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We investigate the stability problems for a functional equation 2f (X7 X)) + X< jen, i f (Xi— ;) =
(n+1) Z?:l f(xj)+(n-1) Z};l f(=x;) by using the fixed point method.

1. Introduction

In 1940, Ulam [1] gave a wide-ranging talk before a Mathematical Colloquium at the
University of Wisconsin in which he discussed a number of important unsolved problems.
Among those was the following question concerning the stability of homomorphisms.

Let Gy be a group and let G, be a metric group with a metric d(-,-). Given € > 0, does there
exist a & > 0 such that if a function h : Gi — G satisfies the inequality d(h(xy), h(x)h(y)) < & for
all x,y € Gy, then there is a homomorphism H : Gy — Gy with d(h(x), H(x)) < € forall x € G;?

If the answer is affirmative, we say that the functional equation for homomorphisms
is stable. Hyers [2] was the first mathematician to present the result concerning the stability
of functional equations. He answered the question of Ulam for the case where G; and G; are
assumed to be Banach spaces. This result of Hyers is stated as follows.

Let f : Ey — E, be a function between Banach spaces such that

lf(x+y)-fx)-f(y)| <6 (1.1)
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for some & > 0 and for all x,y € E;. Then the limit A(x) = lim,_,,,27" f(2"x) exists for each x € E;,
and A : E1 — E, is the unique additive function such that || f (x) — A(x)|| < 6 for every x € E;.
Moreover, if f(tx) is continuous in t for each fixed x € E1, then the function A is linear.

We remark that the additive function A is directly constructed from the given function
f and this method is called the direct method. The direct method is a very powerful method
for studying the stability problems of various functional equations. Taking this famous result
into consideration, the additive Cauchy equation f(x + y) = f(x) + f(y) is said to have the
Hyers-Ulam stability on (E1, E,) if, for every function f : E; — E; satisfying the inequality
(1.1) for some 6 > 0 and for all x, y € E;, there exists an additive function A : E; — E, such
that f — A is bounded on E;.

In 1950, Aoki [3] generalized the theorem of Hyers for additive functions, and in the
following year, Bourgin [4] extended the theorem without proof. Unfortunately, it seems that
their results failed to receive attention from mathematicians at that time. No one has made
use of these results for a long time.

In 1978, Rassias [5] actually rediscovered the result of Aoki; he proved the following
theorem of Hyers for linear functions.

Let f : Ey — Ej; be a function between Banach spaces. If f satisfies the functional inequality

I1fGe+ ) = F) = Il < 0=+ [[y[1") (1.2)

for some @ > 0, pwith 0 < p < 1 and for all x,y € Ey, then there exists a unique additive function
A Ey — Ejsuchthat ||f(x) — A(x)|| < (20/(2 - 27))||x||P for each x € E;. If, in addition, f(tx)
is continuous in t for each fixed x € E1, then the function A is linear.

This result of Rassias attracted a number of mathematicians who began to be
stimulated to investigate the stability problems of functional equations. By regarding a
large influence of Ulam, Hyers, and Rassias on the study of stability problems of functional
equations, the stability phenomenon proved by Aoki and Rassias is called the Hyers-Ulam-
Rassias stability. For the last thirty years many results concerning the Hyers-Ulam-Rassias
stability of various functional equations have been obtained (see [6—16]). For some discussion
of possible definitions of stability for functional equations, see [17].

The following functional equation

I<ijj<n, i#j j=1 j=1

2f<§xj>+ D f(xi—xj)=(n+1)if(xj)+(n—1)if(—xj) (1.3)

is called an n-dimensional mixed-type additive and quadratic functional equation, and each solution
of (1.3) is called a quadratic-additive function. Recently, Towanlong and Nakmahachalasint [18]
solved the n-dimensional mixed-type additive and quadratic functional equation.

Let Ey and E, be vector spaces. A function f : Ey — E, satisfies (1.3) forall x1,x2,...,x, €
E; if and only if there exist an additive function a : Ey — E, and a quadratic function q : E; — E;
such that f(x) = a(x) + q(x) forall x € E;.
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Moreover, they also investigated the Hyers-Ulam-Rassias stability of (1.3) by using the
direct method (see [18]). Indeed, they tried to approximate the even and odd parts of each
solution of a perturbed inequality by the even and odd parts of an “exact” solution of (1.3),
respectively.

In Theorems 3.1 and 3.3 of this paper, we will apply the fixed point method and prove
the Hyers-Ulam-Rassias stability of the n-dimensional mixed-type additive and quadratic
functional equation. The advantage of this paper, in comparison with [18], is to approximate
each solution of a perturbed inequality by an “exact” solution of (1.3), and we obtain sharper
estimations in consequence of this advantage.

Throughout this paper, let V be a (real or complex) vector space, Y a Banach space,
and 7 an integer larger than 1.

2. Preliminaries

Let X be a nonempty set. A function d : X* — [0, o] is called a generalized metric on X if and
only if d satisfies the following;:

(M) d(x,y) = 0if and only if x = y;
(My) d(x,y) =d(y,x) forall x,y € X;
(M3) d(x,z) <d(x,y)+d(y,z) forall x,y,z € X.

We remark that the only difference between the generalized metric and the usual
metric is that the range of the former is permitted to include the infinity.

We now introduce one of the fundamental results of the fixed point theory. For the
proof, we refer to [19].

Theorem 2.1. Let (X, d) be a complete generalized metric space. Assume that A : X — X isa
strict contraction with the Lipschitz constant L < 1. If there exists a nonnegative integer ngy such that
d(A™*x, A™x) < oo for some x € X, then the following statements are true.

(i) The sequence { A"x} converges to a fixed point x* of A.
(ii) x* is the unique fixed point of A in X* = {y € X | d(A™x,y) < oo}.
(iii) If y € X*, then

1
d(y,x*) < ﬁd(Ay,y). (2.1)

In 1991, Baker applied the fixed point method to prove the Hyers-Ulam stability of
a nonlinear functional equation (see [20]). Thereafter, Radu noticed that many theorems
concerning the Hyers-Ulam stability of various functional equations follow from the fixed
point alternative (Theorem 2.1). Indeed, he applied the fixed point method to prove the
existence of a solution of the inequality (1.1) and investigated the Hyers-Ulam stability of
the additive Cauchy equation (see [21] and also [22-26]). For a somewhat different fixed
point approach to stability of functional equations, see [27, 28].
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3. Hyers-Ulam-Rassias Stability

Let V be a (real or complex) vector space and let Y be a Banach space. For a given function
f:V — Y, we use the following abbreviation:

n

Df(xl,xz,...,xn)::2f<i1xj>+ > f(xi—xj)—(n+1)Zf(x]~)—(n—l)zn:f(—xj)
i= j=1

1<i,j<n, i#] j=1
(3.1)

forall x1,x,,...,x, € V.
In the following theorem, we prove the stability of the functional equation (1.3) by
using the fixed point method.

Theorem 3.1. Let ¢ : (V\ {0})" — [0, o0) be a given function. Assume that a function f : V. — Y
satisfies f(0) = 0 and the inequality

IDf(x1, 22, ) || < pxa, x2, ., Xn) (3.2)
forall x1,x,,...,x, € V\ {0}. If there exists a constant O < L < 1 such that ¢ has the property
p(nxy, nxy, ..., nx,) <nle(xy,xz,...,%,) (3.3)

for all x1,%2,...,x, € V \ {0}, then there exists a unique function F : V. — Y such that
DF(x1,%3,...,x,) =0 forall xi,x;,...,x, € V\ {0} and

176 = P < gria=53) 64

forall x € V'\ {0}, where the function ¢ : V \ {0} — Y is defined by
p(x) =px,x,...,x)+p(-x,-x,...,—X) (3.5)

forall x € V '\ {0}. In particular, F is represented by

F(x) = lim

m— oo

(f (n"x) - f(-n"x)  fn"x) + f(-n"x) >

2nm 2n2m (36)

forallx e V.

Proof. Let S be the set of all functions g : V. — Y with g(0) = 0. We introduce a generalized
metric on S by

d(g, h) ==inf{K € [0,00] | ||g(x) — h(x)|| < Kg(x) Vx € V '\ {0}}, (3.7)



Abstract and Applied Analysis 5

where ¢ is given in (3.5). It is not difficult to show that (S, d) is a complete generalized metric
space (see [29] or [30, 31]).
Now we consider the operator | : S — S defined by

T3 = SR8m0 gto) ) 58)

for all x € V. We can apply induction on m to prove

g(nmx)z;i(_nmx) + g(nmx)ZZi(_nmX) (39)

J"g(x) =

forallx € V.and m € N.
Let g,h € S and let K € [0, 0] be an arbitrary constant with d(g,h) < K. By the
definition of d, (3.3), and (3.5), we have

1 g(0) - Th(x)| < (n+1)||g(nx) - h(nx)| . (n-1)||g(-nx) — h(-nx)|| . Kq;(nx)

2n? 2n? n
< KLy(x)

(3.10)
for all x € V'\ {0}, which implies that

d(Jg, Jh) <Ld(g,h) (3.11)

for any g, h € S. That s, J is a strict contraction with the Lipschitz constant L.
Moreover, by (3.2), we see that
F @) - Tf@| = |22t Dfx, 2,2 - S D x, 0| < Bt ()
= 4n2 7 Jeeey 41’12 JA ey = 41’12 q} (312)

for all x € V' \ {0}, thatis, d(f,Jf) < (n +1)/4n> < oo (see the definition of d). Therefore,
according to Theorem 2.1, the sequence { /™ f } converges to the unique “fixed point” F : V' —
Yof JinthesetT = {g€S | d(f,g) <o} and F is represented by (3.6) for all x € V. Notice
that F(0) = 0. By Theorem 2.1, we have

1 1
d(f,F) < 7=d(f,]f) < ﬁ (3.13)

which implies the validity of (3.4).
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By a somewhat tedious manipulation, it follows from (3.2), (3.3), and (3.6) that

Df(n"x1,n"xy,...,n"x,) = Df(—n"x1,-n"xy,...,—n"x,)
2nm

IDF(x1,x2,...,%5)| = ”Fm

— 00

Df(n"x1,n"xy,..., n"x,) + Df(—n"x1,—n"xy,...,—n"xy)
+ 2n2m

: nm+1 m m m m
Snlllnw 5 [p(n™x1, ..., n"xy) + (-0 x1, ..., —1"x,)]
=0
(3.14)
forall x1,x,...,x, € V\ {0}. O

We can prove the following corollary by a way similar to that presented in the proof
of the preceding theorem.

Corollary 3.2. Let ¢ : V* — [0,00) be a given function such that ¢(x1,%2,...,%X,) =
Q(=x1,—%x2,...,—xy) forall x1,x5,...,x, € V. Assume that a function f : V. — Y satisfies f(0) = 0
and the inequality (3.2) for all x1,x,,...,x, € V. If there exists a constant 0 < L < 1 such that ¢
has the property (3.3) for all x1,x2,...,x, € V, then there exists a unique quadratic-additive function
F :V — Y such that

p(x,x,...,x)

forallx e V.
Proof. Notice that
1@ -l = | Aot D, 0 - D, | < )
(3.16)

for all x € V (see the proof of Theorem 3.1). By a similar method used in the proof of
Theorem 3.1, we can show that there exists a unique quadratic-additive function F: V. — Y
satisfying (3.15). O

In the following theorem, we prove the Hyers-Ulam-Rassias stability of (1.3) under
the condition (3.17) instead of (3.3).

Theorem 3.3. Given ¢ : (V' \ {0})" — [0, 00), assume that a function f : V. — Y satisfies the

condition f(0) = 0 and the inequality (3.2) for all x1,xy,...,x, € V' \ {0}. If there exists a constant
0 < L <1 such that

Lyp(nxi, nxy, ..., nx,) > n2(p(x1, X2, .00, Xn) (3.17)
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for all x1,x,...,x, € V \ {0}, then there exists a unique function F : V. — Y such that
DF(x1,x,...,x,) =0 forall x1,x,,...,x, € V\ {0} and

1766 = PGl € 5y =59 (.19)

forall x € V'\ {0}, where  is defined by (3.5). In particular, F is represented by

o= (5 () -1 (0) T O () 1) o

forallx V.

Proof. Let S and d be defined as in the proof of Theorem 3.1. Then (S,d) is a complete
generalized metric space. We now consider the operator | : S — S defined by

o360 (2) 56 () om

forallge Sandx € V.
Notice that

- (5(2) -o(2)) (o) es()) o

forall x € Vand m € N.
Let g, h € S and let K € [0, 0] be an arbitrary constant with d(g,h) < K. By the
definition of d, together with (3.5) and (3.17), we have

n2+n 2

- 22 () (3 252 () ()
e 622
< LKy (x)
d(Jg, /h) < L(g,h) (323)

for any g, h € S. That is, ] is a strict contraction with the Lipschitz constant L.
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Moreover, it follows from (3.2), (3.5), and (3.17) that

Ife =15l =| 506 (53|

(3.24)

for all x € V \ {0}, which implies that d(f,Jf) < L/2n* < co. Therefore, according to
Theorem 2.1, the sequence {J™f} converges to the unique “fixed point” F of | in the set
T={geS|d(f g < oo} and F is represented by (3.19). In view of Theorem 2.1, we have

1 L
d(f,F) < ﬁd(f,]f) < 2200 (3.25)

Hence, the inequality (3.18) is true.
In a similar way presented in the proof of Theorem 3.1, it follows from (3.2), (3.17),

and (3.19) that

n™ X] X X X1 X X

" (pp(XL X2 X\ _ppfX X2 X

2 < f(nm'n"" 'n"’) f< nm’ pm’ n’"))
n>m X1 X Xp X1 X2 Xp
" _(p(X, X2 X\, pp(-X X Xn

T ( f(nm’nm nm)+ f< nm’  pm nm>)

onEmaem X1 X Xy X1 X Xy,
< lim ———(o( =, =,..., = ) +p(-——,-—,...,——
m— oo 2 nm- nmn nmn nm’ pmn nmn

=0

IDF(x1,%x2,...,%,)|| = r&g‘r}}o

for all x1,x,...,x, € V \ {0}. O

We can prove the following corollary by a similar way as we did in the proof of
Corollary 3.2. We omit the proof.

Corollary 3.4. Let ¢ : V" — [0,00) be a given function such that ¢(x1,%2,...,%,) =
p(=x1,—x2,...,—Xp) forall x1,xy,...,x, € V. Assume that a function f : V. — Y satisfies f(0) =0
and the inequality (3.2) for all x1,xy,...,x, € V. If there exists a constant 0 < L < 1 such that ¢ has
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the property (3.17) for all x1,xy,...,x, € V, then there exists a unique quadratic-additive function
F:V — Y such that

”ﬂﬂ—ﬂ@”sﬂqéiwuqu@ (3.27)

forallx e V.

4. Applications

For a given function f : V. — Y, we will use the following abbreviation:
Af(xy) = fx+y) = f() - f(y) (4.1)

forallx,y € V.

Corollary 4.1. Let fi : V — Y be functions for which fi(0) = 0 and there exist functions ¢y :
V2 — [0, o) such that

Ak )l < i () (42)
forall x,y € V and k € {1,2}. If there exists a constant 0 < L < 1 such that

¢1(nx, ny) <nLii(x,y), (4.3)
n’pa(x,y) < Lo (nx, ny), (4.4)

and ¢r(x,y) = ¢x(—x,-y) forall x,y € V and k € {1,2}, then there exist additive functions
Fi : V — Y such that

(6)
11 () - F@)]| < T“L) (45)

1200~ B0 € 2

21~ L) o

forall x € V\ {0}, where @ : V — Y are defined by

n-1
D (x) := n(n - 1)y (x,—x) + 2> i (jox, x) (4.7)
j=1
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forall x € Vand k € {1,2}. In particular, the functions Fy and F, are represented by
Fi(x) = lim % (4.8)
Fy(x) = lim n™ f2<nim) (4.9)

forallx e V.

Proof. By a long manipulation, we obtain

Dfi(x1,x2,...,%0) = >,  Afi(xi,—x;) + 2ZAfk <le,x,+1> (4.10)

1<i,j<n, i#j

forall x1,xp,...,x, € Vand k € {1,2}. If we put

i (x1,X2,. .., Xp) = Z Pic (xi, x])+22¢k<2x,,x]+1> (4.11)

1<i,j<n, i#j i
for all x1,x2,...,x, € Vand k € {1,2}, then it follows from (4.2) and (4.10) that
|D fie(x1, x2, ..., xn) || < @ic(x1, 22, ..., xn) (4.12)

for all x1,x3,...,x, € V and k € {1,2}. By (4.3) and (4.4), we know that ¢; and ¢, satisfy
(3.3) and (3.17), respectively. Furthermore, ¢ (x1,x2,...,%,) = @r(=x1,—x2,...,—x,) for all
X1,%2,...,%X, € Vand k € {1,2}.

Therefore, according to Corollary 3.2, there exists a unique quadratic-additive function
Fi :V — Y satisfying (4.5) and F; is represented by (3.6). By (4.2) and (4.3), we see

fi(n"x) + fi(=n""x)

f1(n"x) + fi(-n"x) - £1(0) H

m— oo 2nm m— oo 2nm
= lim —||A -
Tim S| Af (7, -n)|
1
< hm s (n"x,—n"x)
©2n (4.13)
< lim L—¢1(x —-X)
:O,
+
Jim |27 iy L, =

for all x € V. From these and (3.6), we get (4.8).
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Moreover, we have

Afi(n™x,n™ "x,n™
H fl(nn: n"y) H < ¢1(n na;n Y) <Ly (x,y) (4.14)

for all x, y € V. Taking the limit as m — oo in the aforementioned inequality, we get
AF;(x,y) =0 (4.15)

forallx,y e V.
Now, according to Corollary 3.4, there exists a unique function F, : V. — Y satisfying
(4.6) and F; is represented by (3.19). Due to (4.2) and (4.4), we get

n2m x
i " | Ge) + 2 ()| = 5 |42 G )|
2m
< lim "—¢2<x i)
T m—oow nm’ (4.16)
< lim L—(j)z(x -X)
=0
as well as
n™ Lm
hmT f2< > f2<——> < lim —¢2(x, -x) = (4.17)

for all x € V. From these and (3.19), we get (4.9).
Moreover, we have

mAf2<— —)” <n"¢, (nm n”’) < —qbz(x,y) (4.18)

nm nm
for all x, y € V. Taking the limit as m — oo in the aforementioned inequality, we get
AF(x,y) =0 (4.19)

forallx,y e V. O

Corollary 4.2. Let X be a normed space and p € (—o0,1) U (2, 00). If a function f : X — Y satisfies
f(0) = 0 and the inequality

IDf (1, 22, xn) || < Ol llP + [oe2llP + - + [l ||P) (4.20)
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forall x1,x5,...,x, € X\ {0} and for some 8 > 0, then there exists a unique function F : X — Y
such that DF(x1,x2,...,%x,) =0 forall x1,x2,...,x, € X \ {0} and

P
e DA,
| f(x) - F(x)|| < (4.21)
no||x|P )
npP —n? fp>2
forall x € X \ {0}.
Proof. If we put
P(x1, %2, xn) = O([|xa [P + [|x2llP + -+ + [|xal”) (4.22)
for all xq,x3,...,x, € X\ {0} and
p-1 o if 1
p={" tr<u (4.23)
n*? ifp>2,
then our assertions follow from Theorems 3.1 and 3.3. O

Corollary 4.3. Let X be a normed space. If a function f : X — Y satisfies f(0) = 0 and the inequality

IDf (et x2, . xn)|| <00 > Il (4.24)

1<i<n, x; #0

forall x1,%,,...,x, € X and for some 0 > 0 and p € (—o0,1) U (2, 0), then there exists a unique
quadratic-additive function F : X — Y such that

no|lx|” .
O p <,
| f(x) - F(x)|| < 2 =) (4.25)
nf||x|” .
2(nP —n?) ifp>2

forall x € X \ {0}. In particular, if p <0, then f is a quadratic-additive function.

Proof. This corollary follows from Corollaries 3.2 and 3.4 by putting

p(x1,x2,...,%0) =0 >, x|l (4.26)

1<i<n, x; #0

for all xq,x3,...,x, € X with L defined in (4.23). O
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Corollary 4.4. Let X be a normed space and let p1,pa, ..., pn be real constants with p1+pa+---+py €
(=o0,1) U (2, 90). If a function f : X — Y satisfies f(0) = 0 and the inequality

IDf (e1, 32, 2 || < OllxalP flac2 1P - - e |7 (4.27)

for all x1,x,...,x, € X \ {0}, then there exists a unique function F : X — Y such that
DF(x1,x,...,x,) =0 forall x1,x,,...,x, € X \ {0} and

(n+1)0||x|" .
2n(n —nP) fr<i,
[|f(x) - F(x) < (4.28)
Ollx|” ,
nP — n? fp>2
forall x € X\ {0}, wherep :==p1+p2+ -+ Pp.
Proof. If we put
(1,22, .., Xn) 1= O 2t [P flaca [P - - [l || (4.29)

for all x1,x,...,x, € X \ {0} and L is defined in (4.23), then our assertion follows from
Theorems 3.1 and 3.3. O
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