11 — 1) — 0, -

as n — oo. Moreover, according to Proposition 2.7, we have ||u, — ||, — 0,asn — oco.
Observing that

<‘/"(”n) - (P,(u)/”n - u>

T
- fo (D (un(t) — u(t)), SD(un(t) — u(t)) )t

T (3.18)
- f (VE(, 0n(8)) = F(t u(t)), 1n(8) — u(t))dt
0

v

T
|cos (ra)| |14 — ullf - fo IVE(t, un(t)) - F(t, u(t)|dt|[un - ul|,,

combining this with (3.17), it is easy to verify that ||u, — u[|[y — 0, as n — oo, and hence that
u, — uin E*. Thus, ¢ satisfies the PS condition. O
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Step 5. We will show that there exists another nontrivial weak solution of problem (P).
From the mean value theorem and H(F), (v), we have

1
F(t,x) - F(t,0) = J (VE(t,0x), x)dO
0

_ f (VF(t,0x),0x) 460
0 0

TP 3.19
5f09|6x|d9 (3.19)

1
= poll [ 0r-tan

_ pol
Y’ 7

forall |x| < B, a.e. t € [0,T].
It follows from the conditions H(F), (iii) and all |x| > fp and a.e. t € [0, T] that

|F(t,x)| < colt] + colx|™

< co| 7|+ colx|™
(3.20)
< (o) Tl
'6 0
Co Co y
< (ﬁ + ﬁY“0>|x| ,
and this together with (3.19) yields that for all x € RN and a.e. t € [0,T],
|F(t,x)| < <& TR %)wm <cilx]", (3.21)
Y '[37’ ‘BY 0
for some positive constant c;.
Forall A > Ag, ||u|l. <1, and |u|, < 1, we have
Tr 1 T
¢(u) = f [—E(SD‘:u(t), fD%u(t))]dt—/\f F(t,u(t))dt
0 0
T
> |cos(ra)|[|ull? —)Lclj lu(t)|"dt (3.22)
0

) T2 7 .
> |cos(ara)|||u|f;, = Aci | —— ully,.
|cos(ara)||ull, 1[Fa(a)m] | M24la
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So, for p > 0 small enough, there exists a v > 0 such that
p(u)>v, forull,=p, (3.23)

and [[ug|lx > p. So by the mountain pass theorem (cf. Lemma 2.11), we can get u; € E* which
satisfies

p(u1) =c>0, ¢'(u1) =0. (3.24)

Therefore, 1 is another nontrivial critical point of ¢.

Remark 3.3. We can find a potential function satisfying the hypothesis of our Theorem 3.2. For
great details, please see Section 4(B) in Summary.

So far, the results involved potential functions exhibiting sublinear. The next theorem
concerns problems where the potential function is superlinear.

Our hypotheses on nonsmooth potential F(t, x) are as follows.

H(F),: F: [0,T] xRN — Ris a function such that F(t,0) = 0 a.e. on [0, T] and satisfies
the following facts:

(i) for all x € RN, t — F(t, x) is measurable,
(ii) for a.a. t € [0,T], x — F(t, x) is continuously differentiable,

(iii) there exist ¢ € C([0,T],R) and ag > 2, such that

IVE(t,x)|, [E(t, x)| <T(t) (1 + (H)|x]®), foraa.te[0,T], allx e RN, (3.25)

(iv) there exist y > 2 and u € L*([0, T]), such that

(VE(t, x),x)

lim sup il
x

|x|—0

< u(t), uniformly fora.a.t € [0,T], (3.26)

(v) there exist & € RN, t; € (0,T), and ry > 0, such that F(t,&) > 8y > 0, ae. t €
B, (to),where B, (tp) :== {t € [0,T] : |t —to| < 1o} C [0, T],

vi) fora.a. t € [0,T] and all x € RN, we have
(vi)

F(t,x) <v(t)withv € LP([0,T],R), 1<p<2. (3.27)

Theorem 3.4. Suppose that H(F), holds. Then there exists a Ay > 0 such that for each A > Ao, the
problem (P») has at least two nontrivial solutions, which correspond to the two solutions of problem

(P).

Proof. The steps are similar to those of Theorem 3.2. In fact, we only need to modify Step 1
and Step 4 as follows: 1’ shows that ¢ is coercive under the condition H(F), (vi); 4’ shows that
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there exists a second nontrivial solution under the conditions H(F), (iii) and H(F), (iv). Then
from Steps 1, 2, 3, and 4’ above, problem (P) has at least two nontrivial solutions.
Step 1' . By H(F), (vi), for all u € E%, ||u||o > 1, we have

T T
<p(u):f [—%(ngu(t), fD%u(t))]dt—);I F(t,u(t))dt
’ . 0 (3.28)
> |cos(m)|||u||3,—wof v(B)dt — oo, as Jull, — oo,
0

where ¢y = maxe[o,r)[c(t)].
Step 4'. Because of hypothesis H(F), (iii), we have

F(t,x) < € + co|x|™
ap
+ Co|x|*™

a0 (3.29)
||+ Colx|™®

< ¢

= Co

= co|x|",

fora.e.t € [0,T] and all |x| > g with ¢, > 0.
Combining (3.19) and (3.29), it follows that

1< MO
[F(t,x)] < ”

|x|" + calx|™, (3.30)

fora.e. t € [0,T] and all x € RV
Thus, for all A > Ao, ||u|l, <1and |u|, < 1, we have

T 1 N o T
o = | |-3(s0iu), iDfu)|ar-x | Feuar

T T
> |cos(ara)||ull; - )Lfo @Iu(f)lydt — e J; u(t)|dt (3.31)

T(a-1)/2 o
llullk - Aes| ———=
F(a)v2a-1

(a-1)/2

Y
> [eos(orar)|Julz - ACB[#@]

lFallee

where ¢3 and ¢4 are positive constants.
So, for p > 0 small enough, there exists a v > 0 such that

p(u) >v, for |lull,=p, (3.32)
and fluolls > p-
Arguing as in proof of Step 4 of Theorem 3.2, we conclude that ¢ satisfies the PS

condition. So by the mountain pass theorem (cf. Lemma 2.11), we can get that u; € E“ satisfies

() =c>0, ¢'(u1) =0. (3.33)
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Therefore, 1 is another nontrivial critical point of ¢. O

Remark 3.5. We will give some examples, which satisfy the hypothesis of our Theorem 3.4.
For great details, please see Section 4(C) in Summary.

4. Summary

(A)If p=0,then a =1~ /2 = 1. Therefore, by Theorems 3.2 and 3.4, we actually obtain the
existence of two weak solutions of the following eigenvalue problem:

u'(t) + A\VF(t,u(t)) =0, aa.te]0,T],
(Ps)
u(0) =u(T) =0,

where A > 0 is a real number, F : [0,T] x RN — Risa given function, and VF(t, x) is the
gradient of F at x. Although many excellent results have been worked out on the existence
of solutions for second-order system (P;) (e.g., [28, 29]), it seems that no similar results were
obtained in the literature for fractional system (P).

(B) We give an example in the following to illustrate our viewpoint in Remark 3.1. We
consider

a(t) sin<%|x|y>, 0< x| <1,

F(t,x) = (4.1)
a(t), x| 21,
wherey >2,a € C([0,T],R), a(t) >0 forall t € [0,T].
Obviously, hypotheses H(F), (i), (ii), and (v) are satisfied. Moreover,
a(t)Z1xl! < a(t) 2 x| < a() 2 x| < a() x|, 0<lxl <1,
2 2 2
IF(t, )| < ”
a(t) <a(h 7, %21,
4.2)

|a(t)% cos(’z—f|x|r)|x|Y'2x| < a(t)]%|x|y_1 < a(t)%, 0< x| <1,
IVE(t, x)| =

0, |x| > 1.
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Therefore,

rya(t) | Jrr;z(t) x|, (4.3)

IVE(t, x)|, [E(t, %)l < —

So, condition H(F), (iii) holds.

On the other hand,
2)a(t 2 x M) x|
lim supw =lim su y(r/2)al )COS(Y(”/ ")l = fya(t), (4.4)
|x|—0 |x| |x|—0 |x| 2

uniformly for a.a. t € [0,T], so condition H(F), (iv) holds.
(C) We can find the following potential functions satisfying the conditions stated in
Theorem 3.4:

—@w, Xl <1,
Fi(t,x) = ? cos(%le) B %t) > 1,
(a(t) sin<%|x|y>, x| <1,
B O] N RS )
2O 1, <1,
F3(t, x) = 1 _2‘1_(t)+a(t)<2+1>, .
L \/m Y

where a € C([0,T],R), a(t) > 0 for all t € [0, T].

It is clear that F;(x,0) = 0 (i = 1,2,3) for a.e. t € [0,T], and hypotheses H(F), (i) and
H(F), (ii) are satisfied. A direct verification shows that conditions H(F), (v) and H(F), (vi)
are satisfied. Note that

|—a(t)|x|y_2x| <a()|x" <2a(t), 0< x| <1,

|VF1(t/ x)l =
|—a(t) sin<%|x|2>x| <ab)|x| <2a®)x]’, x|/ 21,
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T\ -2 Tl < Y
|ya(t)cos(2|x| )2|x| x|5ya(t)2|x| <a(h)5h, 0<lxl<l,

a(t)( x- i) <a(t)( |x|+ L <a(t) +al)|x, |x|>1,
o |x[?

|a(t)|x|¥*2x| < )a(t)|x|2(5/2>| <a(t), 0<|x|<1,

|VF2(t/x)| =

F =
VG =9 |a@x x| < atlx < @, 21,

|F1(t,x)| < a(®)|x]" + a(t)(1 + 1) = 2a(t) + 2a(t)|x|",

IEa(t, x)| < a(t)|sin(%|x|”>| +alt) |1+ %|x|y - %] < w

|F3(t, x)| < a(t)%|x|y + 2a_(t) +a(t) <2 + %) <b5a(t) + a(t)|x|".

Vixl

(4.6)
So,

IVE(t, )] IFi (8, 2)] < 2a() (1+ [P,
IVEs(t, x)|, [Fa(t, x)| < a(t)%(l ),

IVEs(t, ), [Fa(t, x)| < 5a(t)(1+ |x]"),

. (VEi(t,x),x) _ . —a(®)lx]" _
i sup == ey

. . (4.7)
lim sup V20,0 al® cos((/2)Ixl") (r /2yl

x| —0 || =0 ||

B yora(t)

- i T\
Jim a(t) cos(Sx") 3y = 5,

(VEs(t,x),x) _ oy a®l _

lim su =
NI 0 [xl7

which shows that assumptions H(F), (iii) and H(F), (iv) are fulfilled.
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